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Jin Au Kong, Professor in the Department of Electrical Engineering and Com-
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and numerical simulations for which he was internationally renowned, to ex-
periments that he helped conceive and carry through all around the world,
notably within MIT and the MIT Lincoln Laboratory, as well as in Asia and
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Prof. Kong passed away unexpectedly on March 12, 2008, of complications
from pneumonia, before this book went to press. Many of the ideas and
concepts presented in the following pages have been directly inspired by him
and discussed at length with him, often late into the night in his office at
MIT. The course of events made it such that my efforts toward the realization
of this book have become a tribute to his work during the last 7 years. The
international community has lost one of its giants, which is in addition a
personal loss for me.
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Foreword

The past ten years have seen an astonishing explosion of interest in nega-
tive refractive index materials. First explored systematically by Veselago in
1968 from a theoretical point of view these materials remained without an
experimental realisation for more than 30 years. That had to await devel-
opment of suitable metamaterials, materials whose function is due as much
to their internal sub wavelength structure as to their chemical composition.
The added flexibility to create new materials enables properties unavailable
in nature to be realised in practice. That opened the floodgates to a host of
new experiments.

Why the great interest? From its rebirth at the beginning of this century
negative refraction has provoked controversy. To be consistent with the laws of
causality a material has to do much more than refract negatively. For example,
it must necessarily be dispersive. Thus did many misunderstandings arise and
pioneers had to endure some testing assaults. Yet even that aspect can now
be seen as positive because controversy drew attention to the fledgling subject
and showed that negative refraction contains subtleties that even experienced
scientists did not at first appreciate. Even now we as a community are learning
from our errors and discovering new aspects of this long hidden subject. As
work progressed and news of amazing results spread beyond the scientific
community into the popular press, a broader excitement has been generated.
Some of the more extraordinary results such as the prescription for a perfect
lens, and particularly the possibility of making objects invisible, had already
been foreseen in science fiction and fed a ready-made appetite in the popular
imagination. Thus the ancient subject of classical optics has brought us new
discoveries and excitement.

This book, written by two leading practitioners of negative refraction, ar-
rives at an opportune time because there is a substantial body of results
available in the field that need to be gathered together in a systematic fash-
ion sparing new arrivals hours of wasted time trawling through the very many
papers in the literature. And yet new discoveries are continually reported.
This is work in progress and the authors must steel themselves eventually to
write a second edition!

Sir John B. Pendry
Imperial College London
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Preface

Rarely in the history of science does one have the opportunity to witness an
explosion of interest for a given topic, to participate in its development from
its beginning, and to witness its growth at a pace almost exponential over a
period of about a decade. Yet, we believe that this is precisely what has hap-
pened to us, with regard to the new development of materials that are now
called metamaterials, left-handed media, or negative refractive media. Funda-
mentally rooted in the electromagnetic theory and governed by the equations
proposed by the Scottish physicist James Clerk Maxwell at the end of the
19th century, the development of these structured composite materials that
we call metamaterials could have been another incremental step in the more
general research in electromagnetics and optics. Yet, the scientific community
quickly realized that the implications and applications opened by the study of
metamaterials are unprecedented, potentially revolutionary, and scientifically
as well as technologically highly interesting and challenging. A new paradigm
of electromagnetic and optical materials has evolved today from these studies.

The study of metamaterials is often thought of as being associated with neg-
ative refraction. It is much more than that. Over the past decade, scientists
have shown how to manipulate the macroscopic properties of matter at a level
unachieved before. For decades, our world was limited to materials with pri-
marily positive permittivities and permeabilities, with some exceptions such
as plasmas, for example, whose permittivities can be negative. The research
in metamaterials coupled with the rapid advancements in micro- and nano-
fabrication technology has totally lifted this limitation, and has opened the
door to almost arbitrary material properties with some extraordinary conse-
quences across the electromagnetic spectrum, from radio frequencies to optical
frequencies. This book is devoted to a discussion of these consequences as well
as their theoretical implications and practical applications.

It is inevitable that such a growing field has attracted much attention in
the scientific as well as in the more popular literature: the number of scientific
articles has been in constant and almost exponential growth since about the
year 2000, many popular articles have been published in scientific as well as
nonscientific journals, while technical reviews and a few books have already
been devoted to this field. It therefore appears ambitious at best and risky at
worst to attempt the publication of an additional reference in this arena.

Nonetheless, we think that such an addition is necessary and was, in fact,
missing. The extremely large number of scientific papers published is certainly
vivid proof of the rapid evolution of this research area, but getting familiar
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with and appreciating so much information also represent a daunting task
for the student or researcher who is new to this field. In addition, the large
number of new articles appearing on a weekly basis may also appear difficult
to track, even by the expert researcher. It is with this spirit that we have
targeted this book at as vast an audience as possible: the reader unfamiliar,
but interested in this field, will find in the following pages the synthesis and
organization of what we believe to be the most important and influential
papers related to metamaterials, whereas the expert reader will hopefully
find a useful viewpoint and detailed explanations of some of the most recent
papers at the time of this writing, touching on as many aspects of this field
as possible.

An additional motivation to undertake the writing of this book was our
feeling that a coherent reference presenting the history, development, and
main achievements of metamaterials was missing. Although some excellent
books are already available to the reader, they are usually focused on either
a very specific aspect of this field, or a compilation of chapters written by
renowned scientists. In the present book, we have tried to remedy what we
believe are limitations of the previous two formats by offering a book covering
a wide variety of topics, yet having a coherence across chapters that enables
the reader to cross-reference similar topics and, hence, to delve deeper into
their presentation and explanation.

Naturally, it is impossible to present in a short book all aspects of a given
scientific field, all the more when this field has become so vast and complex
as the one the present book is devoted to. In addition, and despite our best
efforts, our grasp of the field is also incomplete and is being refined by the
day. We would therefore like to apologize upfront to those authors who may
feel that their work is misrepresented or underrepresented in the following
pages. May they put it on the account of our limited knowledge and not on
our judgment of the quality of their contributions.

Finally, we must remark that it has been very difficult to write a book
on an emerging area: it has almost been like writing about the personality
of a growing teenager. New topics of today might disappear tomorrow or,
instead, might reveal unexpected promises and become the front-runners of
this research field. Metamaterials of the future will necessarily be robust
and reliable, multifunctional, and reconfigurable to perform satisfactorily in
various demanding environments. Today’s metamaterials are quite primitive
by these standards and developments are happening at breathtaking speeds.
These have been the reasons why we decided not to have a concluding chapter
— this book is an ongoing account of metamaterials.

S. A. Ramakrishna
Kanpur, India

T. M. Grzegorczyk
Cambridge, Massachusetts, USA
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1

Introduction

This book is devoted to the description of metamaterials, their origins and
physical principles, their electromagnetic and optical properties, as well as to
their potential applications. This field has witnessed an immense gain of in-
terest over the past few years, gathering communities as diverse as those from
optics, electromagnetics, materials science, mathematics, condensed matter
physics, microwave engineering, and many more. The field of metamaterials
being therefore potentially extremely vast, we have limited the scope of this
book to those composite materials whose structures are substantially smaller,
or at the least smaller, than the wavelength of the operating radiation. Such
structured materials have been called metamaterials in order to refer to the
unusual properties they exhibit, while at the same time being describable as
effective media and characterized by a few effective medium parameters inso-
far as their interaction with electromagnetic radiation is concerned. We also
include in this book a chapter on photonic crystals, which work on a very
different principle than metamaterials, but which have been closely connected
to them and have been shown to exhibit many similar properties.

The metamaterials discussed in this book are designer structures that can
result in effective medium parameters unattainable in natural materials, with
correspondingly enhanced performance. Much of the novel properties and
phenomena of the materials discussed in this book emanate from the possibil-
ity that the effective medium parameters (such as the electric permittivity and
the magnetic permeability) can become negative. A medium whose dielectric
permittivity and magnetic permeability are negative at a given frequency of
radiation is called a negative refractive index medium or, equivalently, a left-
handed medium, for reasons that will become clear shortly. In this book,
we do not, however, discuss another important and powerful manner of at-
taining extraordinary material properties — that of coherent control whereby
atomic and molecular systems are driven into coherence by strong and coher-
ent electromagnetic fields (Scully and Zubairy 1997). Due to the extremely
coherent nature of the excitation and response, the quantum mechanical na-
ture of the atoms and molecules is strongly manifested in these cases and the
description of the atomic systems relies necessarily on quantum mechanics.
In contrast, we remark that since the sizes of the metamaterial structures
we are interested in are microscopically large (compared to atomic sizes) and
the resonances reasonably broad, it is the classical electromagnetic properties
that are apparent. Hence, we ignore the quantum mechanical nature of light
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2 Introduction

and matter throughout our discussions.

This chapter offers a general introduction to the topic this book is de-
voted to, starting with a brief description of the historical development of
the subject. We give first a general account of the development of optics,
electromagnetism, and the characterization of their effects by effective consti-
tutive parameters. A more specific account of the development of the ideas
surrounding metamaterials and negative effective medium parameters follows.
We then clarify mathematically our definitions, and discuss the Lorentz model
for the dispersion of the dielectric permittivity of a dispersive medium and
the basic definitions for the description of negative refractive index media. In
the course of this chapter, we hope to set out the basic foundations that will
allow the reader to follow the book without much confusion.

1.1 General historical perspective

The study of optical phenomena has accompanied the evolution of mankind
from almost its origins. Astronomy, which is often said to be the oldest of
all science, has led humans through an incredibly vast journey of discover-
ies, turning philosophers into scientists and passive observations into active
research. During the last couple of centuries, man has achieved an unprece-
dented understanding and control over light thanks to one fundamental prop-
erty: light exhibits just the right amount of interaction with matter. This
interaction is intense enough compared to that between other particles or
matter waves such as neutrons or neutrinos, and yet weak enough compared
to the interaction between charged particles such as electrons or protons. The
fact that light, or the photon, is one of the fundamental particles of nature
and that its propagation velocity sets the ultimate limit on the speed of any
signal further underlines the significance of this control.

Despite being one of the oldest topics in science, Optics has remained a
very fundamental area of physics and engineering because of the simplicity of
its theoretical grounds. It is, for example, formidable to realize that optical
properties of many materials can be characterized by a single number called
the refractive index, n. This number allows one to understand refraction
processes and enables the design of lenses and prisms that led to the under-
standing of colors and dispersion. For a long time, this refractive index was a
number that represented the optical density of a medium, a notion reasonably
supported by the definition of the refractive index as

n=—, (1.1)

where ¢ is the speed of light in vacuum and v is the speed of light in the
medium.
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Figure 1.1 An adaptation of Ibn Sahl’s original drawing showing refraction
at a planar interface. AO is the incident ray from inside the crystal and OB
is the refracted ray. Ibn Sahl obtained the reciprocal of the refractive index
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as1/n =3¢ (= 5poc = amg it today’s terminology).

The roots of Optics as a science go as far as the ancient Greek civilization,
where Aristotle, upon studying visual perception, recognized the importance
of the medium in-between the eye and an object. Another Greek astronomer,
Ptolemy, performed several experiments on the effects of refraction on visual
perception of objects in the 2nd century AD. Despite these early works, the
real credit for the association of a number to the refraction effects of a trans-
parent medium is probably due to Ibn Sahl, an Arabic scholar of Catalonian
origin. Ibn Sahl, who lived in Baghdad around 984 AD, wrote a treatise
on Burning Instruments where he clearly stated a law of refraction for light
passing across a plane interface from a material medium into air. This law,
completely identical to what we now call the Snell law’s of refraction, defined
the refractive index n in terms of the incident and refracted rays as shown in
Fig. 1.1. Tbn Sahl further used this refractive index for a crystal to study the
focusing properties of a biconvex lens and several other focusing instruments.*

For a long time all optically transparent crystals were mainly characterized
by the refractive index. Based on the experimental findings of Willebrord
Snellius in 1621, the French philosopher René Descartes (1596—1650) pub-
lished in his “Dioptrique” the law of refraction in the form we know it today.
The refractive index was considered to be a quantification of the resistance
offered by a medium to the passage of light. Based on this idea, Fermat
enunciated his famous Principle of Least Action, which proved invaluable for
studies of light propagation in media with spatially varying refractive index.
Erasmus Bartholinus had discovered the double refraction in calc-spar in 1669
which led to the realization that there was a polarization associated with light.
Malus also discovered polarization, and the rotation of polarization of light

*The reader is referred to Rashed (1990) for a lucid description of Ibn Sahl’s work.
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upon passage through an anisotropic medium in 1808, again with a calc-spar
crystal. This was one of the first cases when the optical material could not
be characterized by a single number, but the description necessarily depended
on the propagation direction and the relative orientation of the crystal.

In parallel to the development of optics, the 19th century also witnessed
the emergence of the theories of electricity and magnetism. A plethora of
experimental observations challenged the physicists to look for underlying ex-
planations and gave birth to fundamental laws such as Ampere’s, Gauss, or
Faraday’s laws. Yet, electricity, magnetism, and optics were seen as indepen-
dent fields, ruled by independent laws and yielding independent applications.
It took the incredible insight and genius of James Clerk Maxwell (see Fig. 1.2)
to first unify the former two, and then all the three fields under a uniquely
simple and complete theory. With his work, Maxwell showed that electricity
and magnetism are entangled phenomena, inseparable, and self-sustaining,
ruled by four simple equations known today as the Maxwell equations. The
concepts of dielectric permittivity and magnetic permeability, denoted by the
letters € and u, respectively, became fundamental for the description of media
and their response to electric and magnetic fields, and were called constitu-
tive parameters. Moreover, upon studying the self-sustaining solutions of the
electromagnetic field in vacuum, Maxwell discovered electromagnetic waves,
effectively revolutionizing the field for a second time with descriptions of fre-
quency, wavelength, and propagation speed, with all their fundamental and
technological impacts. Finally, upon calculating the propagation speed of the
newly discovered electromagnetic waves, Maxwell realized that it was very
close to that of light in vacuum, which led him to bridge the two independent
fields by declaring that light is an electromagnetic wave. The independent
demonstrations of radio frequency waves and their propagation in vacuum by
H. R. Hertz, N. Tesla, J. C. Bose, f and G. Marconi, as well as the theoretical
work of Einstein obviating the need for the all permeating “aether,” made
quick developments in optics possible by utilizing the Maxwell equations.

The connection between the two fields, optics and electromagnetics, was
summarized by the very simple equation (also known as the Maxwell relation)

n? = ep, (1.2)

relating the index of refraction, an optical quantity, to the permittivity and
permeability of media, two electromagnetic quantities. It was also then re-
alized that all media could be described by the concepts of permittivity and
permeability, whose definitions had to be properly generalized. Hence, absorp-
tion of light in materials was described by complex valued € and p, whereas
many anisotropic crystals (where all directions are not equivalent) were de-
scribed by second-rank tensors € and [, effectively yielding different values in
different propagation directions or for different polarization states.

TJ. C. Bose is credited with the discovery of millimeter waves.
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Figure 1.2 Two giants of electromagnetism: J. C. Maxwell (left) mathe-
matically unified Electricity, Magnetism, and Optics through his equations.
The image is taken from the Wikipedia project, http://www.wikipedia.org.
H. A. Lorentz (right) gave a microscopic model for the dispersion of the di-
electric permittivity. (Courtesy of C. W. J. Beenakker, from the “Collection
Instituut-Lorentz, Leiden University.”)

Although dispersion of the refractive index with frequency was a well-known
empirical fact by then, it was Fresnel (of the diffraction fame) who first tried
to explain it in terms of the molecular structure of matter. This was also
supported by Cauchy who gave the well-known dispersion formula which goes
by his name. But it was essentially H. A. Lorentz (see Fig. 1.2, right) who
gave a reasonably robust theory of dispersion in terms of the polarization of
the basic molecules constituting a material. This Lorentz theory of dispersion
(described in Section 1.3.2) has been very successful at describing the variation
of the dielectric permittivity with frequency and is used as a workhorse model
for describing the dispersion in resonant systems. At frequencies well away
from an absorption resonance, the Lorentz theory easily approximates into the
Cauchy dispersion formula. In dense media (high pressure gases, liquids, and
solids), it had to be corrected for local field effects — effects of other neighboring
polarized molecules, which yielded the Lorentz-Lorenz model, akin to the
Clausius-Mossotti relations for the electrostatic case (Jackson 1999).

Interestingly, although there was no a priori bound on the values of the
constitutive parameters, all known transparent media were described by a re-
fractive index between about 1.2 and 1.9 only at optical frequencies.! These
bounds were broken for the first time when it was realized that stratified

TExcluding semiconductors where it could be as large as 4 in the infrared regions.
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materials, where layers of transparent materials with different refractive in-
dices are stacked together, could exhibit very different optical properties due
to well-controlled interference phenomena of the multiply scattered waves at
the interfaces between the different media. The most striking examples of
such technology are the quarter wavelength anti-reflection coatings and high
reflection thin film coatings. The theory of periodic media was later gen-
eralized to higher dimensions, making the layered medium a special case of
structures later to be called photonic crystals, where strong modifications of
the properties of electromagnetic radiation come from multiple scattering or
Bragg scattering within the structure. A drastic example is the realization of
structures in which light is not able to propagate at all in any direction in a
band of frequencies (bandgap) because of the proper interplay of scattering
and destructive interference. Actually the realization of a one-dimensional
stop-band structure should be credited to Lord Rayleigh who was probably
the first to systematically investigate the wave propagation in layered mate-
rials (Rayleigh 1887). Lord Rayleigh had already realized the existence of a
stop-band and the fact that a layered medium would cause complete reflection
of the incident light for frequencies within this band. For further reading on
these topics, the reader is referred to Joannopoulos et al. (1995) and Sakoda
(2005).

By the middle of the 20th century, the optics of layered media had been well
established, benefiting from the thrust in military requirements during World
War II. Improvements were demanded in all areas of optical instrumentation,
from binoculars to periscopes, and provided the impetus for industrial activity
in this area. The strong modification of light propagation in such systems
resulted in a variety of optical properties, ranging from highly reflecting multi-
layer coatings to their opposite, the anti-reflective coatings. The reader is
referred to details in the classic book by Born and Wolf (1999) for further
reading on these topics.

In 1987, the generalization from one-dimensional periodic media (i.e., lay-
ered media) to three-dimensional periodic media was independently proposed
by Yablonovitch (1987) and John (1987) who also discussed the strong mod-
ification of the density of photon states in such systems. Thus, even the
spontaneous emission probability for an atom within the photonic crystal,
emitting at a frequency in the forbidden band (called the bandgap) was shown
to be possibly strongly modulated. Yablonovitch et al. (1991) pursued this
work with the demonstration of a face-centered cubic photonic crystal at mi-
crowave frequencies. It was demonstrated by calculations (Ho et al. 1990) that
a diamond-like lattice structure with a strong enough refractive index contrast
could result in a complete bandgap for light propagating in any direction (a
three-dimensional bandgap). For the last decade or so, photonic crystals with
negligible absorption have become one of the most promising avenues for the
development of all-optical circuits. For example, Akahane et al. (2003) have
reported optical cavities using two-dimensional photonic crystals with some
of the highest ever reported Q-factors (~ 10%) at optical frequencies.
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An important limitation in controlling the propagation of light in matter
came from the fact that the index of refraction could still take positive values
only. In fact, a negative refractive index was often seen as being incompat-
ible with the definition of optical density, and hence was often viewed as
unphysical. However, careful theoretical considerations showed that a nega-
tive refraction could indeed be physical, provided that the medium exhibits
other fundamental and necessary properties. The two most important ones
were shown to be frequency dispersion (where the permittivity and perme-
ability are not constant with frequency) and dissipation, the two not being
independent but related to one another by the necessity of causality. Despite
these additional constraints, materials with a negative refractive index had no
further reasons to remain hypothetical and the scientific community began a
quest for their physical realization.

The germs of the possibility of negative refraction probably first appeared
in 1904 during discussions between Sir Arthur Schuster and Sir Horace Lamb
regarding the relationship between the group velocity and the phase velocity
of waves (see Boardman et al. (2005) for a detailed discussion). The negative
group velocity that is possible due to anomalous dispersion at frequencies
close to an absorption resonance was the point in contention. For the case
of negative refraction, Schuster believed that the group velocity should have
a component away from the interface while the phase velocity vector should
point inward to the interface. Although Schuster’s conclusion came about
from a confusion regarding negative group velocity (the energy flow need not
coincide with the group velocity direction in the vicinity of a resonance),
it was probably the first consideration of negative phase velocity vectors. In
1944, Mandelshtam considered the possibility of oppositely oriented phase and
group velocities (Mandelshtam 1950). He noted that Snell’s law for refraction
between two media admitted the mathematical solution of refraction at an
angle of (m—0;) in addition to the usual angle of refraction at 6, and reconciled
it with the fact that the phase velocity still tells nothing about the direction
of energy flow. Mandelshtam then also presented examples of negative group
velocity structures in spatially periodic dielectric media (Mandelshtam 1945)
with the periodicity at wavelength scales. Sivukhin was probably the first to
notice the possibility of a medium with negative € and u, but rejected it since
the possibility of their existence was yet to be clarified.

Viktor G. Veselago first formally considered media with simultaneous neg-
ative € and p from a theoretical point of view (Veselago 1968), and concluded
that the phase velocity and the energy flow in such media would point in op-
posite directions. Thus, the media could be considered as having a negative
refractive index. He systematically investigated several effects resulting from
his conclusions, including the negative refraction at an interface, the negative
Doppler shifts, an obtuse angle for Cerenkov radiation, and the possibility of
momentum reversal. He also considered the behavior of convex and concave
lenses made of such media and also showed that a flat slab of material with
n = —1 could image a point source located on one side of the slab onto two
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other points, one inside the slab and one on the other side of it (provided
that the thickness of the slab was sufficient). His results, however, did not
spark much interest at the time and remained an academic curiosity for many
subsequent years, primarily because there were no media available at the time
which had both ¢ and p negative at a given frequency. The realization of these
media had to wait for another 30 years for the development of ideas allowing
their experimental realization.

Metamaterials have been the most recent development in this quest for con-
trol over light via material parameters, with the recognition that engineered
materials, structured in specific manners, can exhibit resonances unique to
the structure at certain frequencies. The structures are engineered such that
at these frequencies, the wavelength of the electromagnetic radiation is much
larger than the structural unit sizes, and thus can excite these resonances while
still failing to resolve the details of the structure (shape, size, etc.). Conse-
quently, an array of these structural units (periodic or otherwise) appears to
be effectively homogeneous to the radiation and can be well described by ef-
fective medium parameters such as a dielectric permittivity € and a magnetic
permeability 1.3

1.2 The concept of metamaterials

Interestingly, the tremendous interest surrounding media with simultaneously
e < 0and p < 0 arose despite the fact that no natural materials have been, and
still are, known to exhibit these properties and all known such media today
are artificially structured metamaterials. Although Veselago speculated in his
landmark paper (Veselago 1968) that some “gyrotropic substances possessing
both plasma and magnetic properties” could be anisotropic examples of left-
handed media, to date there is no report of a natural medium with such
properties. Therefore, their realization took the path of engineered structures
that have been called metamaterials. 9

The word “meta” implies “beyond” (as in “metaphysics”) and the termi-
nology “metamaterials” today implies composite materials consisting of struc-
tural units much smaller that the wavelength of the incident radiation and
displaying properties not usually found in natural materials. Although many

81t is important to note that the effective medium parameters might have little to do with
the bulk material parameters of the medium making up the structures as is discussed in
Chapter 3.

9IThe origin of the term Metamaterial has been attributed to R. M. Walser who defined
them as “Macroscopic composites having a manmade, three-dimensional, periodic cellular
architecture designed to produce an optimized combination, not available in nature, of two
or more responses to specific excitation” in 1999 (Walser 2003).
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of the ideas of metamaterials have their origin in the theories of homogeniza-
tion of composites (see for example Milton (2002)), metamaterials differ from
those in that they are crucially dependent on resonances for their properties
and the nature of the bulk material of the structural units is often of marginal
importance in determining the effective medium parameters in the relevant
frequency bandwidth. Typically, the resonances in metamaterials can induce
large amounts of dispersion (large changes with frequency) in the effective
medium parameters at frequencies close to resonance. By properly driving
and enhancing these resonances, one can cause the materials parameters ¢
or 1 to become negative in a frequency band slightly above the resonance
frequency.

Pendry et al. (1996) first theoretically suggested and later experimentally
demonstrated (Pendry et al. 1998) that a composite medium of periodically
placed thin metallic wires can behave as an effective plasma medium for radia-
tion with wavelength much larger than the spatial periodicity of the structure.
For frequencies lower than a particular (plasma) frequency, the thin wire struc-
ture therefore exhibits a negative permittivity €. Although dense wire media
had been considered with much interest as artificial impedance surfaces by
electrical engineers (Brown 1960, Rotman 1962, King et al. 1983), they were
usually considered when the wavelength was comparable to the period of the
lattice and were therefore not really metamaterials per se, for which effective
medium parameters can be defined.

In 1999, Pendry et al. described how one could tailor a medium whose ef-
fective magnetic permeability could display a resonant Lorentz behavior and
therefore achieve negative values of the permeability within a frequency band
above the resonant frequency (Pendry et al. 1999). Again, although simi-
lar structures consisting of loops, helices, spirals or Omega-shaped metallic
particles had been considered earlier by the electrical engineering commu-
nity (Saadoun and Engheta 1992, Lindell et al. 1994) as the basis of artificial
chiral and bianisotropic media, the work reported in Pendry et al. (1999) was
the first to consider them as magnetizable particles that could lead to an
effective negative p.

In light of the connection between (g, 1) and the index of refraction n ex-
pressed in Eq. (1.2), one should immediately wonder what happens to n when
both ¢ and p are negative. While in usual materials with positive consti-
tutive parameters it is natural to take the positive square root in Eq. (1.2),
n = ,/eu, physical and mathematical considerations lead into choosing the
negative square root n = —,/éu when € < 0 and p < 0. More arguments in
favor of this conclusion are provided subsequently in this chapter and within
the body of this book.

With the basis for a negative permittivity and a negative permeability hav-
ing been laid out, researchers went on to actually experimentally demonstrate
the reality of a negative index medium in a prism experiment at microwave
frequencies (Smith et al. 2000, Shelby et al. 2001b). A photograph of one
of the original metamaterial structures possessing a negative index of refrac-
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Figure 1.3 One of the world’s first negative refractive index medium at mi-
crowave frequencies reported in Shelby et al. (2001b). The system has negative
refractive index for wave propagating in the horizontal plane with the electric
field along the vertical direction. The ring-like metallic structures printed
on a circuit board provide the negative magnetic permeability while metal
wires make the composite acquire a negative dielectric permittivity. (Repro-
duced with permission from Shelby et al. (2001b). (© 2001 by the American
Association for the Advancement of Science.)

tion is reproduced in Fig. 1.3 and illustrates how the proposals for a negative
permittivity and a negative permeability were put together in a single con-
figuration. Although these initial experiments were met with some criticism,
they were quickly confirmed by free-space experiments (Greegor et al. 2003,
Parazzoli et al. 2003) with large sample sizes. As a consequence, at the time of
the present writing, negative refractive index materials are well accepted and
have become available at frequencies spanning a wide portion of the electro-
magnetic spectrum, from static to microwave to optical frequencies, although
the extent of homogenization and description as a homogeneous material is
often questionable at the higher end of the spectrum.

The realization that engineered structures can exhibit a negative index of
refraction opens up several conceptual frontiers in electromagnetics and optics:
several new properties become realizable while most known electromagnetic
effects have to be revisited. Even pedestrian effects like refraction between
two media, one of them with a negative index, are modified whereby the wave
refracts on to the same side of the normal. Several other phenomena were
shown to be modified, such as the Doppler shift, the Cerenkov radiation, the
Goos-Héanchen shift for reflection of a beam, the radiation pressure, etc. In
addition, media with negative permittivity and permeability have the ability
to support surface electromagnetic modes, which has given an impetus to the
new field of plasmonics (Barnes et al. 2003). The surface plasmon excitations
on a metal surface (i.e., at an interface with a medium exhibiting a nega-
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Figure 1.4 A capacitor and an inductor form a resonant circuit that can
oscillate at wy = 1/v/LC. A capacitor filled with a negative dielectric has
negative capacitance, acts as an inductor and can resonate with another usual
capacitor. (Reproduced with permission from Ramakrishna (2005). © 2005,
Institute of Physics Publishing, U.K.)

tive permittivity) have been well known (Raether 1986), whereas materials
with negative magnetic permeability are totally novel and can be expected
to support the analogous surface plasmon but of a magnetic nature. These
surface plasmons on a structured metallic surface can resonantly interact with
radiation and give rise to a host of novel electromagnetic effects.

The origin of the surface plasmon can be simply understood as a resonance
effect at the interface between two media. Let us consider, for example, the
simple case of a capacitor: it is well known that a capacitor can be formed by
two parallel conducting plates with an insulating dielectric placed in-between.
Filling the gap with a negative dielectric material instead would lead to a
capacitor with negative capacitance, which is equivalent to an inductor. Thus
two capacitors in a circuit, one filled with a positive dielectric (g,) and the
other filled with a negative dielectric (e,,), can become resonant (see Fig. 1.4).
The condition for resonance with two such capacitors turns out to be simply
€m = —€p, which is exactly the condition for the excitation of a surface
plasmon at the interface between a semi-infinite positive medium and a semi-
infinite negative medium in the static limit. Including negative dielectric
materials within regular structures of positive dielectrics can therefore yield
media in which a variety of resonances can be excited and the structured
media would then display many novel phenomena. The excitation of surface
plasmons on small implanted metal particles has been exploited for several
centuries in Europe to make brilliantly colored glass windows, and it was
explained only at the beginning of the 20th century by the Mie theory of light
scattering (Bohren and Huffman 1983).

A direct and very novel application of these surface plasmon modes is the
perfect lens, which is an imaging device that can preserve subwavelength de-
tails in the image and thus overcome the classic diffraction limit (Born and
Wolf 1999). It was demonstrated that not only could such a slab of nega-
tive refractive medium image a point source in the sense already pointed out
in Veselago (1968) for the propagating modes, but that this reconstruction
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Figure 1.5 Imaging of an arbitrary object “NANQO” by a slab of silver that
acts as a super lens. The line width of the “NANO” object is 40 nm. The
developed image is found to reproduce subwavelength features of the object
to the extent of A/6. The figure shows the FIB image of the actual object
used at the object plane and the AFM image of the developed image on a
photoresist. (Figure kindly supplied by Prof. X. Zhang and based on work
published in Fang et al. (2005).)

also holds for the non-propagating near-field modes of the source (Pendry
2000). Thus the imaging action is not limited by the diffraction limit and,
in principle, the image can be perfect with infinite resolution. However, the
conditions for a perfect resolution were shown to be highly theoretical and
unphysical, and the resolution is, in fact, limited by other processes, primar-
ily dissipation in the negative refractive index material (Ramakrishna et al.
2002, Smith et al. 2003). Nonetheless, even if perfect resolution is out of
reach, subwavelength image resolution is still achievable and is used in op-
tical lithography with subwavelength details as illustrated in Fig. 1.5 (Fang
et al. 2005). This lensing effect has been generalized to the idea of comple-
mentary media (Pendry and Ramakrishna 2003), which brings in a new view
point on negative refractive index media as electromagnetic anti-matter that
annihilates the effects of ordinary electromagnetic matter on radiation.

In parallel to the development of resonant metamaterials, (Eleftheriades
and Grbic 2002, Eleftheriades et al. 2002) and (Caloz and Itoh 2005) indepen-
dently developed a transmission line approach with lumped circuit elements
for planar metamaterials (see Fig. 1.6 for an implementation) which could
support backward waves, or, in other words, an effectively planar negative re-
fractive index medium. A host of effects predicted in negative refractive index
materials, such as the negative refraction effect, the obtuse angle for Cerenkov
radiation, and the subwavelength image resolution, were quickly realized in
these transmission line systems, primarily due to the ease in implementing
these designs with lumped circuit elements.
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Figure 1.6 A two-dimensional transmission line system that displays a neg-
ative refractive index. The transmission line has been implemented using
lumped circuit elements: essentially it is a microstrip grid loaded with surface-
mounted capacitors and an inductor embedded into the substrate at the cen-
tral node. The figure also shows a probe to detect the near-field radiation.
The inset shows the expanded unit cell of the metamaterial. (Reproduced
with permission from Iyer et al. (2003). (© 2003, Optical Society of America.)

As the field of metamaterials grew rapidly, various communities were drawn
into this research field, bringing a variety of viewpoints, expertise, and in-
teresting ideas. This cross-fertilization between so many different fields of
physics, mathematics, and engineering is reflected for example in the develop-
ment of metamaterial antennae (Ziolkowski and Erentok 2006), optical nano-
antennae for plasmonics (Muhlschlegel et al. 2005), and a new circuit element
approach to the optics or plasmonics of nanosized metallic particles (Al et al.
2006a). The emerging area of plasmonics quickly became fundamentally re-
lated to metamaterials, particularly at optical frequencies. In fact, the very
mechanism and designs of negative refractive index media at optical frequen-
cies are, in one way, intimately related to the excitation of these plasmons in
the nano-metallic particles making up the structures (Al and Engheta 2007,
Ramakrishna et al. 2007a). Surface plasmon excitations have been shown to
be crucial in the mechanisms of several novel optical phenomena such as the
extraordinary transmission of light (Ebbesen et al. 1998, Krishnan et al. 2001)
through subwavelength-sized hole arrays in metallic films (see Fig. 1.7), large
non-linearities due to local field enhancements on rough metal surfaces, sin-
gle photon tunneling through subwavelength-sized holes (Smolyaninov et al.
2002), etc.
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Figure 1.7 A 2-D array of holes (190 nm diameter and 415 nm periodic-
ity) etched by focused ion beam technology in a film of gold deposited on
fused silica made at IIT Kanpur. This sample shows a resonantly enhanced
transmission peak for light with a wavelength of about 540 nm and 620 nm.

1.3 Modeling the material response

This section reviews some fundamental concepts of continuum electromag-
netism that are essential to the ideas of metamaterials. For more in-depth
discussions and theoretical details, which are beyond the scope of this book,
the reader is referred to standard textbooks of electromagnetic theory such
as Landau et al. (1984), Jackson (1999), Kong (2000).

1.3.1 Basic equations

The Maxwell equations are the fundamental equations for the understanding
of all electromagnetic and optical phenomena. In their differential form, these
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equations are written as

v.e=2, (1.3a)
€0
V-B=0, (1.3b)
OB
ng—_a, (13C)
o0&
V X B = poJ + oo (1.3d)

ot’

where £ and B are the electric field and the magnetic induction, respectively,
and ¢ and J are the volume charge and current densities, respectively. These
equations are called the microscopic Maxwell equations because ¢ and J here
represent the actual microscopic charge and current densities. In a mate-
rial medium, for example, o would describe the electronic and nuclear charge
distributions. Thus p and J would necessarily be complicated and vary ex-
tremely fast on very small length scales. Most often, however, we are not
interested in the correspondingly fast variations of the electric and magnetic
fields over atomic length scales and a macroscopic description is sufficiently
accurate.!l The fundamental Maxwell equations are therefore rewritten at the
macroscopic level as

V-D =p, (1.4a)
V.B =0, (1.4b)
0B
VXE—_E, (140)
oD

where E and H are the macroscopic electric and magnetic fields, D is the dis-
placement field, and B is the macroscopic magnetic induction. Similarly, p and
J are the macroscopic net charge and current densities. Here the microscopic
fields are averaged over sufficiently large volumes to yield the macroscopic
field quantities wherein the fast variations over small length scales are not
observable. Thus, the underlying medium appears homogeneous and shows a
homogeneous response to the applied fields. We refer the reader to Jackson
(1999) for an insightful derivation of these equations from the microscopic
Maxwell equations.

In most materials, the time domain displacement field D is directly and
linearly proportional to the applied electric field E, and is a function of the
material in which the field propagates. Due to the mass of the electrons in

INote that the wavelength of electromagnetic radiation is of the order of 1072 m at mi-
crowave frequencies and about 10~7 m for optical (visible) radiation. In addition, the
time period of the oscillations are of the order of 10~9 seconds to 10~1% seconds, respec-
tively. Therefore, one usually seeks only spatially averaged and time-averaged information,
averaged over much longer length scales and time scales.
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the medium that introduce a certain inertia in the response, D does not vary
instantaneously with E, but instead is a function of the entire time history of
how E excited the medium. A somewhat general form for D can therefore be
written in the following form:

t
D(r,t) = / dt’ ¢(r;t, t")E(r,t'), (1.5)
— 00

where ¢(r;t,t') is called the local response function. We assume here that
the polarization that sets in a medium depends on the local fields — an as-
sumption that can be violated at small lengthscales due to correlations in the
polarization over a given volume of the material. For stationary processes,
o(r;t,t') = ¢(r;t —t'), i.e., all physical quantities depend only on the elapsed
time intervals and the above integral becomes a convolution. Frequency do-
main displacement field and electric field can be defined such as

+o0o
E(r,t) = /_ dwE(r,w) e @t (1.6a)
D(r,t) = /_—H)O dwD(r,w) et (1.6b)

Introducing these definitions into Eq. (1.5) and using the convolution theorem
of Fourier transforms (Arfken 1985), it can immediately be seen that the
frequency domains E(r,w) and D(r, w) are related by the simple linear relation

D(r,w) = gpe(r,w)E(r,w), (1.7)
where e(r,w) is the frequency-dependent dielectric function given by
1 [ .
e(r,w) = E—/ dr ¢(r;m)e™7. (1.8)
0J—0co

This relation indicates that e is dispersive, i.e., function of the frequency w.
The dispersive nature arises from the inertia of the dipoles in a causal medium
(due to the mass of the electrons), which defines a material polarization that
does not respond instantaneously to the applied fields, but depends on its time
history as we have seen. At extremely high frequencies, for example x-rays or
~-rays, the matter cannot even respond and the “electronic” matter is almost
transparent leading to the limit
lim g(w) — 1.
w—00

We shall see some examples of frequency-dependent dielectric functions in the
next section. A similar analysis also holds true for the magnetic permeability
u(r,w), which can be space and frequency dependent.

The expression of ¢(r, 7) can be obtained from an inverse Fourier transform
of Eq. (1.8), and subsequently introduced in Eq. (1.5). Supposing that the or-
ders of integration can be interchanged, it can be shown that the polarization
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1.3 Modeling the material response 17

is related to the electric field via the Fourier transform of [¢(w)/eo — 1]. The
analyticity of this latter function in the upper w plane allows the application
of the Cauchy theorem over a contour extending over the real axis, jumping
the pole, and closing itself at infinity in the upper plane. This direct complex
plane integration provides two relations between the real and imaginary parts
of (w), known as the Kramers-Kronig relations, and expressed as (Jackson
1999)

Re(e(w)) — 1= %PV /Oo du/w7 (1.92)
Im(e(w)) = —%PV /OC dw’%, (1.9b)

where PV denotes the Cauchy principal value. Similar relations hold for
the real and imaginary parts of the magnetic permeability u. Consequently,
in addition to being frequency dispersive, € and p are also required to be
complex functions on the account of causality. The imaginary parts account
for absorption of radiation in the medium and the total absorbed energy in a
volume V' is given by (Landau et al. 1984)

b 2 97 dw
/vdBT/_oow[Im(E(“’))|E(rvw)| +Im(p(w) Hr,w)P] o~ (1.10)

For example, consider a time harmonic plane wave exp[i(kz —wt)] propagating
along the z-axis in a dissipative medium with ¢ = 1 and a complex € where
Im(e) > 0. Tt is clear that the amplitude of the wave decays exponentially
due to absorption of the wave as it propagates, which clearly implies that
Im(k) > 0. This complex wave-vector can be obtained from the Maxwell
equations as k% = ew?/c?.

Egs. (1.9) indicate that the real and imaginary parts of the permittivity (and
similarly the permeability) are Hilbert transforms of each other, as illustrated
in Fig. 1.8. These relations are derived for material media in thermodynamic
equilibrium solely on the grounds of causality. The restriction that they pro-
vide on the variation in the real and imaginary parts of material parameters
should be regarded as very fundamental. The Kramers-Kronig relations al-
low an experimentalist, for example, to measure the imaginary part of the
permittivity easily by absorption experiments at various frequencies and de-
duce the real parts of the dielectric permittivity from the imaginary part.
An example of this procedure is shown in Fig. 1.8 where the imaginary part
of the permittivity is calculated from the real parts by a Hilbert transform
with different frequency ranges for the integration. Note that the integrals in
the Kramers-Kronig relations involve frequencies all the way up to infinity,
whereas it is clear that the effective medium theories break down at high fre-
quencies. However, this does not really affect us in the case of usual optical
media since the macroscopic material response functions hold almost down to
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(a) With integration over (0,wm). (b) With integration over (—wm,wm).

Figure 1.8 Comparison between the analytic imaginary part of the permit-
tivity (thick black curve on both graphs) and the imaginary part obtained via a
Hilbert transform. The analytic expression is &, = 1—(w?—w3)/(w?—wi+iyw)
with w, = 27 x 10 GHz, w, = 27 x 15 GHz, and v = wy/2. The labels 1, 2,
and 3 refer to the subscript m of w,, and correspond to wy = 2wy, wa = 4wy,
and ws = 6w, respectively.

the level of few atomic distances. Thus, the very high frequency limit is never
really probed. In the case of metamaterials, the wavelength is usually larger
than the periodicity by only one or two orders of magnitude and this high fre-
quency cutoff, when the homogenization becomes invalid, is easily accessed.
Thus these relations should be applied cautiously to metamaterials keeping
this in mind: if the effective medium theory itself cannot describe the system,
the effective medium parameters obtained from the Kramers-Kronig relations
are not meaningful.

1.3.2 Dispersive model for the dielectric permittivity

This section briefly presents a dispersive model for the dielectric permittivity
that is due to H. A. Lorentz. The resulting expression is very general and it
has been found that many metamaterials exhibit effective constitutive param-
eters in agreement with this law. As another example, amplifying media such
as laser gain media, whose imaginary part of the permittivity is negative, are
often modeled by a generalized Lorentz model where the oscillator strength is
taken to be negative. The Lorentz model is also a good approximation to the
density matrix equations of a weakly perturbed two-level quantum system.
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Within this approximation, having a negative oscillator strength corresponds
to a population inversion. Note that a similar discussion would hold for mag-
netizable media and the corresponding magnetic fields. The dispersion of the
magnetic permeability in many magnetic materials also exhibits a Lorentz-
like dispersion although the resonances usually occur at radio and microwave
frequencies. Because of this fundamental importance and relevance to the spe-
cific field of metamaterials, we shall introduce the derivation of the Lorentz
dispersion law here in order to make it familiar to the reader as well as to
bring out its generic features.

The frequency dispersive nature of a medium is related to the polarizability
of its basic units, viz., the atoms and molecules. Although one can give an
adequate description of dispersion only by a quantum mechanical treatment,
a simplified description is possible by using only a few basic results concerning
the properties of atoms and molecules. One starts by noting that an applied
electric field causes charge separation of the positively charged nuclei and
the negatively charged electrons in an atom or molecules. Thus a dipole
moment is generated and to a good approximation dominates over the other
multipole moments. The induced dipole moments can be determined by the
displacements of the charges from their equilibrium positions. The atoms or
molecules may additionally have a permanent dipole moment in which case
the equilibrium positions of the positive and negative charges do not coincide
(we may ignore the motion of the nuclei due to their comparatively large
mass). The force on the electrons is given by the Lorentz force:

F=—-¢E+vxB), (1.11)

where v is the velocity of the electrons. We can usually neglect the mag-
netic field effects as |B|/|E| ~ 1/c¢ and most of the speeds involved are non-
relativistic.

The electron in an atom or molecule can be assumed to be bound to the
equilibrium position through an elastic restoring force. Thus, if m is the mass
of the electron, the equation of motion becomes

mi + myt + mwir = —eBq exp(—iwt), (1.12)

where r is the displacement vector, wg is the resonance angular frequency
characterizing the harmonic potential trapping the electron to the equilib-
rium position, and w is the angular frequency of the light. Here m~r is a
phenomenological damping (viscous) force on the electron due to all inelastic
processes. This damping term is extremely important as the oscillating elec-
trons radiate electromagnetic waves and energy, although they can also lose
energy in several other manners including collisions.

Using a trial solution r = rg exp(—iwt), the displacement of the electron is

obtained as E
ro = — —obo/m__ (1.13)
wi —w(w+1y)
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The dipole moment due to each electron is p = —er and the polarization,
defined as the total dipole moment per unit volume, P, is given by the vectorial
sum of all the dipoles in the unit volume. Assuming one dipole per molecule
and an average number density of N molecules per unit volume, one obtains

Ne’E/m
P = N = —— = e:E7 ]..14

where . is the dielectric susceptibility. Hence one can write for the dielectric
permittivity

Ne2/me
() = 14 xelw) = 1 4+ LT

F i) (1.15)

The quantity f2 = Ne?/meg is often called the oscillator strength.

Eq. (1.15) is called the Lorentz formula for the dispersion of € whose real
and imaginary parts are plotted in Fig. 1.9. The imaginary part, Im(e), is
seen to strongly peak at wg and the full width at half maximum is determined
by the levels of the dissipation parameter v. The real part, Re(e), changes in
a characteristic manner near wy which is consistent with the Kramers-Kronig
relations given by Eqgs. (1.9).

One should note that the above discussion strictly holds only for a dilute
gas of the polarizable objects. In a dense material medium with a much larger
concentration, the fields that arise due to nearby polarized objects affect the
polarization at any given point. These fields are known as local fields and
the polarization that sets in the medium is proportional to the effective field,
which is the vectorial sum of the applied field and the local fields.

Needless to say, the actual description of the local fields would be very
complicated. On the other hand, in the spirit of homogenization, we can a
think of each polarizable object to be within a small sphere surrounded by
a uniformly polarized medium rather than being a set of discrete dipoles at
various locations. Assuming the polarization outside to be a constant, P, one
obtains the effective field as™*

P

E/ — Eappl + 3750 (116)

Thus, we would have to replace the applied electric field in Eq. (1.14) with
the effective field. Note that the polarizability («) of the polarizable object is

defined by p = ggaE’, where p is the induced dipole moment so that the net
polarization is expressed as P = NegaE'. From Eq. (1.14) we can write

e?Jegm

—wg—w(w—&-'y)’ (1.17)

o =

**One uses the result that the field in a uniformly polarized sphere is E = P/3eq in the
quasi-static limit.
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Figure 1.9 Real and imaginary parts of the dielectric permittivity predicted
by the Lorentz model. The parameters for £1(w) are f7 = 0.03w? and v, =
0.025wg and those for ez(w) are f2 = 0.1w3 and 3 = 0.0lwy. Note that if
the oscillator strength is strong and the dissipation is small enough, the real
part of the permittivity can become negative at frequencies just above the
resonance frequency as in the case of e5.

and the dielectric susceptibility that relates the polarization and the applied

fields as
Na

Xe = Na (1.18)
I
The dielectric permittivity thus takes the form
1+ e
5:1+xe:j, (1.19)
3

where the local field corrections have been incorporated. This formula is
known as the Lorentz-Lorenz formula after the two scientists who came to
these conclusions independently and almost simultaneously. For static fields,
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an analogous result holds and is known as the Clausius-Mossotti relation for
dielectrics.

Finally, we should point out that a crucial approximation made here is that
the size of the polarizable objects (atoms and molecules) is very much smaller
than the wavelength of radiation. This enabled us to treat all the polarizable
objects in the volume as if subjected to the same field with no spatial variation
(limit of infinite wavelength). The discussion, however, holds true even for
more complicated but small polarizable objects, not just atoms and molecules,
which is discussed subsequently.

1.4 Phase velocity and group velocity

Shortly after Maxwell introduced the concept of electromagnetic waves, he
immediately went about calculating the velocity of these waves and realized
that, for a single frequency and in vacuum, they were propagating at the ve-
locity of light (which allowed him to make the connection between the field
of electromagnetics and the field of optics). The concept of velocity is funda-
mental in the study of waves and signals since it provides information on how
the wave evolves in space and time, and how fast information can be trans-
fered from one point to another. Yet, one needs to be careful when assigning
a physical significance to the various velocities that can be defined.

Let us first take the case of a monochromatic plane wave propagating in the
% direction. In the time domain, the field is written as E, = Eycos(kz — wt),
where Fj is the amplitude of the wave. For a propagating wave, we can track
a point of constant phase and realize that it is traveling at a velocity

dz w

Y= T (1.20)
Because of this definition, v, is called the phase velocity. In the case of free-
space, k = w/c so that the phase front propagates at the velocity of light. In
the case of a more general lossless non-dispersive medium, k = w,/gf1/c which
is a linear function of frequency: the phase velocity is constant, typically the
velocity of light in the medium. For yet more general dispersive media, the
phase velocity is not a constant with frequency and the phase velocity can
be typically larger than the speed of light in the medium. As we shall see
subsequently, this does not violate the principle of special relativity since the
phase velocity is not associated with a transport of energy, or more strictly,
transmission of a signal. Nonetheless, in such a case, various components of
a multi-frequency signal propagate at different velocities and cause a phase
distortion.

All physical signals are composed of multiple frequencies, i.e., are spread
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over a certain frequency band. The spectrum of such a wave is never just a
Dirac delta function. The assumption of monochromatic plane waves is there-
fore a theoretical idealization, whereas in the real world, the signal is typically
composed of a slowly varying envelope confining a rapidly oscillating wave.
The simplest multi-frequency signal is composed of two closely separated fre-
quencies wy + Aw, where Aw << wy, to which correspond the wave-numbers
k + Ak. The superposition of the two waves is simply written as

E, = cos|[(k+ Ak)z — (w+ Aw)t] + cos [(k — Ak)z — (w — Aw)t],
= 2cos(Akz — Awt) cos(kz — wt) . (1.21)

Tracking the constant fronts of the two terms yields two velocities:

1. kz — wt = constant yields the velocity of the rapidly oscillating wave,
which is similar to the monochromatic case discussed previously:

dz w
== (1.22a)
2. Akz — Awt = constant yields the velocity of the envelope, called the
group velocity:
dz Aw
At Ak
Intuitively, the group velocity is seen to correspond to the velocity of the
envelope or the packet, and corresponds to the velocity of propagation
of the energy in many cases.

Vg (1.22b)

In the limit of a very narrow-band signal, Aw — 0 and the group velocity is

expressed as
1

Vg = ==
¢ Ok /ow
We can also express the group velocity in terms of the phase velocity:

1r_1. .9 (1> , (1.24)

Vg Up Ow \ vp

(1.23)

which indicates that if there is no frequency dispersion, v4 = v,. In the case
of normal dispersion, a%(l /vp) > 0 so that vy < v,. We had mentioned above
that v, can be larger than the velocity of light inside the medium. It can
easily be shown that v, is in fact lower than this limit. Since v, corresponds
to the velocity at which information is carried, it is in compliance with the
principle of relativity.

In the case of anomalous dispersion relation, -2 (1/v,) < 0 so that vy > vy
the group velocity can be even larger than the speed of light in vacuum. In
this case, however, the group velocity loses its meaning as signal velocity,
which has to be defined in terms of the electromagnetic energy flow. This
issue is discussed in greater detail in Section 6.5.

© 2009 by Taylor & Francis Group, LLC



24 Introduction

Finally, let us mention that the definition of the group velocity can be
generalized to a vectorial relation as

vy = Viw. (1.25)

This gradient relationship indicates that the direction of the group velocity is
normal to the iso-frequency contour in the spectral domain. This property is
extensively used in Sections 5.1 and 5.2 for example.

1.5 Metamaterials and homogenization procedure
1.5.1 General concepts

One of the crucial ideas in a homogenization procedure is that the wavelength
of radiation is several times, preferably several orders of magnitude, larger
than the underlying polarizable objects (such as atoms and molecules). In
this case, the radiation is sufficiently myopic so as to not resolve the spatially
fast varying structural details, but only responds to the macroscopic charge
and current densities. Upon averaging in macroscopic measurements, the only
remaining important parameters are the frequency-dependent polarization of
the individual (atomic or molecular) oscillators driven by the applied fields.

We can apply this idea to a higher class of inhomogeneous materials, such
as metamaterials, where the inhomogeneities in a host background are much
smaller than the wavelength of radiation, but yet much larger than the “atoms”
or “molecules” that the material is composed of. Such a meso-structure would
also not be resolved by the incident radiation, and the structure could be
driven and polarized or magnetized by applied electromagnetic fields. Partic-
ularly near the resonance frequencies (if any), the structures can have a large
polarizability. An array of such structural units can then be characterized
by macroscopic parameters such as € and p that effectively define its macro-
scopic response to exciting electromagnetic fields, much like in a homogeneous
material.

Metamaterials, in some sense, can be strictly distinguished from other
structured photonic materials such as photonic crystals or photonic bandgap
materials. In the photonic crystals or bandgap materials the stop-bands or
bandgaps arise as a result of multiple Bragg scattering in a periodic array of
dielectric scatterers. In fact, the periodicity of the structure in these cases is of
the order of the wavelength, and hence homogenization in the classical sense
cannot be performed. In metamaterials, the periodicity is by comparison far
less important (Chen et al. 2006a), and all the properties mainly depend on
the single scatterer resonances. Alternatively, one notes that the small peri-
odicity and small size of the structural units imply that all the corresponding
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Bragg scattered waves are evanescent and bound to the single scatterer. Con-
sequently, the properties of a metamaterial are not resulting from interference
between waves scattered off different points. Instead, the radiation probes the
polarizability of the structural units as it moves through the medium, inter-
acting with the polarizable objects in the same manner as in a homogeneous
medium. Note that in the limit of long wavelengths, the phase shifts for the
wave across a single structural unit are negligibly small and all units interact
with the radiation in a similar manner.

1.5.2 Negative effective medium parameters

As discussed in Section 1.3.2, there is a large amount of dispersion in the
material parameters at frequencies near the resonance. Below the resonance,
the polarization is in phase with the applied driving field, whereas it is © out
of phase above resonance. If the dissipation is sufficiently small, the resonance
can be made very sharp so as to drive the real parts of € and p even toward
negative values when the corresponding driving fields are the electric and the
magnetic fields, respectively. Of course, the imaginary parts of € and p are
also large at the resonance frequency and its immediate vicinity.

Thus, negative real parts of the material parameters should be regarded
as a natural outcome of an underdamped and overscreened response of a res-
onant medium. Fundamentally, there is no objection to negative real parts
of e(w) or u(w) as long as other physical criteria are also satisfied such as
causality. The latter implies for example that the frequency dispersive mod-
els for the permittivity and the permeability cannot be arbitrary, but should
yield constitutive parameters that satisfy the Kramers-Kronig relationship of
Egs. (1.9).

In order to better understand the effect of negative material parameters,
consider an isotropic medium where the Ime(w)] ~ Im[u(w)] ~ 0, i.e., dissi-
pation is assumed negligibly small at some frequencies (this would typically
be a good approximation at frequencies somewhat away from the resonant
frequency). We can conveniently characterize most electromagnetic materials
by the quadrant where they lie in the complex (Re(¢) —Re(u)) plane as shown
in Fig. 1.10.

Quadrant 1: This is the realm of usual optical materials with Re(g) > 0
and Re(u) > 0. Electromagnetic radiation can propagate through these media
and the vectors E, H, and k form a right-handed triad.

Quadrant 2: The usual form of matter that has Re(¢) < 0 and Re(u) > 0 is
a plasma of electric charges. It is well known that a plasma screens the interior
of a region from electromagnetic radiation. Indeed, all electromagnetic waves
are evanescent inside a plasma and no propagating modes are allowed. This
is directly expressed by the constitutive relation, which reduces to

k-k=cuw?/c* <0 (1.26)
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for a plane wave expli(k - r — wt)]. Inside such a negative dielectric medium,
no real solutions for the wave vector are possible. Note that dielectric mate-
rials can also exhibit Lorentz dispersion near an excitonic or optical phonon
resonance and Re(e) < 0 over a small frequency band above the resonance
frequency.

Quadrant 4: This quadrant is the dual of quadrant 2, with Re(¢) > 0 and
Re(p) < 0. Here, too, a wave incident on a medium of this family decays
evanescently within the medium and no propagating modes are sustained.
Due to the absence of magnetic monopoles, there can be no exact analogue of
an electric plasma but there are natural examples of some antiferromagnetic
and ferrimagnetic materials with a resonance at microwave frequencies that
exhibit Re(p) < 0 in a frequency band above the resonance frequency.

Quadrant 8 This is the quadrant of primary interest in this book, di-
rectly related to the concept of metamaterials. The properties Re(e) < 0 and
Re(p) < 0 yield a dispersion condition that allows a real wave-vector in the
medium, i.e., waves are propagating. Consider the Maxwell equations for a
time-harmonic plane wave in the medium:

kxE=wuouH, (1.27a)
k x H = —weocE. (1.27b)

Since € < 0 and pu < 0, it is clear that the vectors E, H, and k form a left-
handed triad, which is the property that has given to these media their first
very popular (and historical) name of left-handed media.’T However, the triad
of the vectors E, H, and the Poynting vector S still remains right-handed as S
= ExH. This indicates that the Poynting vector and the wave-vector are anti-
parallel. This fundamental characteristic indicates that the left-handed media
support backward waves, and provides a heuristic argument for declaring that
such media have a negative refractive index. As a matter of fact, the refractive
index may be defined by k = Snw /¢, where S is the unit vector along the
energy flow. Since k and S are in opposite directions, it can be inferred that
n < 0. A rigorous explanation of this choice of the negative sign for the square
root n = —,/u involves the consideration of causal boundary conditions and
dissipative media, whose discussion is postponed to Chapter 5.

1.5.2.1 Terminology

We end this chapter by briefly touching upon the terminology used in the
literature and in this book for media with Re(¢) < 0 and Re(u) < 0.
Historically, the first name was given in Veselago (1968): left-handed media
(LHM). As mentioned before, this terminology refers to the left-handed triad
formed by the vectors E, H, and k. Some authors, however, criticized this
name because of the confusion it may induce with the optical properties of

TfNote that this terminology is not related to the polarization state of the wave or to the
chirality of the medium, but only to the triad of the three vectors E, H, and k.
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Figure 1.10 Schematic showing the classification of materials based on their
dielectric and magnetic properties. The wavy lines represent materials that
allow propagating waves, and the axes set in quadrants 1 and 3 show the
right and left-handed nature of E, H, k vectors. The waves in quadrants 2
and 4 decay evanescently inside the materials and are schematically depicted.
(Reproduced with permission from Ramakrishna (2005). (© 2005, Institute
of Physics Publishing, U.K.)

chiral materials, or even with the polarization state of an electromagnetic wave
(right-handed or left-handed circularly polarized). In the frame of this book,
however, chirality is only briefly mentioned when necessary, and therefore
such confusion is very unlikely. We therefore use the historical terminology of
left-handed media with consistency and without ambiguity to refer to media
that have simultaneously a negative permittivity and a negative permeability.

A second very popular name for these media directly refers the impor-
tant consequence of negative refraction: negative refractive media (NRM).
Although the concept of negative refraction is more reductive than that of a
simultaneously negative permittivity and permeability, this terminology has
the appeal of referring to one of the most interesting physical properties of
these new media so that we shall use it in this book as well.

A few other names have also been proposed in the literature. For example,
following Ziolkowski and Heyman (2001), many authors prefer calling them
double negative media, as opposed to double positive media when Re(e) > 0
and Re(u) > 0, single negative electric media when Re(e) < 0 and Re(u) > 0,
or single negative magnetic media when Re(e) > 0 and Re(u) < 0. Other
authors have preferred to call them backward media (Lindell et al. 2001), which
describes the negative direction of the phase vector. Another name is negative
phase velocity media (NPVM) (McCall et al. 2002), also referring to one of
the consequences of a simultaneously negative permittivity and permeability.
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Our standpoint is that no perfect name has yet been found for these media:
a name that would encompass all or most of their characteristics and prop-
erties, while being simple and evocative enough. Our choice of using either
left-handed media or negative refractive media is therefore imperfect, but con-
stitutes a mere terminology choice that had to be made in order to undertake
the task of writing of this book.
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Metamaterials and homogenization of
composites

The description of a metamaterial as a homogeneous medium involves av-
eraging over the fluctuations of the electromagnetic fields at two levels. As
explained in Section 1.3, the macroscopic Maxwell equations are obtained by
averaging the rapidly fluctuating electromagnetic fields at atomic or molecu-
lar lengthscales over volumes that contain enough number of polarizable or
magnetizable atoms/molecules. Within this framework, susceptibilities for
bulk materials can be defined. In the case of metamaterials, the structural
units of the metamaterial (see Chapter 3) are assumed to be sufficiently large
on a molecular scale so that they can confidently be described by their bulk
dielectric permittivity and magnetic permeability, and yet sufficiently small
compared with the lengthscales over which the applied fields vary (typically
a wavelength). Hence, only the fields due to the first few multipoles of the
charge and current distributions induced in the structures contribute to the
macroscopic polarization over lengthscales large compared to the metama-
terial units. In other words, the fine structure of the charge and current
distributions over the structural units is not discernible, but only a few av-
erages such as the corresponding dipolar fields or (rarely) the quadrupolar
fields can be resolved through the macroscopic polarization and magnetiza-
tion. These average quantities determine the effective dielectric permittivity
and the magnetic permeability tensors of the bulk metamaterial.

The metamaterials this book is devoted to are usually composed of metallic
rods, sheets, and rings, usually but not necessarily organized in a periodic
fashion. When it can be defined, a unit cell of such metamaterial is typi-
cally smaller than the exciting electromagnetic wavelength A, usually on the
order of A\/5 to A/10, but sometimes as small as A\/10000 as in the case of
Swiss roll metamaterial (see Chapter 3). The homogenization question thus
arises naturally: inasmuch as dielectric materials composed of atoms can be
characterized by an effective dielectric constant at microwave and optical fre-
quencies, do the present metamaterials, discrete in their structure, behave as
continuous media in the long wavelength regime? If yes, how large should
large be before the homogenization approximation breaks down? How do we
determine the values of the homogenized parameters? What is their range of
validity?

More specifically to the realm of metamaterials, the question is posed in the

29
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following terms: given a medium of rings and rods occupying a certain region
of space and given an incident electromagnetic radiation, can we find an effec-
tive medium within some spatial boundaries (to be determined) that presents
the same scattered fields as the original medium? In addition, in order to be
a real effective medium, we have to require that the homogenized parameters
be independent of the size of the bulk of the metamaterial and independent
on the direction of the incident wave, although the effective parameters can
be anisotropic and spatially dispersive.

The homogenization analysis is most conveniently carried out on slabs of
metamaterials, infinite along the transverse directions (Z and §) and finite
along the normal (£) direction, which we assume to be the direction of prop-
agation of the wave. In addition, the criterion for homogenization can be
translated into properties of the reflection and transmission coefficients, so
that the homogenization procedure can also be rephrased as follows: can
we find an equivalent homogeneous slab of effective parameters between two
boundaries z; and zy such that the reflection and transmission coefficients
measured from the metamaterial and the homogeneous medium are identi-
cal across all frequencies for various slab thicknesses and incident directions?
From the microscopic point of view, the criterion is stated as follows: can we
replace the metamaterial with a homogeneous medium of specified material
parameters so that the fields in the structured metamaterial, when averaged
over some reasonable volume, correspond to the fields in the homogeneous
medium? These are the questions addressed in the present chapter, from
both a physical and mathematical point of view.

2.1 The homogenization hypothesis

Materials composed of small elements are known to respond as continuous
media when the operating wavelength is much larger than the individual con-
stituents. A classical example of such materials are natural dielectrics that can
be described by a single parameter, the electric permittivity . All the neg-
ative and positive charges in a dielectric medium are bound to their location
by atomic forces and are therefore not free to move like in a conductor. Under
the influence of an external electric field, however, these assemblies of negative
and positive charges may slightly reorganize, which results in the creation of
bound electric dipoles. From a macroscopic point of view, the orientation of
these dipoles generates a polarization vector P that influences the electric flux
density D such as D = ¢gE+ P, where E is the external applied electric field.
This allows one to define a general permittivity € such that D = egeE, where
naturally ¢ is defined in terms of the polarization vector. Similarly, magnetic
media are described by a magnetic permeability p, and € and p represent
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the constitutive parameters essential to the macroscopic Maxwell equations.
In our case, the metamaterials are composite structures designed to exhibit
specific electromagnetic properties at some particular wavelengths that are
much larger than the elementary constituents. It is therefore legitimate to
look for homogeneous or effective medium parameters, typically an effective
permittivity and an effective permeability.

Like in the case of more standard media, these constitutive parameters di-
rectly represent the properties of the medium: isotropic metamaterials should
be described by scalar constitutive parameters while anisotropic ones should
be described by second rank tensors & and p, losses induce an imaginary
part to these parameters, frequency dispersion yields frequency-dependent
parameters, non-locality makes them spatially dispersive (dependent on k),
the passive nature of metamaterials forces the imaginary parts to be positive,
reciprocity imposes conditions on the tensors, etc.

The homogenization procedure therefore involves two steps:

1. A hypothesis, more or less refined, on the characteristics of the medium
(isotropic vs. anisotropic, lossless vs. lossy, etc). Paradoxically, the
properties of the metamaterial are initially unknown, and yet a model
has to be chosen to perform the homogenization procedure. Therefore,
the model should also be tested a posteriori.

2. The determination (or retrieval) of the corresponding constitutive pa-
rameters, in their tensorial form in the most general case, using numer-
ical or analytical algorithms.

The first aspect is as important as the second and should not be overlooked,
since no matter how elaborate the retrieval algorithm, it is going to be bound
by the initial assumptions. For example, various algorithms have been pro-
posed to retrieve scalar € and p for metamaterials, but this does not imply that
the metamaterial under study is actually isotropic. This only reflects the na-
ture of the assumption: that the metamaterial is supposed to be isotropic and
that one is interested in retrieving scalar constitutive relations. If, however,
the metamaterial is in reality anisotropic, mapping the constitutive tensors
onto scalar parameters can induce various artifacts that do not represent the
physical reality. Hence, before drawing physical conclusions from retrieved pa-
rameters, one must be sure that the a priori model is valid. Various physical
arguments can be used to that effect.

Once the overall model has been ascertained, the next step is to obviously
determine the numerical values of the components of the permittivity and
permeability tensors. The number of unknowns is directly related to the
model chosen and dictates the number of equations that must be obtained
from measurements (either experimental measurements or numerical simula-
tions). For example, a simple lossy isotropic dielectric material exhibits two
unknowns, the real and imaginary parts of the scalar permittivity, which can
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be obtained from one complex measurement such as the reflection and/or the
transmission coeflicients. The case presented by metamaterials is slightly more
complex since these media are known to have a non-unity magnetic perme-
ability, thus requiring more measurements. In addition, the permittivity and
the permeability are frequency dispersive, and hence need to be determined
at each frequency.

We should also note that there are more mathematically rigorous homoge-
nization theories that analyze the fields as an asymptotic expansion in terms of
the microscopic lengthscale associated with the inhomogeneities. Two scales
characterize the variation of the fields inside a metamaterial: one, macro-
scopic, describes the fields over the bulk metamaterial, while a second one,
microscopic, describes the fields over small lengthscales inside a unit. The
electromagnetic fields can be written as F(z,y) where the fields have a slow
variation with the variable = representing the changing in the fields from unit
to unit, and a fast variation with the variable y which represents the variation
within the units. The fast variable can be taken to be y = x/£ where £ = a/\,
the ratio of the unit cell size to the wavelength of radiation. The principle of
the asymptotic expansion is to expand the field in a series involving powers of
the fast variable and retain only the leading order terms in the limit of £ — 0.
A rigorous demonstration of this method is out of the scope of this book and
we refer the interested reader to Milton (2002) for an excellent treatment of
this topic.

Two methods can usually be employed in order to retrieve the constitutive
parameters. The first one is based on a set of measurements of the external
emergent quantities, viz. the frequency-dependent reflection and transmis-
sion coefficients (the total number of measurements depends on how much
information is needed to unambiguously determine all the unknowns in the
problem). Note that these quantities are typically measured in experiments.
This is the method that has been used historically for the retrieval of the
permittivity of standard dielectrics, and needs to be slightly revisited in the
case of metamaterials. We devote the next couple of sections to this topic.
The second method for the retrieval of the constitutive parameters is based
on the knowledge of the electromagnetic fields inside the metamaterial, i.e.,
the internal fields. This method is thus better suited for numerical simula-
tions as the internal fields are not easily experimentally accessible, but some
experimental approaches to measure these fields have been proposed as well.
More details are given in Section 2.5.
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2.2 Limitations and consistency conditions

Before detailing the homogenization procedures per se, it is necessary to say a
few words about the limitations of homogenization. As a matter of fact, like
we have previously outlined, executing an algorithm and obtaining numerical
values for, say, a scalar permittivity and permeability does not represent a
proof of homogenization (the algorithm is indeed designed to output numerical
values, and would do so as soon as it is given some inputs, even if these
inputs do not have a physical justification). Although we are interested in
homogenizing metamaterials, the range of applicability of such process must
be carefully examined. In particular, homogenization would not be valid under
the following conditions:

1. When the constituents are not much smaller than the operating wave-
length. This includes metamaterials with unit cells large or comparable
to the wavelength of radiation, as well as photonic crystals. In this
case, the periodicity of the structure (if it exists) may become an im-
portant factor that affects the retrieved values of the permittivity and
permeability.

2. When the wave propagation inside the material cannot be described by
a single propagating mode. Such situation occurs for example close to
the resonance of some constituents of the metamaterials, in photonic
crystals when multiple Bragg diffraction modes need to be included, or
simply in multi-mode waveguides.

Failing to comply with these conditions may produce unphysical artifacts in
the frequency-dependent retrieved parameters, the most common of which are
an anti-resonance of the permittivity (with an associated negative imaginary
part) at the location of the resonance of the permeability, and possibly a
truncated resonance of the index of refraction as pointed out in Koschny et al.
(2005). These artifacts have been suggested to be due to the fact that the
periodicity of the medium becomes visible at the corresponding frequencies,
making the homogenization hypothesis less accurate. A conservative ratio
of about 30 between the wavelength and the size of the unit cell has been
proposed for the homogenization hypothesis to be very well justified, although
most of the metamaterials realized to date exhibit a ratio of about 10 at best.

Additionally, an important test of homogenization is to verify that different
methods yield comparable values for the effective medium parameters. This is

*More details on photonic crystals are provided in Chapter 4. For the purpose of the present
discussion, it is enough to know that photonic crystals are dielectric structures exhibiting
a periodicity close to half wavelength, and thus operate in a Bragg diffraction regime.
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particularly true for comparison between those methods that utilize the exter-
nal emergent quantities and those methods that use the internal fields. Note
also that the retrieved effective medium parameters should be independent
of the particular location of the volume over which the fields are averaged.
Equivalently, in methods where the reflection and transmission coefficients are
utilized, the retrieved effective medium parameters should be independent of
the angle of incidence. In many metamaterials, when the structures are not
substantially smaller than the wavelength of light, these conditions can be
violated. One should note that even in these cases, it might be possible to
define more restricted equivalent medium parameters that are specific to a set
of angles of incidence and so on. However, the equivalent medium parameters
cannot be consistently used for the calculations of other properties such as
the rate of dissipation in the medium or the scattering property of another
object embedded in the metamaterial. An example of such a restricted effec-
tive medium theory are the extensions of the Maxwell-Garnett theory based
on the Mie scattering coefficients discussed in Section 2.5.2.

Finally, it has been argued (Belov et al. 2003) that spatial dispersion phe-
nomena may occur in some lattice-based structures and should be incorpo-
rated in the effective medium model. This non-locality of the constitutive
relations, usually apparent in the small wavelength limit, has been found in
the large wavelength limit for a metamaterial composed of a series of parallel
conducting wires when the incident wave-vector exhibits a component par-
allel to the axis of the wires. Although our subsequent in-plane incidences
ensure that non-local effects are negligible, it is important to keep this effect
in mind and accounted for in the treatment of general oblique incidences on
metamaterial structures.

2.3 Forward problem

Once a model for the constitutive parameters has been physically justified,
enough information needs to be gathered in order to determine the unknown
values that populate the constitutive tensors. Traditionally, one method has
been overwhelmingly used, which is based on the measurement of the complex
reflection and transmission coefficients. This method is appealing because
of its relative simplicity to set up in an experimental configuration, as well
as its numerical efficiency since the electromagnetic fields need only to be
computed over surfaces instead of volumes. In this procedure, the reflection
and transmission coefficients (R and T') are used as the linking information
between the incident electromagnetic field and the constitutive parameters,
the latter relationship being essentially the purpose of inversion or parameter
retrieval algorithms.
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2.3.1 Relation between R and T and the electromagnetic
fields

The first step is to determine the relationship between the incident, reflected,
and transmitted fields and the reflection/transmission coefficients. In order
to comply to the previous hypothesis, a medium is supposed to be of infi-
nite extent in the transverse & and ¢ directions and of finite extent in the
propagation direction Z. The single propagating mode here is taken to be a
plane wave, equivalent to the TEM mode in a parallel plate waveguide. The
incident field propagating in the —Z2 direction can therefore be written as

Einc<x7 Y, Z) = éE‘O eik13~r 5 (21)

where é is the polarization of the incident field in the zy plane, k; = &k, +
yky — 2k, is the incident wave-vector of amplitude %, and r = 2z + gy + 22
is the position vector. A homogeneous effective medium is sought between
the boundaries z = z; and z = 29, thus defining an incident and transmitted
region. In the incident region, the total electric field at z = z; is given by

Etot (Iv Y, Zl) = EO eik?zI‘Hkyl/ [eiikZZI + REO 6ik221]
= EinC(IL', Y, 21) + REO 6ikww+ikyy 61162217 (22)

where R is the reflection coefficient at the first boundary. From this relation,
R is obtained as

_ Etot (.’E, Y, Zl) - Einc (.’IJ, Y, 21) _ Escat (.’L’, Y, Zl) e—2ikzz1

R 2 - : = 2.3
EO elkm.’t-‘rlkyy €1kzz1 Einc(zy Y, Zl) ( )
In the transmitted region, the total field at z = z5 is given by
Eio(2,y, 20) = T Ey eFettikuy g=ikoza (2.4)
where T is the transmission coefficient given by
E b b
T — tot (2, Y, 22) (2.5)

EinC(xa Y, ZQ) '

Consequently, once the incident and total electric fields are known at z = z;
and z = zy (either from measurements or numerical simulations), the reflection
and transmission coefficients are completely specified.

2.3.2 Determining the electromagnetic fields

A typical configuration is illustrated in Fig. 2.1 for the particular case of
a periodic medium: Fig. 2.1(a) shows a material composed of a succession
of unit cells that are much smaller than the wavelength (the elements are
for the moment supposed to be non-resonant), while Fig. 2.1(b) shows the

© 2009 by Taylor & Francis Group, LLC



36 Metamaterials and homogenization of composites

[ ! [ 3 [ ! [
1. 1 1 1
[ ! [ 3 [ ! [
g 1 1 1 1
: : | y
[ J | J | [
T s
(a) A composite medium assumed to be of infinite ex- (b) A unit cell of the
tent along the £ and ¢ directions. composite medium.

Figure 2.1 Schematic illustration of a periodic medium composed of split
rings and rods.

details of a unit cell in three dimensions. In practice, the material should
contain many unit cells (the overall size of the material should be of a few
wavelengths), while in simulation, the assumption of an infinite medium in
the lateral directions (& and ¢ in our case) is often excellent and considerably
reduces the computational requirements. Hence, Fig. 2.1(b) illustrates a unit
cell that needs to be analyzed with the proper boundary conditions along the
2 and ¢ directions. The material is of finite extent in the Z direction, which
is the principal direction of propagation of the electromagnetic radiation.

The computation of the reflection and transmission coefficients in Egs. (2.3)
—(2.5) requires the knowledge of the scattered electromagnetic fields. Various
numerical algorithms are available toward this end, some of the most common
ones being the Finite-Difference Time-Domain Method (FDTD), Finite El-
ement Method (FEM), the Transfer Matrix Method, or an integral equation
method such as the Method of Moments. The first three methods have the
appeal of an extreme generality and mathematical simplicity: they have been
applied for many years to solve a plethora of electromagnetic problems, and
are well documented in various references. We shall therefore not contribute
to an additional description of these methods but refer the reader to references
such as Silvester and Ferrari (1996), Taflove and Hagness (2005). The integral
equation approach, on the other hand, is usually less commented so that we
provide subsequently some details on how to apply it to periodic metamate-
rials composed of metallic elements. The expert, the uninitiated reader or a
reader not interested in the details of the method can therefore skip to the
last paragraph of this section.

The integral equation approach is typically mathematically more involved
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than methods such as the FDTD or the FEM, but often results in reduced
computational times because most of the structure’s complexity can be em-
bedded in the kernel of the method, the Green’s function. Egs. (2.3) and (2.5)
indicate that it is necessary to know the electric field at various locations in
order to compute the reflection and transmission coefficients. The electric
field is obtained from the electric sources (magnetic sources can be added by

duality) as
W// dr’ G(r,r') - J(r'), (2.6)

where r denotes the observation position while r’ denotes the source position,
G is the dyadic Green’s function and J represents the current sources that
can be expressed in a similar manner as the electric field:

r) = /// dr’ 8(r — ') I(r'). (2.7)

The triple integral in Eq. (2.6) is defined over the primed coordinates, i.e., over
the volume where the sources are defined. In the case of metamaterials for
example, the sources are typically surface currents induced on metallic struc-
tures (the geometrical units composing typical metamaterials are presented
in detail in Chapter 3), so that the three-fold integral reduces to a two-fold
integral over the surface of the metallizations.
Combining these equations with the vectorial wave equation for the electric
field yields
V x V x E(r) — K*E(r) = iwpJ(r), (2.8)

where k is the wavenumber. It can be directly shown that the Green’s function
satisfies the relation (Tai 1993)

V x V x G(r,r') — K2G(r,x') = [5(r — ). (2.9)

Finally, the dyadic Green’s function itself can be expressed in terms of a scalar
Green’s function g(r,r’) as

G(r,v') = <T+ klzvv> g(r,r'). (2.10)

The problem of computing the electric field is therefore reduced to the problem
of finding the scalar Green’s function g and walking the previous equations
backward: from g determining G using Eq. (2.10), and subsequently deter-
mining the electric field E using Eq. (2.6) knowing the sources in the problem.
This last step is usually not straightforward and requires the use of a numer-
ical method such as the Method of Moments (Harrington 1993). In the case
of a free-space background, the scalar Green’s function is simply given by

, 6ik|r7r’| 511
g(r,r') = m (2.11)
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The appeal of an integral equation-based approach is to reduce the numer-
ical burden (typically to solve Eq. (2.6) like already mentioned) by incorpo-
rating as much information analytically into the Green’s function as possible.
In the case of a periodic metamaterial for example, the periodicity can be
incorporated into the expression of g, thus enabling the numerical method to
be applied only to a unit cell rather than to the entire structure (note that
a similar technique can be applied within the FDTD or FEM, upon applying
the proper boundary conditions at the edges of the unit cell). Upon defining
a; and a, to be the dimensions of the unit cell in the £ and § directions, re-
spectively, the periodic scalar Green’s function is immediately obtained from
the Bloch theorem as

, . cikolr” ~R|
g(r ) = Z eXp(lk . ];{,)m7 (212)
ny,no
where r"’ =r — r’ and
R =nja, + noay (2.13)

is a vector of the lattice, n; and ns being two integers. In the case of a square
lattice for example, a, = %a,, a, = Jay, and the Green’s function is written
as

, k0 Ry
g(l’//, yl/, ZH) el(kmnlam%»kynQay) , (214&)
MZ% AT Rpins
where 2"’/ =z — ', y' =y -y, 2’/ = z — 2 and where
Ryn, = \/(x — ' —niag)? + (y — ¥ —neay)? + (2 — 2/)?
= /s(1)2 4 5(2)2 + 5(3)2. (2.14b)

For numerical purposes, the sum in Eq. (2.14a) is truncated at an upper limit
N, which needs to be determined from convergence considerations. These
considerations reveal that Eq. (2.14a) is slowly convergent, making it some-
what inefficient to calculate the Green’s function (Tsang et al. 2000b). An
alternative approach is to convert Eq. (2.14a) into the spectral domain. Upon
doing so, the expression becomes

i 1 . 2wl " 2mly "

"o i[(ketT0) 2" +(ky+2) 4]

g(l’,y,z)zﬁ kie i Y v
lelz

ol \ 2 2l \ 2
kit = \/k:g . (k: il 1) - <ky T ”) (2.15b)
Ay Qy

with Im{k.,,;,} > 0 and Q = a, a, is the surface of a periodic unit. The nu-
merical evaluation of this expression shows already a much faster convergence
rate than Eq. (2.14a). This rate of convergence can still be increased by using

=122 (2.15a)

where
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a method proposed by Ewald (Ewald 1921). The latter starts by splitting the
scalar Green’s function into two components:

g(m//7y//’ ZH) — gl(a:”,y”, ZN) + g2(m//7y//’ Z”), (2.16&)
where
. N N
g (1,// y// ZI/) _ L Zl Zl 1 ei [(km+%)x/,+(ky+2;52)y”]
1 ) ) 4Q kzlllz

{eikzhlzz“erfc(—lk;lllz —EZ”) +e_ik“lbz”erfc(—lk;%lz +EZ”)},

E

(2.16b)

N- N:
92(93” y// Z”) — Zz Zz 1 ei(kznlaz+kyn2ay)
T 8T Ryiny ’
n1:7N2 ’I’L2:7N2
eikoBnins erfe( Ry, E + ilio) + e~ hoRninz (R, B — ilio)
1 2K 1 2B [
(2.16¢)

where E is Ewald’s parameter chosen as E = /7 /Q (Tsang et al. 2000Db).

The expression of both g; and go can be simplified if the parameter k.;,,,
is real (for g1) and if kg is real (for go). The simplifications use the properties
of the error and complementary error functions:

erf(a +1ib) = A+1iB erfc(a+1b) =1—-A—iB= C+iD (2.17a)
erf(a —ib) = A—iB erfc(a —ib) =1—-A+iB=C—iD (2.17b)

erf(—a+1ib) = — A+1iB erfc(—a+ib)=1+A—-iB=(2-C)+1iD
(2.17¢)

In this case:
o If k., is real:
; ik . ik
€1k21112z”erfc(_ zlily EZ”) —|—eﬂkz’1122”erfc<— zlyls —|—EZ">
2F 2F
. . . ik
— ethn?” | emika,2" 4 oiTmeikein Z//erf<EZ” + ;lfl«jlz )

. " . " .k
= 2¢ifn12®" _ 9iImelFst112” erfc(Ez” + 122%) . (2.18a)

o If kg is real (i.e., when the background is lossless):

eFolining orfe (anE + —125) + e ko finins orfe <Rmn2E — —;5)
= 2Ree ko Ry ny erfc (Rnlan + ﬁ) .
(2.19)
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Once the scalar Green’s function is determined, the tensorial form of the
Green’s function needs to be evaluated from Eq. (2.10). Subsequently, we
detail this procedure for the Ewald method only since it is the one that is the
computationally most effective.

We shall first define g; as

Gy = eiker” Hikyy” [eikzhlzz”erfc (_lkzhlz _ Ez”)

2F
—ik 2" ikZhlz "
+e zlylg e]f'fC —ﬁ + EZ s (220)
where k; = kiy + 27ly /a, and ky = kiy + 27la/a,. Then
g N
00 it g, (221)
g N
ik (2.22)
? = ik etRertikuy | gikeiiy elrfc(_ik;lll2 — E2")
2z
—ikzy, 1,2 ikzllb 7
— e eile erfc(—ﬁ + E2") (2.23)
03 g
v% =i k2G) — Ghoky g1 +i2ks % (2.24)
03 g
vaiyl — —dkyky Gy — Gk G +i2k, % (2.25)
o1 ... 0¢ .05 0%
VA L N R R : 2.26
9 e Yy Oy e (2.26)
where 52 . s s
q dik. E . . k2 —ap4zS
Gor = R = e 27
From these relations, we obtain
—k2G1 —kakygn ik,
VVa = | —kekygt —kyon iky2 = (2.28)
and finally
(i+ ! vv) (r,r') i Z—l <i+ 1vv> j (2.29)
J9 g ) = 70 1.2 g1 - :
k2 ! 49 ke, ks !
Next, we define
_ eifoRming ko, e thoRning ik
g2 = TM erfC(RnanE =+ ﬁ) =+ Tlnz erfC(Rnlan - 2‘2)7 (230)
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where R, has been defined in Eq. (2.14b). Then

(9@2 aRnlng ~
= 2.31
0s; 0s; ’ (2.312)
8 8§2 aQI%n no ~ a-I%n n a}%n n
— 12 172 12 525 2.31b
dsj 0s; 0s;0s; 92+ ds; 0s; g2 ( )
where s; € {z,y,2}, s; € {z,y, 2}, and
4F 1‘2_4R”1n2E4
65 — | e e~ T
ﬁRn1nz
1 —ikgRy,p, eFoftning iko
fc(Ry n B+ —
Rnln2 Rn1n2 €r C( 1n2 + 2E)
1+ ik R, N e~ ko Rnyny ikg
L fc(Ry, n, B — 2.32
Rn1n2 Rn1n2 er C( 11N 2E) ( )
SE ) k?—4r? . B
92 fRn1n2 (1 + Rnlnz ) e 482
(1 - lkORnlﬂz) kO nin eikORnlnz 1kO
12 erfc(Rpn, B+ =)
R, Ry, S5
2(1 + ikoRn1n2) k}QR?L no e~ ko Rnyny ikg
! fe(Rp,n B — —). (2.33
R, Roira (BB = o) (2:33)
In addition
ORp n, s(i)
= ) 2.34a
aSZ‘ Rn1n2 ( )
82Rn1n2 Rian - (Z)Z
= , (2.34b)
ds? R3 .,
PRuiny _ 5(j)s(9)
= . 2.34
88j88i R;’)hnz ( C)

The second contribution to the dyadic Green’s function is finally expressed as

= 1 1 )
I Vv / = - l(kznlaz+k)yn2ay)
< = )gz(r’r) 2 8T Ry

ni,n2

O’Ruyng 0°Rujng 0°Rujng
Ox2 Byax Bzé):v

= 1 [ar O°R o°R -~
_ ning ning ning
|:Ig2 + k% oxdy 0y? 6’z8y 6'92
0% Rpiny 0*Rnyny 0° Ry
0x0z Oyoz 022

OR

ning

I AR, AR, AR, 9.
Tz Dy ( o - oy 0z 2) 0°g2| - (2.35)
0 \ 9Rnny
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The total Green’s function is given by the sum of the two dyadic components,
individually expressed in Eq. (2.29) and Eq. (2.35), and can directly be used
in a Method of Moment algorithm. Such an algorithm, being more specific in
its applicability, is usually faster than other numerical methods to obtain the
electromagnetic fields, and can therefore be used more efficiently for example
in the design and optimization of split-ring metamaterials.

The determination of the reflection and transmission coefficients directly
follows Eqs. (2.3) and (2.5), where the fields computed using the Method of
Moment are integrated over a unit cell surface. An example of transmission
coefficient as function of frequency is shown in Fig. 2.2 for the standard square
rings whose dimensions are detailed in the caption of the figure. It is seen
that when the metamaterial contains only rings, the transmission exhibits a
stop-band around 15 GHz, which corresponds to the center frequency of the
negative permeability band. The medium of rods only, not shown here, ex-
hibits a very low transmission in agreement with a Drude model with a plasma
frequency of about 27 GHz. Noticeably, when both rings and rods constitute
the metamaterial, a pass-band appears at about 15.2 GHz, within the region
of negative permeability and negative permittivity where propagating waves
are supported, which actually corresponds to a negative index of refraction
as discussed in Chapter 3. These conclusions have been confirmed by the
retrieval process detailed subsequently.

2.4 Inverse problems: retrieval and constitutive
parameters

2.4.1 Standard media

The previous section was concerned with the determination of the electromag-
netic fields scattered by a slab of metamaterial structure in order to obtain the
reflection and transmission coefficients. This section is devoted to the other
aspect of the problem: how to determine the constitutive parameters of an
effective medium once the reflection and transmission coefficients are known.

In a numerical or experimental setup, the configuration often looks like the
one depicted in Fig. 2.3: the sample of material whose constitutive parameters
are unknown is placed inside a parallel-plate waveguide and is illuminated by
a TEM incidence. The reflection and transmission coefficients, in form of S
parameters, are measured with respect to some reference planes situated at
a distance dy and dy from the sample. The electric field in the three regions
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Figure 2.2 Typical transmission curves obtained using the periodic Green’s
function formalism. The ring-only medium exhibits a stop-band around
15 GHz, whereas the medium of rings+rods exhibits a pass-band at a similar
frequency. The rod-only medium, not shown, presents a very low transmission
at the frequencies shown (with a plasma frequency of about 27 GHz). The
transmission levels have been obtained for a 2-layer metamaterial. The ring
is the original square ring shown in Fig. 1.3 of size 3 mm x 3 mm in a lattice
of 5 mm X 5 mm, gap and inter-ring spacing of 0.5 mm, and metallization
thickness of 0.25 mm. The corresponding rod is centered on the ring, situated
1 mm away from the ring, and with a metallization thickness of 0.5 mm.

thus defined can be written as

E; =j(e** 4 Cre *o7) (2.36a)
Ey =§(Coe™* + Cze™17), (2.36b)
Es =§(Cye** 4 C5e707) (2.36¢)

and it is straightforward to see that C5 = 0.

The coefficients {C;} (i € {1,...,4}) are determined by ensuring the bound-
ary conditions of the tangential electric and magnetic fields at z = d; and
z =dy + d. The system obtained is

Cl e*ik)odl _ 02 eikldl _ CB efikldl — _eikodl

LC’l e~ ikod1 + lCQ eifidy _ lcg e~ ik1dy — 1 pikody

Mo | X . 7o

Cy eibr(di+d) 4 Oy e=iki(ditd) _ o, ciko(di+d) -0 (2.37)

_$TC2&mm+@+_%I%e—mwrm)+;%che%wﬁd):0

which contains four equations and four unknowns. The solution is straight-
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Figure 2.3 Measurement setup in a parallel-plate waveguide: the homoge-
nized medium defines three regions and a reflection/transmission coefficient.

forward and can be written as

Oy = 2ot r(l— %

T (2.38a)
Oy — e (ki —ko) 2kt (2.38b)
(k1po + kopn) (1 = r20?) 7
Cy = eidi(ki+ko) —2kopnr®” (2.38¢)
(ko + ko) (1 = r2@%)
2
Cy = ko) Akopokyp = id(k1—ko) 177“2’ (2.38d)
(k1o + kopr)? (1 — 1r207) 1—r2®
where
p =Folto —ka/pn (2.392)
ko/uo + K1/
O =exp(ik1d), (2.39b)

r being the reflection coeflicient and ® the phase factor of the transmission
coefficient. The S parameters are subsequently defined from Eq. (2.3) and
(2.5) as (Nicolson and Ross 1970)

E,n(z=0

Sll = E‘eﬂ((x — 0; = Cl 5 (240&)
E rans\< — d d+d i

Sy = t g (21:+0) + 2) -q elko(d1+d+d2) ) (240b)

Also, by symmetry, we can compute S15 and Ssa to obtain (Baker-Jarvis et al.
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1990)
o r(1— @2)
Sll :Rl W 5 (2.41&)
D(1 — 72
S12 = So1 =R; RQ# , (2.41b)
r(l— @
SQQ :Rg ﬁ 5 (241C)
where we have defined
Ry = ¢eifodt (2.42a)
Ry = elfod2 (2.42b)

The problem is therefore reduced to finding a solution to Egs. (2.41) for r
and ® from the measured S parameters. In these equations, the quantities
di and ds should also be treated as unknown since the exact distances to the
reference planes are often unknown in experimental situations. As a conse-
quence, either for stability or for the number of unknowns, it may appear
that Eqgs. (2.41) are not sufficient, which prompted Baker-Jarvis et al. (1990)
to suggest additional measurements, using the equations depending on what
quantities are known to a better precision. The simplest example is of course
to invert ® from its definition in Eq. (2.39b) to obtain

® =Ml — kd=—iln(®) + 2m7, (2.43)

where m is a positive or negative integer. Once k; is known, the permeability
is obtained from Eq. (2.39a) as

- kl ].-|—’l"
leﬂoko 1—r

(2.44)

and the permittivity is obtained from the k; coefficient and the dispersion
relation. Note that the choice of m is not always straightforward and deserves
further attention, as discussed in the subsequent sections.

2.4.2 Left-handed media

The previous retrieval process has been used extensively on standard dielectric
media. The same mathematical formalism can of course be applied to the
retrieval of isotropic parameters of left-handed media, although some deeper
considerations are necessary due to essentially two aspects:

1. The parameters of left-handed media can take negative values, which
also requires them to be complex (to reflect the inherent lossy nature of
the media). In the retrieval process, one has therefore to be careful that
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no physical laws are violated by the retrieved parameters. In fact, it is
judicious to use some physical requirements as inputs into the retrieval
algorithm in order to converge to a unique and physical solution.

2. The parameters are frequency dispersive and may have very large values
close to resonance. On the contrary, the frequency dispersion of stan-
dard media within the frequencies of interest is usually slowly varying.
Mathematically, this is reflected by the fact that the parameter m in
Eq. (2.43) is usually zero or at most one (it is usually possible to pick
samples small compared to the effective wavelength), whereas in the case
of left-handed media, it might vary much more. The determination of
the proper m therefore becomes a key element of the inversion process.

Based on these considerations, we first rewrite the previous expressions of
the S parameters as function of the index of refraction n and impedance z of
the medium:

R01(1 _ eZinkod)
1— R%l e2inkod ’
(1 — R3)e?inkod
1— R(Zn e2inkod

511 = (2.45&)

So1 = (2.45b)
where Rp1 = (z —1)/(z + 1). Note that for the moment, we have assumed
that d; = 0 and that the fields are computed at the second boundary. Let us
introduce an intermediary step and first invert for the index of refraction n
and the impedance z from these equations as (Smith et al. 2002a)

(1+51)? - 53
PRI Sl a2t Vi1 2.46a
\/(1511)2531 (246

elmhod — X 4 iy/1 — X2, (2.46b)

where X = (1— 5% +5%,)/(2521). The advantage of this intermediary step is
that the index of refraction and the impedance are physical quantities upon
which a series of requirements can be imposed. Typically, the fact that the
medium is passive implies that

2 >0, (2.47a)
n” >0, (2.47b)

where the prime denotes the real part and the double prime denotes the
imaginary part, and the sign ambiguity in Eq. (2.46) can be lifted. The
complexity due to the branch point of the logarithm function remains however,
since the index of refraction is obtained from Eq. (2.46b) as

1

" — @ { [(ln(einkod),/) + 2m7‘r] _i [ln(emkod)}/} . (2.48)
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The practical implementation of these equations for the retrieval of the index
of refraction and the impedance is hindered by a few issues that need to be
carefully examined:

1. The practical limitation of Eqgs. (2.47).
2. The determination of the integer m.
3. The sensitivity of these parameters to noise.

4. The definition of the material boundaries.

1. The index of refraction n and the impedance z can a priori be determined
from Egs. (2.46) and the conditions of Eqs. (2.47). However, this method has
an important practical limitation: both numerical simulations and experimen-
tal measurements introduce perturbations in the S parameters that translate
into perturbations on n and z. These perturbations are typically small and
can be filtered out unless the parameters themselves are close to zero, in which
case a small perturbation can induce an unphysical sign change.

This issue can be resolved by introducing a threshold in the use of Egs. (2.47):
when the absolute value of 2’ is greater than the threshold, Eq. (2.47a) can
be used. Otherwise, the sign of z is determined such that the correspond-
ing index of refraction has a non-negative imaginary part. This condition is
equivalent to |e"*o?| < 1, where

Sa1

z—1 "
1-— S112+1

elnkod — (2.49)

2. The determination of the branch of n’ is not a problem proper to left-
handed media as can be seen from Eq. (2.43), but nonetheless it is usually
not, discussed when effective parameters of standard dielectric are retrieved.
The reason is that the integer m in the exponential argument of Eq. (2.46b)
can be related to the number of wavelengths that propagate inside the slab.
By choosing short samples, it is therefore possible to ensure that the sam-
ple is smaller than one wavelength, thus automatically selecting m = 0 as
solution. Such strategy works well with standard dielectric, where the con-
stitutive parameters are usually reasonably small within the frequencies of
interest and where their variations with respect to frequency are small. In the
case of left-handed media, however, the parameters might take large absolute
values, either at low frequencies for a Drude model or close to resonance for
a Lorentz model. Therefore, the small thickness of the sample does not guar-
antee a sub-wavelength propagation distance due to the possibly large values
of the permittivity and the permeability (and hence the effective wavelength
inside the medium is small).

The process of determining the correct branch therefore needs to be care-
fully examined. Let us divide it into two steps. First, the branch at the
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initial frequency is determined. The imaginary parts of the permeability and
permittivity can be expressed as

p=n'Z"+n"2, (2.50a)
e = "2 —n'2")))2. (2.50b)

The requirement of positive imaginary parts for both ¢ and p leads to |n'z"| <
n''2'. At low frequencies, n’ is usually close to zero so that n”z’ is small.
Since z”" may not be small itself, n’ should be small and m can be determined
such that this condition is true. Upon doing so, either a single solution or
multiple solutions can be obtained. In the latter case, each solution should be
examined in order to make sure that the condition |n’z"| < n”2’ is satisfied
at all subsequent frequencies as well, which usually only leaves one solution
to the problem.

The second step in determining the correct branch is to obtain the pa-
rameters at all subsequent frequencies. This can be done by invoking the
continuity of the permittivity and the permeability, and implementing an it-
erative scheme based on the parameters at the first frequency.! Assuming
continuity with frequency, we can Taylor expand (Chen et al. 2004c)

gin(FOko(F)d o gin(foko(fo)d (1 LA ;A2> 7 (251)

where A = in(f1)ko(f1)d—in(fo)ko(fo)d, ko is the wave-number in free-space,
fo is the frequency at which all the parameters are known, and f; is the next
frequency. Eq. (2.51) is a second-degree polynomial for the unknown n(f;)
where all other terms are known (in particular, the left-hand side is directly
obtained from Eq. (2.49)). The selection between the two solutions is per-
formed by comparing n’(f1) with the value already obtained from Egs. (2.48)
and (2.46b). The closest root is selected as the correct one, whose real part
can be used to determine the branch m.

3. The sensitivity to measurements is most prominent in two situations:
when the transmission is either close to zero or close to unity. In the first
case, which typically appears below the resonance band, |S2;] is close to zero
which yields large values of the X parameters in Eq. (2.46b) and hence, strong
variations in the index of refraction (seen as unphysical spikes in the retrieved
values). This situation is avoided by solving first for the impedance. The
latter is indeed stable as can be seen by inspecting the first derivative

0272 B 8521511
981 [(1—Snu]?—583]

(2.52)

TThis method should be used cautiously when crossing a resonant region if losses are small.
An alternative is to apply the method from low frequencies up to the resonance, and again
in a backward fashion from very high frequencies down to the resonance.

© 2009 by Taylor & Francis Group, LLC
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The second situation is the mirror of this first one: the impedance is unstable,
whereas the index of refraction is stable and should be used first in the retrieval
process. Eqgs. (2.45) can then be solved within a threshold.

4. The purpose of the homogenization procedure is to find the effective
parameters of metamaterials, but also to find the boundaries of the effec-
tive medium. The metamaterials being usually composed of discrete metallic
elements, it is not immediately clear where these boundaries should be.

The determination of the boundaries can be performed based on the re-
quirement of homogenization, namely that the effective parameters of two
slabs of different thicknesses should be identical at all frequencies. This prin-
ciple, along with the fact that the impedance depends on the slab thickness,
can be used to set up a minimization problem: the impedances of two differ-
ent metamaterial slabs are computed, and their difference is optimized across
the entire frequency spectrum of interest as function of the boundaries of the
medium. The boundaries that reach the minimum in a pre-defined sense are
chosen to be the boundaries of the effective medium.

In the case of periodic structures, this method yields the expected results
that the effective boundaries coincide with the boundaries of the unit cell
of the metamaterial. In case of non-periodic, or non-symmetric cells (Smith
et al. 2005), the optimization might yield different results, which are, of course,
dependent on the particular case under study.

A typical retrieval result is shown in Fig. 2.4 (Chen et al. 2004c) for the
permittivity and the permeability of a wire-split ring composite metamaterial,
for which the four issues aforementioned have been resolved as indicated.
Note the good agreement of the permittivity with a Drude model and of the
permeability with a Lorentz model, which justifies the effective models used
to represent metamaterials. Note also that the region close to the resonance
of the permeability, where the retrieval results are not accurate and where
unphysical artifacts occur, has not been shown.

2.5 Homogenization from averaging the internal fields
The effective medium parameters such as € and p usually relate two fields:
(D) = eoe - (E), (B) = pop - (H), (2.53)

where the fields have been averaged over some volume in the medium and
where the angular brackets ( ) indicate averages taken over some relevant
volume. Here E and H are the applied electric and magnetic fields. The bulk
average polarization or magnetization in the medium is

(P)=N({p) (M) =N(m), (2.54)
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Figure 2.4 Typical retrieval results for the permittivity and the permeability
of a split-ring medium (Chen et al. 2004c).

where N is the relevant density of the polarizable or magnetizable structural
units, and p and m are the electric and magnetic dipole moment that develop
in a structural unit. One principal task is therefore to determine the individ-
ual polarizabilities or magnetizabilities of the individual structural units, in
which analytical and numerical modeling plays an important role. The dipole
moments generated in an individual structural unit are related to the total
fields at that given point and are not only determined by the applied electro-
magnetic fields, since the fields due to other induced dipole moments in the
medium also affect the dipole moments. While these fields can be neglected if
the medium is dilute enough (for small filling factor f), any homogenization
procedure would need to also account for these fields. A somewhat elementary
correction in this regard was discussed in Section 1.3.2 in calculating the bulk
dielectric permittivity of a dense molecular medium (the Clausius-Mossotti
relationship).

We subsequently discuss some rather elementary ideas by which one can
determine effective medium parameters by carrying out appropriate averages
of these fields inside the metamaterial. Again, the physical model of the
metamaterial that allows us to make some assumptions about the nature of
the electromagnetic fields in the metamaterial is as important as the algorithm

that allows us to retrieve values for the effective medium parameters from the
knowledge of the fields.

2.5.1 Maxwell-Garnett effective medium theory

The Maxwell-Garnett approach (Maxwell-Garnett 1904) has been a very suc-
cessful theory in describing the effective dielectric properties of composite
dielectric media. The composite medium is assumed to be composed of small
particles of radius r < A and dielectric permittivity e; randomly embedded in
another bulk medium with dielectric permittivity ;. The volume filling frac-
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tion of the included particles is taken to be f. The Maxwell-Garnett approach
incorporates the distortions due to the dipole field on an average and has been
very successful in describing the properties of dilute random inhomogeneous
materials. If f is small, then the particles effectively do not feel the scattered
fields of other particles, and one can write the dielectric permittivity for a
dilute medium of small spherical particles simply as (Landau et al. 1984)

Ei —€h
i+ 2en
The second term is immediately recognized to arise from the polarizability of
the spherical particles,

Eeft = €n + 3fen (2.55)

€ —€

o= T; Q; dra®. (2.56)
The crucial assumption is that the size parameter of the particle x = \/g;ka <
1 where k = w/c, which allows the assumption of a spatially uniform field
over the entire region of the particle and consequently the use of the static
polarizability of the spherical particle.

For a dense concentration of particles, one can carry out a correction to
the applied fields to obtain the total fields on the lines of the Lorentz-Lorenz
theory (see Section 1.3.2). The effective dielectric permittivity is determined
by

Eeff — €h N Na

Eeff + 25h B 3 ’
where « is the polarizability of individual particles given above. Hence we
can obtain the Maxwell-Garnett effective medium parameter

ei(1+2f) 4+ 2ep(1 — f)
g(l—f)+en2+ 1)’

where the filling f = 4ma®N/3 and n is the number density of the spheres.
The effective medium parameter is complex if the dielectric particles have a
complex e. This effective medium theory is an unrestricted theory in that the
imaginary part arises from the actual dissipation of energy in the medium.
Although the size of the particles does not appear in the final expression for
€, this is only valid when the size a < A or ideally for point dipoles.

The Maxwell-Garnett result can be generalized to include corrections for fi-
nite size of the particles. Three such extensions have been compared in Ruppin
(2000a) and we briefly summarize here only the generalization of Doyle (1989)
which was found to be the most successful of the three. This method consists
of using the polarizability for the sphere which comes out of a Mie scattering
calculation (Bohren and Huffman 1983). The Mie scattering coefficients are
given in general by Bohren and Huffman (1983) as

o (02)04, () — G (@)1 (00)
" (126 (@) — En(@)i, (07)
by V(N2 (@) — o () (na)
" (1) () — nE (@i, (02)

(2.57)

Eoff = €1 (2.58)

(2.59)

(2.60)
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where = ka and n = \/g;/ep, is the relative refractive index of the spheres
with respect to the background. Here 1, and §,, are the Riccati-Bessel
functions of order m and related to the spherical Bessel and Hankel’s functions
as Y, (1) = xjm(z) and &, (z) = xhgrll)(x) and the primes imply differentiation
with respect to the argument. The total extinction cross-section is given by

2 o0
Toxt = — > (2 + 1) Re(an + by). (2.61)

n=1

The electric dipole moment of the sphere is described by the term aq, the
quadrupole moment by as, and so on. The coefficients b,, denote the strengths
of the magnetic multipoles. The electric polarizability of the sphere is given
by
30,1
= idra® —. 2.62
a=idma’s—3 (2.62)

Hence we obtain the effective medium dielectric permittivity as

23 + 3ifay
Eeff = €h . .
23— 3ifay

A similar result can be obtained for the effective magnetic permeability as

_ x3+3ifb1
Heff = Mhiac3 — %ifbl'

It immediately becomes obvious that a system of dielectric particles can have
a non-unit effective medium magnetic permeability if the magnetic Mie scat-
tering resonance can contribute effectively as pointed out in Bohren (1986).
In fact, this possibility has been effectively used to design magnetic meta-
materials as discussed in Section 3.2.5. The extended Maxwell-Garnett the-
ories always yield complex effective medium parameters. In other words,
they predict a lossy medium even if the constituent particles or host medium
are strictly non-dissipative. The imaginary parts arise due to the scattering
phase shifts of the waves. The loss implied does not represent actual absorp-
tion of radiation in the medium leading to consequent heating of the medium,
but rather represents scattering or radiation losses that are then absorbed
by (assumed) absorbers at the boundaries of the medium (at the infinities).
Thus, the extended Maxwell-Garnett theories are restricted effective medium
theories where the parameters are valid for certain purposes (such as the ex-
tinction) while not valid for calculating other properties such as the amount
of dissipation. This point has been extensively discussed by Bohren (1986).

(2.63)

(2.64)

2.5.2 Layered media as anisotropic effective media

As another example of a homogenizable medium, let us consider a periodi-
cally stratified medium consisting of alternating layers of two media. Let the
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dielectric permittivities of the two media be €; and &5, and let d; and dy be
the corresponding layer thicknesses. In the limit that the layer thicknesses are
extremely small compared to the wavelength of light in the effective medium,
one can assume reasonably uniform fields in the layered medium but subject
to appropriate boundary conditions. If the electric field is applied parallel to
the interfaces, then it is continuous across the layer. Hence we can write

E = Ey = (E)), (2.65)

where Ey and F, are the fields in the two layers. The average displacement
field, averaged with respect to the volume fraction, is
D1dy + Dady e1di +e1ds

D = = E 2.
(Dy) R O d (B, (2.66)

which allows us to to define the average relative permittivity in the parallel

directions as
€1+ €eam

1+n
where 1 = da/dy. When the applied fields are normal to the interfaces, it is

the normal component of the displacement field that is continuous across the
layer interfaces. Hence we have

gl = , (2.67)

Dy =Dy= (D)) (2.68)

and J J
(B >_E1d1+E2d2 12+2
L= dy + do _€0d1+d2

and we can define the effective permittivity normal to the layers by

(D), (2.69)

1, m
(L) '=2—=2 Y (2.70)
1+n

The layering itself gives rise to an anisotropic response parallel and perpen-
dicular to the layers. The possibility of mixing layers with negative dielectric
permittivity (see Section 3.1.1) and positive dielectric permittivity produces
an unusual anisotropic dielectric permittivity tensor. Depending on the rel-
ative values of 1, €2, and 7, the parallel component can be negative while
the perpendicular component can be positive or vice versa. Such anisotropic
media are termed indefinite media (see Section 5.3.1 on page 202 for a more
detailed analysis of indefinite media). As an example, in Fig. 2.5 we plot
the effective permittivity components with frequency for a layered medium
composed of fused silica and silver (layered along the z-direction). Silver has
a negative permittivity at optical frequencies that can be modeled by the
empirical formula ¢ = 5.7 — 92/w? +i0.4 (w in eV units) and has negative di-
electric permittivity, while silica has a positive dielectric permittivity. It can
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Figure 2.5 Anisotropic effective dielectric permittivities of a layered system
consisting of alternating layers of silver and silica for two different values
of n. The electric permittivity of silver is given by the empirical formula
e =5.7—9?/w? +10.4, which fits the experimental data reasonably well. The
dielectric properties of silica are modeled via the Sellmeier’s three resonance
formula (Buck 2004).

be clearly seen for the layered stack with n = 1.5 (more silica layer thickness)
that ¢, and e, can have opposite signs in certain frequency bands. The effec-
tive medium permittivities of one such layered composite, where the dielectric
permittivities and the thicknesses ratio of the layers are given in the figure
caption, are shown in Fig. 2.5(a). At low frequencies (w < 3.2eV), e, < 0 and
€, > 0. In the frequency bandwidth 3.5eV < w < 3.73, ¢, > 0 while €, < 0.
This anisotropy can be fruitfully used to obtain subwavelength image resolu-
tion as discussed in Chapter 8. Fine control over the behavior of the effective
medium parameters is possible by changing the relative layer thicknesses. As
shown in Fig. 2.5(b), for n = 0.5 (more silver layer thickness), both ¢, and ¢,
have negative permittivity in the high frequency band. It should be stressed
that even though the final expressions for € involve only the ratio n and not
the individual layer thicknesses, the expressions are valid only in the limit of
extremely small layer thickness. For layers of finite thickness, the modulation
of the fields inside the layers needs to be accounted for.

2.5.3 Averaging the internal fields in periodic media

Generally, in a given metamaterial, the structures are much more complex
than spheres or ellipsoids. Furthermore, many metamaterials consist of units
arranged on a periodic lattice. While the polarizabilities of the individual
metamaterial units can be calculated or measured via the scattered fields, the
average fields obtained via Maxwell-Garnett type theories do not often satisfy
the conditions of continuity on the fields across the system in a rigorous man-
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Figure 2.6 The procedure for averaging the internal microscopic fields con-
sists of averaging the E and H fields over the edges of the unit cell of the
simple cubic lattice, while the D and B fields are averaged over a face S, for
the xz-component, and similarly for the other components.

ner. Consider subsequently a way of computing averages for electromagnetic
fields in a lattice as discussed in Pendry et al. (1999). Let us start with the
Maxwell equations in material media

0B
E=—
V x 5
oD
H=—.
V x 5
These can be recast in integral form
0
-dl = ~ B do, (2.71)

]fH dl = at/D do, (2.72)

where S is the open surface bound by the closed curve C.

These equations themselves suggest a way of averaging the electromagnetic
fields. Consider for simplicity that we have a simple cubic lattice for the
metamaterial as shown in Fig. 2.6. The averaged fields E.g and Heg are
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defined by averaging the E and H along the sides of the unit cell:

- 1 (a,0,0) 1 (O,G,O) . 1 (0,0,a)
B == / E,dz, EY =- / E,dy, EG == / E.dz,
(0,0,0) @ J(0,0,0) @ J(0,0,0)
(2.73)
1 (a,0,0) 1 (0,a,0) (0,0,a)
HE == / Hydz, HY == / H,dy, HS} = / H.dz.
(0,0,0) (0,0,0) (0,0,0)
(2.74)

Similarly, the Dog and Beg are defined by averaging them over the faces of
the unit cell:

D& = / D,do,, Dgg?_%/s Dydo,, DY) = a2/ D.do.,
y (2.75)

ng)_f/ B,do,, BY = 12/5 Byds,,  BY =— / B.do..
y (2.76)

where S, is the face in the yz plane, S, is the face in the zzx plane and
S, is the face in the xy plane. The averaged fields then relate the € and p
component-wise. There is only one restriction in this procedure: that the unit
cell boundaries should not intersect any of the structures contained within so
that the continuity of the parallel components of Eqg and Heg across the cell
boundaries is maintained. In the case of periodically structured materials, the
periodicity implies that the averaging need not be carried over orientational
and density fluctuations in the metamaterial.

Consider the system of wires and rings shown in Fig. 2.1. It would be typical
to average the H field along a line normal to the rings and along the edge of
the cubic cell where the near-fields due to the rings are not very large. But the
average for the B field would be across the area of the ring and would pick up
the large fields due to the rings. Thus, to create a large effect on the effective
medium parameters, we should design structures with large inhomogeneous
fields. For sizes of the unit cell comparable to the wavelength, homogenization
breaks down. This is automatically reflected in this procedure whereby the
averages of different unit cells located at different points in the metamaterial
yield different results. This procedure can also be easily extended to the
retrieval of bianisotropic parameters (Smith and Pendry 2006).
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2.6 Generalization to anisotropic and bianisotropic
media

The information provided by the forward model as a set of reflection and
transmission coefficients (for various incidences, polarizations, and frequencies
if necessary) needs to be processed in an inversion algorithm. Typically, one
needs to minimize the complex difference

min (Rmea — Rsimu (&, 7)) , (2.77)

where Rye, is the measured reflection coefficient (or obtained from the forward
model) and Rginy is the calculated reflection coefficient for a given model as
function of variable parameters. A similar minimization is performed on the
transmission coefficient, and the constitutive dyads that achieve the minimum
in a certain sense are chosen as the retrieved values.

The process of minimization therefore requires the possibility of comput-
ing Rsimu and Tgm, for the constitutive dyads chosen as the model of the
metamaterial. The minimization can then be performed in essentially two
ways:

1. Numerically, the minimization is transformed into an optimization prob-
lem that can be addressed with various methods such as genetic algo-
rithms, differential evolution, and other deterministic or non-deterministic
methods (the efficacy of the method depending on the complexity of the
problem, the more complex the problem and the larger the number local
minima to avoid).

2. Analytically, if Rgimu and Tyimy are known in closed-form (which is pos-
sible in some cases), inversion formulae can be obtained in order to solve
for the constitutive parameters. The complexity of the formulae as well
as of the mathematical derivations increases with the complexity of the
model.

The necessity of computing Rgjmu and Tgim, for many inputs (as the search
algorithm progresses) essentially rules out the possibility of using a direct nu-
merical approach. The latter are usually very flexible and powerful in terms
of their simulation capabilities, but this flexibility also often comes at the ex-
pense of computational time: when hundreds or thousands of iterations are
needed, this may become an important disadvantage. Whenever possible, it
is therefore more desirable to develop a method that is less general but which
addresses the specific problem under consideration in an efficient manner. In
the next section, we present such a method for the computation of the fields
in layered media where the constitutive parameters can be arbitrary bian-
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isotropic tensors, as a generalization of the anisotropic case treated in Chew
(1990).*

2.6.1 Forward model

The following method is a generalization of the common Transfer Matrix
Method for layered media (Born and Wolf 1999) for the general case when
the materials can be anisotropic and bianisotropic. Let us consider a homo-
geneous layered medium in the Z direction, where each layer is characterized
by potentially fully populated bianisotropic tensors, as shown in Fig. 2.7.

(0,9)
k;
z
A
(1. i1,6,G) medium #1
zZ1 = 0
(527/:1275:2, 52) medium #2
22
Zn—1
(Ens fins gm En) medium #n
Zn
ZN-1 - -
N2 (En—1.BN-1,€N-1,CN-1) medium #(N-1)
(G ,l:lN>£:N7 C:N) medium #N

Figure 2.7 Configuration of the problem: a plane wave with wave vector
k; is incident with the polar angles (,¢) onto a multi-layered medium of
arbitrary constitutive bianisotropic tensors.

1t should be noted that to our knowledge, a numerical package does not exist that is able
to compute the field in layered media when the bianisotropic parameters are all random
tensors. However, some results in this direction have been presented in Ouchetto et al.
(2006).
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Assuming an e~ “? dependency, the source free Maxwell equations are writ-
ten as

V x E(r) = iwB(r), (2.78a

V x H(r) = — iwD(r), (2.78b

)

)

with the constitutive relations in the Telegen representation (Weiglhofer 2003)
D(r) =& -E(r)+ £ - H(r), (2.79a)

B(r) =ji-H(r) + (- E(r). (2.79D)

The constitutive parameters &, i, £, and ¢ are arbitrary random tensors,
potentially fully populated, and homogeneous within each layer. In addition,
within this section, it is understood that they are absolute values, related to
the relative quantities, denoted by the subscript ‘r’, by

=coér,  fi=poflr, E=&Jc, (=0Cfe. (2.80)

The dispersion relation within these general media can be obtained by elimi-
nating all the vectors but E and setting the dispersion relation of the matrix
operating on E equal to zero. One simply obtains

‘w2§+ (l? +w§) ST (E —wf)‘ =0, (2.81)

o

where k = k x fg. Using the preferential £ direction to split the tensors into
transverse and longitudinal parts, we write

Q]

EZS EZZ

- [E}S 552} (2.82)

and similarly for f, E, E , which, upon inserting into the constitutive rela-
tions (2.79) and the Maxwell equations (2.78), yield

Vs X ZE,(r) + 2 x gEs(r) = iwfss - Hs(r) + iwfis, - 2H, (1)
+ inss : Es (I‘) + iwé:-sz : 2Ez (I‘) )
(2.83a)

Ve X Eg(r) = iwfizs - Hy(r) + iwptz 2H, (r) + iwCes - By(r) + iwC.. 2. (r)
(2.83b)

Vs X ZH,(r) + 2 % gHs(r) = —iwéss - Es(r) — iwés, - 2E,(r)

- iWgss : Hs (I‘) - i“jgsz : éHz (I‘) ’
(2.83C)
Vs X Hs(r) = —iwé,s - Eq(r) —iwe, 2F,.(r) — inZS -H,(r) —iwé,.2H,(r) .
(2.83d)

© 2009 by Taylor & Francis Group, LLC



60 Metamaterials and homogenization of composites

The solutions in each homogeneous layer are plane waves of the form e'¥s s so
that V; is replaced by ik in Egs. (2.83). Taking Z as the propagation direc-
tion, the transverse components can then be separated from the longitudinal
ones as

Ez(r) = ;|: fzzk X IB +§zzC:zs . _ﬂzzgzs' :|Es(r)

1 = zz =
+ B |:£zz,uzs . _M k X I3 ,uzzfzs' :|H5(I') 5

(2.84a)
H.(r) = = | %2k, x L Cos - +Confog | Byl
2\r) = 5 w S 3 5zz<z5 szgzs s I‘)
b e 1k x Ty 4G | HL(r)
D EzzMzs w s 3 22S8zs s )
(2.84b)
where
i 0 0 ky
kexIz=| 0 0 —k, (2.85)
—ky ky 0
and D = (e,2p022 — €:2C2) - (2.86)

Using Eqgs. (2.84) into Egs. (2.83), the longitudinal components H, and E,
can be factored out, leaving only an expression in terms of the transverse
components and their derivatives:

0 1 1522 B

8—Es(r):— x Iy kg x I3 kg x I3 - +i€s, 2 x I3 -k X I3 - Cog-

—iuzzéxl3-k x I &, - —iwD2 x I3 - Cos

,Ufez gze

—ig,, 2 X 13 sy - kg X 13 +iwe,, 2 X f
—iw(,, 2 X Ig, fhsy - €25+ +Hi€y 2 X fg C:SZ k, x 13

- iwgzz Z X ]:3 . Esz . Ezs . +iwﬂzz Z X ]:3 . Esz . Ezs . Es(r)

+% i€, 5% Iy Ky X I3 - fins - —i’ijz 2 I ko X I3 - K X I3
iy 2 x I3 kg X I3 - Eog - —iwD2 X I3 - fiss:
tiwess 2% I3 fiss +fizs + —iCez 2 X I3 - sz ko % I
—iwCes £ X Iy flgs  Eog - —iwEes 2 X I3+ (o Jlas
s 2x I Cow -k X Iy - +iwpiss 2 % I3 - Cos - Eog | Hy (1),
(2.87)
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where
0-10
ZxI3=110 0] . (2.88)
000

Note that the second equation expressing OH,(r)/0z is directly obtained from
Eqgs. (2.87) and from the duality condition so that we do not write it explicitly
here. The two equations thus obtained can then be gathered in a matrix form
as (Berreman 1972, Chew 1990, Norgen 1997):

0 (Es(f)> (ffu E12> _ (Es(r))

= = , (2.89)

0z \Hs(r)) \Fa Foo H,(r)

where each Fj; ({i,7} € {1,2}) is the top-left 2 x 2 matrix obtained from
Egs. (2.87) and its dual (a 2 x 2 system that is obtained by discarding the
zero components in Eqgs. (2.87)). Written in vectorial form, the system (2.89)
is a simple ordinary differential equation that admits exponential functions as
solutions. Being a 4 x 4 system, it admits four eigenvalues, four eigenvectors,
and four coefficients that need to be determined by applying the boundary
conditions at the interfaces between all the layers. The eigenvectors corre-
spond to the polarization states of the transverse electromagnetic field com-
ponents, while the eigenvalues correspond to the wave-vectors supported by
the medium. For example, if we consider an isotropic homogeneous medium,
the four solutions correspond to the TE and TM polarizations (which hap-
pen to share similar wave-vectors) propagating in the upward and downward
directions.

The eigenvectors and eigenvalues can thus be sorted so that the first two
correspond to upward propagating waves while the last two correspond to
downward propagating waves. For reasons that will be made clear in Chap-
ter 5 in order to avoid all confusion in media with negative constitutive pa-
rameters, this ordering should be performed by examining the direction of
power propagation (the Poynting vector) rather than just the sign of the
wavenumbers.

Upon defining the vector V(z) as the 4 x 1 vector [E,(r); H,(r)]7 (where
the subscript T' denotes the transpose operator), we can rewrite Eq. (2.89)
as %V(z) = F - V(z), where the 4 x 4 tensor F is straightforwardly defined
from Eq. (2.89). Following the notation of Chew (1990), we denote by a,, the
tensor containing the four (sorted) eigenvectors of medium #n, and 3, the
diagonal 4 x 4 tensor containing the four (sorted) eigenvalues of medium #n.
Thus, the transverse polarization states in medium n (V,(z)) are written as

medium 1:  Vi(z) =a; - eihrz . Bl [As ) (2.90a)
I A

medium n: 'V, (2) = a, - eifn . A, (2.90b)

Vu(2) = Po(2, 2n-1) - Vi (2n_1) . (2.90c)

© 2009 by Taylor & Francis Group, LLC



62 Metamaterials and homogenization of composites

As1 and Ay are the amplitudes of the two polarizations of the down-going
incident waves and are therefore known (if the first medium is free-space, Az;
and A4y represent the amplitudes of the TE and TM incident waves). A, is a
4 x 1 vector containing the coefficients of the four waves in medium n, and P
represents the propagator (or transfer) matrix (Chew 1990) defined as

Po(z, 2p_1) = @ - €00 (z=2n-1) L G-1 (2.91)
These expressions can be directly used in the boundary conditions V,,(z,—1) =

V,—1(2n—1) expressing the continuity of the tangential electric and magnetic
components and providing a recurrence relation in the vector V:

Vi(z1) = Va(z1) = Pa(21,22) - Va(z2),
Vi(z2) = Vi(22) = Ps(22,23) - V3(23),

Vn—Q(Zn—2) = Vn—l(zn—Q) = Pn—l(zn—Q; Zn—l) . Vn—l(zn—l) )
Vn—l(zn—l) = Vn(Zn—l) . (292)

Combining all the terms, we get

~Ji

Vl(Zl) =

5 (21, 22) - Ps(22,23) oo Poo1(2n—2,2n-1) - Vin(2n_1)
n—l) .

= Pa(z1,.-,2n-1) - Vp(z (2.93)

Upon using Egs. (2.90a) and (2.90c), the state vector for the transverse com-
ponents is written as

Vale) = Peizacs) B3z e [H]L ] )
The last medium is treated equally and yields
_ 5 0 A
= . BNz | 2] . 31
Vy(z)=an e {T] {Au} . (2.95)

In these equations, R and T are 2 x 2 dyads that need to be solved for. Still
assuming free-space as the surrounding medium, the polarization in the first
and last medium can be decomposed into TE and TM so that the various
components of the reflection and transmission dyads correspond to TE/TM
reflection (transmission) due to a TE/TM incidence. Writing the recurrence
formula from the first to the last medium,

R E R O N O b (2.96)
L T
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produces a matrix equation that can be solved for R and 7. Using Egs. (2.90a)
and (2.84), the fields in each medium can be entirely determined.

The method presented in this section is therefore able to produce not only
the reflection and transmission dyads but also the field profile in each layer
(which is not directly necessary in the retrieval process). The concatenation
of 2 x 2 or 4 x 4 matrix multiplication makes this method very fast, and thus
well suited in an inversion algorithm that requires multiple forward solutions
for various inputs.

In addition, the method can be carried out analytically in some simple
cases of constitutive tensors in order to obtain closed-form expressions for the
reflection and transmission coeflicients, necessary for any retrieval algorithm
based on analytical solutions. For example, the following expressions can be
directly obtained:

1. A half-space interfacing free-space and a biaxial medium, defined by the

dyads
&1 = EOIZSa 1 = Mofg (2.97&)
E2¢ 0 0 M2z 0 0
Ea=10 €2y 0, o = 0 Moy 0 . (2.97b)
0 O €22 0 0 M2z

For k, = 0, the TE coefficients (identified by the ‘hs’ subscript to denote
the half-space case) are expressed as

:kzl\/ﬂ2xﬂ2z - kzzﬂl (2 98a)
koiy/Hozftoz + kaopn .

hs

2kz T z
Thys = ylecle: (2.98b)
koi/Hoz 2z + kaopi1

where
k2, = wieoypo. — k2. (2.99)

2. A slab of biaxial medium defined by similar constitutive parameters
and surrounded by free-space produces a reflection and transmission
coefficients that are expressed as

Rhs(€2¢’ - 1)
RZ e2® -1~

R —1

—_— 2.1
T (2.100)

Rslab = Than =

where ® = ik,1d, d being the thickness of the slab.
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3. A slab of bianisotropic medium defined by the following constitutive

parameters:
_€rm 0 0 1 0 0
Er = o010 [, ar = |0 [ U I (2.101a)
| 0 Oep, 0 0 1
_ [0 0 0 _ (000
&= 10 0 0, G-= |00i&]| . (2.101b)
10 —i€0 1000

These constitutive dyads correspond to the well-accepted model for the
original split ring resonator (Pendry et al. 1999, Smith et al. 2000)
(see Fig. 3.8) and have been studied in detail in Marques et al. (2002).
The diagonal permittivity and permeability reflect the usual anisotropic
property of the metamaterial due to the orientation of the metallic rods
and rings. The bianisotropic terms instead are directly related to the
shape of the metallic ring. In this case, the presence of oppositely ori-
ented gaps in the two rings induces asymmetric currents and charge
distributions in them due to the impinging magnetic field, generating
symmetric dipole moments in one direction and asymmetric dipole mo-
ments in the orthogonal direction on either side of the ring. The asym-
metric components do not cancel out and result in the generation of an
electric polarization from an incident magnetic field, directly following
the definition of bianisotropy in Eqgs. (2.79). Conversely, an electric field
propagating in the plane of the ring may impinge on either its symmet-
ric side or its asymmetric side. If impinging on the asymmetric side, the
induced current distribution is asymmetric, creating a current flow and
therefore a magnetic field. We therefore have the creation of a magnetic
field due to the interaction of the structure with the impinging electric
field. Note, however, that the original ring is composed of two interlaced
split-rings, whereas the explanation of the bianisotropic effect only re-
quires one split-ring. The presence of the second split-ring would require
a rigorous consideration of coupling and fringing fields between the two
rings for a more accurate quantitative description. A methodology for
including these effects is presented in Section 3.2.7.

Given the orientation of the rings in the metamaterial, it is more natural
to look for a T™ polarization (H fields normal to the plane of the rings)
in this case. The reflection coefficients for both the half-space and slab
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cases are given by

ko162, — ko1
Ryy =——"7"—-—"—, 2.102a
B ka1Ea: + kel ( )

Ry (em — 1)
Rjab :W , (2.102b)
where
k2 = % (wPeropioy — k2 —w?E?) (2.103a)
® = ik.od. (2.103b)

2.6.2 Inversion algorithm

Two approaches can be considered for the inversion of the tensorial parame-
ters: an analytical one where, like in the biaxial case, one looks for a formula
yielding directly the unknown parameters, and a numerical one, typically
based on an optimization scheme and a search algorithm. The analytical ap-
proach has the appeal of providing the exact solution without ambiguity and
almost instantaneously. However, the situations where an inversion formula
can be obtained is usually limited to simple tensors for which an analytical
derivation is still manageable. The numerical approach, on the other hand,
can always be applied but does not offer the guarantee of convergence and may
find local minima as the solution. This can be somehow avoided by the use
of both deterministic and stochastic algorithms, even though the final results
still need to be checked for consistency. In addition, the numerical minimiza-
tion of such highly nonlinear problems often requires very long computation
time without providing the assurance of the existence of a unique solution.
In the case of the bianisotropy governed by Eqs. (2.101), the tensors are
simple enough to allow for an analytical solution and, more interestingly, this
model corresponds to the effective medium of a widely used split-ring res-
onator, as shown in Marques et al. (2002). The unknowns to be solved for
(€zy €y, €2, Uy Py, Mz, §), Tequire multiple equations that can be obtained by
varying the polarization and incidence angles with respect to the unit cell
of the metamaterial. The number of unknowns and therefore the number of
equations required depend on the initial assumption: for lossless media seven
unknowns need to be determined whereas fourteen need to be determined in
the case of a lossy medium (note that if £ is a priori known to be real, we
still treat it as complex and expect to retrieve a zero imaginary part). The
incidences and polarizations that provide the necessary information are illus-
trated in Fig. 2.8, labeled as TE; and T™; (i = 1,2,3). The bianisotropic
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Figure 2.8 Illustration of multiple incidences and polarizations impinging on
a unit cell of bianisotropic metamaterial governed by the model of Egs. (2.101).

Table 2.1 Redefinition of the impedance and the index of refraction
for the incidences defined in Fig. 2.8. Note that the TE; case is

lossless.
Case | Dispersion relation Impedance Index of refraction
TE1 ki:késyuz \/I—‘x/gy VEyHa
TE2 ki =kg(e211y =€) by /(\/€zpy—E2+i) VEzty—E2
TE3 k2=kges iz Ve /e NG
TM; kizkg(azﬂy751/52‘£2) 51/\/ Exfly—E€z /€262 Exlly—€x /€262
TM2 ki:kga'yu'z V ey/pz VEyHz
TM3 kZ:kS(EZItw_lim/ﬂygz) 52/\/ Ez,um_.uz//tygz RV Ezl‘m_ﬂz/ltygz

property of this ring comes from the coupling between the y component of
the magnetic field that produces an imbalance of charges via induced currents
and hence, an electric field, and conversely, between the z component of the
electric field that produces a magnetic field by driving a current via the po-
larization charges. Consequently, out of the six incidences considered, only
three of them see the bianisotropy (TE2, TM1, TM3) and only one (TE2) sees
it for both the electric and magnetic field (since it contains both E. and H,).
The other incidences propagate through the medium as if it were isotropic,
and therefore the retrieval of the associated constitutive parameters can be
performed directly using the method presented in the previous section, pro-
viding that the index of refraction and the impedance are properly redefined
(see Tab. 2.1 and also Appendix B).

Incidence TE; requires a particular attention since it contains both an H,,
component that induces an electric dipole in the 2 direction, and an E, com-
ponent that induces a magnetic dipole in the ¢ direction. Using the method
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presented in Section 2.6.1, the S11 and Ss; parameters are found to be

Boy—koo/ko—i& 1 2iko.d
[ ,U«2y+k2,7:/k0+i§(1 € )
11 _ (k2x/ko—p2y)?+€2 e2ikaqd ’
(kZm/kO‘f‘#Zy)z"FEz

(1 _ (kzx/kO_M2y)2+52) eikzwd
521 =

(2.104a)

(k2 /ko+pray )2 +E2

1— (k2o /ko—p2y )2 +E€2 e2ikd
(k2 /ko+p2y)?+E2

(2.104b)

where ko, is the wavenumber in the propagation direction inside the medium,
governed by the dispersion relation given in Tab. 2.1. In this general case, one
cannot define a unique impedance and index of refraction so that the inversion
of Egs. (2.104) needs to be performed numerically as proposed in Chen et al.
(2005d). In the special case of a lossless medium, however, Eqs. (2.104) can
be simplified as follows:

R01<1 _ e2ink0d)
1— RgleZinkod )
(1 _ R81)62ink0d
1— R(2)162inkod ’

Sy = (2.105a)

Syy = (2.105b)

where Rp; = (# —1)/(z + 1) is the half-space reflection coefficient, and z is
the impedance redefined in Tab. 2.1. The inversion of Egs. (2.105) can then
be performed analytically and is straightforward.

The method presented above was first tested on analytical results: assuming
a Lorentz model for the permittivity, the permeability, and the bianisotropic
term, the reflection and transmission coefficients can be computed and sub-
sequently used in the inversion algorithm. This procedure is therefore a self-
check, where the output results are expected to be identical to the input ones,
with a total control on all the parameters along the way. The results for both
lossless and lossy media are shown in Fig. 2.9 and Fig. 2.10, respectively. In
both cases, the method is seen to produce an excellent matching with the
reference results, as is expected from an analytical approach.

The next step is to apply the inversion method to the ring of Fig. 2.8, with
the reflection and transmission coefficients generated from the forward method
shown in Section 2.3. Unlike the reflection and transmission data obtained
from an analytical formula as above, those obtained from a numerical code are
inherently imperfect and noisy to some extent, very much like those obtained
from measurements.

In order to illustrate the necessity of using the bianisotropic retrieval when
working with the ring shown in Fig. 2.8, which also highlights the importance
of using a correct model when retrieving effective parameters of metamaterials,
we first apply the isotropic retrieval of Section 2.4.2 along each direction. With
six complex parameters to retrieve (the real and imaginary parts of e,, €,
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301
»0l — Analytical &/,
— Analytical &7/
ol o Retrieved €,
o Retrieved €7
L.
00-6-6-6-6-6-666666660
-10}
201
-305 4 5 6 7
Frequency [GHz]
60" — Analytical ,LLZ
— Analytical uz
a0l o Retrieved ,uz (1)
o Retrieved Mz (1)
20l » Retrieved uz (2)
+ Retrieved p2 (2)
-20r
-40r
~60 " 5 6 7
Frequency [GHZ]
15, — Analytical &')
— Analytical &
1ol o Retrieved 50 (1)
o Retrieved € (1)
5l = Retrieved 50 (2)
+ Retrieved & (2)
-5F
—10f
~15 4 5 6 7

Frequency [GHz]
Figure 2.9 Retrieval results on analytical lossless Lorentz models for the

permittivity, the permeability, and the bianisotropic term. The matching is
seen to be excellent. The results are taken from Chen et al. (2005d; 2006e).
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€2, Ha, My, =) and twelve complex sets of data (six incidences that all give
a complex reflection and transmission coefficient), we have twice as many
equations as unknowns so that each parameter can be retrieved twice, as a
consistency check. The results are shown in Fig. 2.11 where two important
features are immediately seen: the two values retrieved for e, €y, y., and
1, agree very well all across the frequency range, except for some numerical
artefacts due to either noise or resonance of other parameters. However, the
two retrieved results for €, and p,, present significant discrepancies, especially
close to resonance. These discrepancies prevent us from concluding the correct
effective parameter, and illustrate how an incomplete model of a metamaterial
may yield inconsistent results.

The bianisotropic study summarized in Tab. 2.1 reveals that the transmis-
sion and reflection coefficients involve €., u,, and § in the incidences TEq,
TM1, and TM3 so that it is not surprising to obtain inconsistent results when
the bianisotropy is not included. When it is included, however, the results
are shown in Fig. 2.12 and reveal a significant improvement in the matching
of the two results, giving us confidence that the results as well as the model
this time are accurate.

It should now be clear that the inclusion of the bianisotropic term in the
model of the split ring shown in Fig. 2.8 is essential. Failure to do so results
in biaxial parameters (e, €y, €2, ts, Ly, i) that are incidence dependent,
which is clearly unsatisfactory for a homogeneous medium. This stresses the
importance of first developing a correct physical model of the metamaterial
under study and then of developing the corresponding inversion algorithm.
However, such a model may not always be easy to predetermine, in which
case one might try to resort to an all numerical solution without a priori
assumptions. Needless to say that if no information is known in the tenso-
rial constitutive relation, the problem contains 72 unknowns (nine complex
unknowns in four tensors) and is highly nonlinear. The corresponding mini-
mization problem becomes tremendously challenging to solve because of the
presence of a very large number of local minima, in addition to requiring heavy
computational resources. It is nonetheless interesting to take a closer look at
such a method because of its generality.

The minimization problem can be written as follows: :

FE =2 >, {IR;(0,0) = R}0.0)P +|T;5(0.0) - T} (0.0)} ,
#,0 i,j€{1,2}

(2.106)
where (R;;, T;;) are the reflection and transmission coefficients computed
from the method presented in Section 2.3, while (R}, T}7') are the measured
(and therefore known) reflection and transmission coefficients. The sum over
0 and ¢ indicates that multiple incident angles need to be incorporated in
order to provide enough equations for the number of unknowns, whereas the

sum of (4, ) indicates the two possible incident polarization states. All the
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parameters are included in the vector X and the global minimum of f is
searched, which corresponds to a relative error between the known parameters
and the computed ones smaller than a pre-set threshold. Note that weighting
factors are often included in the functional in order to improve convergence,
as for example proposed in Chen et al. (2006d).

Essentially two factors influence the choice of the minimization algorithm:
the search of the global minimum and the computational time. Deterministic
search methods have the advantage of a relatively small computational time
but they are very inefficient at searching for the global minimum when too
many local minima are present. On the other hand, stochastic methods span
the search space more thoroughly but have the disadvantage of being slower.
One could therefore think of judiciously combining the two: starting first with
a stochastic method (such as a Genetic Algorithm or differential evolution)
in order to span the search space and select a few candidates as good initial
points for the second stage, where a deterministic method (such as a simplex
method) takes over and converges to the minima associated with the initial
guesses.

Still, the highly nonlinear optimization problem with 72 parameters might
not be solvable and some assumptions might have to be introduced. A rea-
sonable one is that the bianisotropy terms & and ¢ are zero at low frequencies,
thus reducing the number of unknowns by half. The solution obtained in this
way can be used as a good initial guess for the retrieval of the first frequency
in the recursive algorithm. A second good assumption, which is controllable,
is that the material thickness is small, typically less than a wavelength, in
order to avoid phase ambiguity. In a broad-band retrieval process, this might
require working with two or more sample thicknesses depending on frequency.

With these assumptions, such a parameter retrieval algorithm has been
shown to accurately retrieve the frequency dispersive parameters of rotated
Omega media (consisting of metallic particles in the shape of ) and general
bianisotropic media (Chen et al. 2006d). The first example, a rotated Omega
medium, is characterized by the constitutive tensors of Egs. (2.101), to which
we add a random rotation along the three Euler angles (o, 3, 7). In the
(z,9, 2) coordinate system, the tensors are therefore potentially more complex
than simply diagonal, yielding apparently more unknowns than really present
in the problem. The various parameters of Eqgs. (2.101) have been assumed
to take the following analytical forms:

Fuif2
R L LV —— 2.107
=72 T o] (2107)
where f is the frequency, v = {e,u}, i = {x,y,2}, and where a similar

resonance model for £ has been used with the parameters (Fe, fe, 7¢). The
numerical values of all the parameters are given in Tabs. 2.2. Upon using the
differential evolution algorithm at the first stage and two rounds of simplex
method at the second stage, the optimized results for all the parameters are
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Table 2.2 Parameter

definition of Eq. (2.107). i
7 Wi [GHz] T Y z
Jui (GH2) |5 [ e [05[04]03
¢ l4[5[35 © [04[03(02
151435
)
Fy T T v =2 fe = 4GHz a = 7/b
v = 0.5 GHz B = =w/4
< LE 0.5]10.31]0.4 F = 04 T
0 [ 03]02]03 £ :

already in good agreement with the expected ones. Fig. 2.13 illustrates the
agreement in the bianisotropic term, which is seen to be very good all across
the frequency range.

As a second example, we shall mention the parameter retrieval for a general
bianisotropic medium which is a chiroferrite medium, as studied in Dmitriev
(2001):

€zz Exy O Haz Hay O

Er = | —€zy €z 0 5 ﬁr = | —Hzy Hax 0 5
0 0 €., 0 0 pzez

_ gww ga:y 0 _ _Eww _fxy 0

gr = _gzcy fx:c 0 ) Cr = fxy _gacm 0 . (2~108)
O O gzz O 0 75,22

Although some parameters are zero and others are identical to each other,
it is important to realize that this information should not be used in a gen-
eral retrieval, and should in fact come as a result of the method. Like in
the previous case, an analytical model can be assumed for all parameters and
the retrieval should be carried out in two steps: the first step is run with a
stochastic method that explores the entire search space, whereas the second
method is run with a deterministic method to converge to a series of solu-
tions. As mentioned previously, successful retrieval results can be obtained
in this case when two assumptions are implemented: that the bianisotropic
tensors are negligible at small frequency (in fact, only at the first frequency
in the frequency sweep algorithm) and that the medium is thin compared
to the wavelength. Nevertheless, the encouraging results obtained in Chen
et al. (2006d) should merely be viewed as a first step toward a more system-
atic characterization and retrieval of metamaterials for which a good physical
model is yet unknown.
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Figure 2.10 Retrieval results on analytical lossy Lorentz models for the per-
mittivity, the permeability, and the bianisotropic term. The matching is seen
to be excellent. The results are taken from Chen et al. (2005d; 2006¢).
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Figure 2.11 Biaxial retrieved parameters of the ring shown in Fig. 2.8 using
the method of Section 2.4.2. The blanked regions correspond to frequencies
where the mismatch between each corresponding two results is greater than
a threshold. The results are taken from Chen et al. (2005d; 2006¢).
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Figure 2.12 Bianisotropic retrieved parameters p,, €., and £ of the ring
shown in Fig. 2.8 using the method of the present section. The blanked regions
correspond to frequencies where the mismatch between each corresponding
two results is greater than a threshold. The results are taken from Chen et al.
(2005d; 2006e).
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Figure 2.13 Comparison between the retrieved and the forward bianisotropic
term of a rotated Omega medium. Results are from Chen et al. (2006d).
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3

Designing metamaterials with negative
material parameters

The brief historical description offered in Chapter 1 showed how the initial
studies of materials with both £ < 0 and p < 0 (Veselago 1968) did not spark
much interest at first because such materials were not available at the time.
Their realization had to wait for more than three decades before the recipes
for achieving ¢ < 0 and u < 0 (Pendry et al. 1996; 1999) paved the way
for experimentalists to design these materials. It was the first experimental
demonstrations of such media (Smith et al. 2000, Shelby et al. 2001b) at
microwave frequencies that caused most of the scientific community to sit
up and take notice. The subsequent fevered advances in this area are now
history, but one has to remember that it was the new design principles within
a physical paradigm that made this whole area relevant.

In this chapter, we discuss the design principles of metamaterials with var-
ious material parameters. General principles for the design of media with
specified material parameters are laid down. In particular, metamaterials
with negative constitutive parameters are of special interest. It is shown that
in most cases, under-damped and over-screened resonances can lead to neg-
ative constitutive parameters (¢ or p) for the corresponding driving fields
(the electric field E or the magnetic field H). Negative refractive index can
be generated in many cases by putting together in a composite manner two
structures that separately show ¢ < 0 and p < 0, although this presupposes
that the two structures function independently without strongly interfering
with each other, a condition that is not always automatically satisfied. We
also show that the same structure can exhibit both dielectric and magnetic
properties at optical frequencies through plasmonic resonances where the ho-
mogenization requirements put a premium on physically accessible designs
and sizes. We also discuss chiral and bianisotropic materials, and the design
principles for those media. The emphasis is on demonstrating how a variety
of resonant phenomena can be utilized to generate various kinds of metama-
terials through concrete examples. Finally, the possibility of actively tuning
the resonance frequencies of the metamaterials by locally modifying the con-
stituent materials in critically placed locations via non-linearities excited by
externally applied fields is presented.

The implementation of metamaterials as a succession of split-ring resonators
and rods yields a structure that is complex: the scattered electromagnetic

7
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field is very inhomogeneous, intense at some locations and weak at others,
and influenced by neighboring elements in a way that is not straightforward
to predict. Consequently, a rigorous electromagnetic analysis of metamateri-
als requires the use of advanced electromagnetic solvers, typically based on
numerical methods. On the other hand, Chapter 2 has shown that metama-
terials with small units can be homogenized, i.e., that effective constitutive
parameters corresponding to homogeneous media can be assigned, based on
which macroscopic scattering properties can be inferred. This suggests that
the microscopic details of the electromagnetic field need not be totally resolved
and only the knowledge of the average behavior is necessary. This principle
has been used for example in Section 2.5 to infer the effective constitutive
parameters based on the internal fields inside the metamaterial, the latter
typically being obtained using one of the advanced electromagnetic solvers.
This flexibility of not having to know the details of the scattered field can
also be translated into a series of approximations of the fields at the micro-
scopic level (i.e., inside the metallic constituents of the metamaterial), which
is an approach that leads to the development of equivalent circuit models in
which simple concepts such as the balance of the electromotive force (emf)
can be applied. This approach is extensively used in this chapter since it is a
simple yet intuitive tool to understand the physical working principle of split
rings, to provide good estimates of their resonant frequencies, and to study
the influence of various geometrical parameters on their performance.

Let us first consider Faraday’s law in the integral representation form which,
combined with the Stokes theorem, reads as

jfcdé-Ez—gt//Sda-B. (3.1)

Eq. (3.1) indicates that the surface integral of the magnetic induction B yields
a magnetic flux ® whose time variation is related to an electric field around
the corresponding enclosing loop. Upon defining the emf as the line integral
of the electric field, Faraday’s law becomes

0

emf = 8t<1>(t), (3.2)
which indicates that the current in the loop, related to the emf, always flows
in a direction such as to oppose the change in the magnetic flux ®(¢) that
produced it. This result is known as Lenz’s law. Upon resorting to some
approximations on the regularity of the fields, Eq. (3.2) becomes the building

block for the definition of equivalent circuits representing a metamaterial.
We should note that the equivalent circuits defined here are circuits indeed,
but where the currents and voltages are defined based on a simplification of
the full-wave Faraday’s law of Eq. (3.1) and not based on Kirchhoff’s ap-
proximation. In order to be convinced of this, consider the definition of the
voltage between two points as the integral of the electric field between these
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two points (where the integration path is irrelevant as far as the starting and
ending points are fixed). Next, let the two points merge, yielding a closed
integration path. The voltage would then vanish whereas Eq. (3.1) indicates
that the result is not zero but is equal to the time variation of the magnetic
flux. Consequently, Kirchhoff’s voltage law appears as an approximation of
Faraday’s equation in the electrostatic situation where V x E = 0, whereas
this is not the approximation the equivalent circuits are based upon.

3.1 Negative dielectric materials

We first address the problem of designing negative dielectric materials at
any specified frequency, starting by considering natural materials (such as
negative dielectric materials, viz., plasmas of electrical charges) and continuing
by considering engineered “designer” materials, which have become popular
over the past few years.

3.1.1 Metals and plasmons at optical frequencies

Consider an electrically neutral plasma of separated charges. Similarly to
the discussion on the Lorentz model for dielectric materials in Chapter 1,
we assume that the mass of the negative charges (electrons) is much smaller
than that of the positive charges (ion cores in a metal). Thus, it is only the
motion of the electrons that contributes to the polarization in the medium.
This model is most apt for a good metal as the conduction electrons are
almost free and delocalized in a background of static positive ionic cores with
overall charge neutrality. We subsequently show that such a plasma exhibits
a negative dielectric permittivity for frequencies smaller than a particular
frequency called the plasma frequency.

The equation of motion for an electron in a time harmonic electric field
with angular frequency w is

mi + myr = —eEqg exp(—iwt), (3.3)

where the magnetic contribution to the Lorentz force is neglected as usual.*
This equation is identical to the one we began with in the discussion on
the Lorentz model, only without the harmonic restoring force, as here the
electrons are free. m<y is the phenomenological damping force constant due
to all inelastic processes. It is assumed that the wavelength of radiation is
large compared to the distance traveled by the electron so that the electrons

*It is shown in Chapter 5 that such a neglect is not always possible and the magnetic
contribution can lead to non-linear effects.
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(a) Real and imaginary parts of the dielec- (b) Dispersion of light in a good plasma.
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real part is negative for frequencies lesser

than the plasma frequency.

Figure 3.1 Electromagnetic properties of plasmas. There is a dispersionless
bulk mode at the plasma frequency (shown by the dashed line) and the disper-
sion for propagating modes with a real wave-vector above and near the plasma
frequency is parabolic. Below the plasma frequency we only have evanescent
waves with purely imaginary wave-vectors.

effectively see a spatially uniform field. These assumptions yield a polarization
defined as the dipole moment per unit volume that can be expressed as

Ne?/mE

P=(—-1)¢ggE=—Ner =— ,
( Jeo w(w + i)

(3.4)

where IV is the number density of the conduction electrons, and each electron
is assumed to contribute independently to the polarization. Hence we obtain
the relative dielectric permittivity as

Ne? w?
fw)=1— e /(Sqm) —1_ N (3.5)
w(w + i) w(w + i)
where the plasma frequency is defined as w, = /(Ne?)/(eom).

It is immediately seen from the above that the real part of the dielectric
permittivity is negative for w < w, and for negligible dissipation. The real
and imaginary parts of the dielectric function are plotted in Fig. 3.1(a). For
frequencies lower than the plasma frequency, the charges can move quickly
enough to shield the interior of the medium from electromagnetic radiation.
At frequencies larger than the plasma frequency, the medium behaves as an
ordinary dielectric medium. Substituting the dispersive expression for € into
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Figure 3.2 Schematic picture showing the bulk plasma oscillation of the
cloud of electrons in a slab of metal. The schematic shows the excess positive
and negative charge density that builds up on either side of the slab and gives
rise to a restoring force on the oscillating electron cloud.

the Maxwell equations, we get
K2+ w) =W (3.6)

Thus, waves with w < w, correspond to negative energy solutions and are
evanescent with an imaginary wave-number. For w > w,, the transverse
modes of light appear to have become massive with a finite rest mass of
mo = hwp/ ¢2.1 The dispersion is parabolic at frequencies near wp, and becomes
asymptotic to the light cone at large frequencies as shown in Fig. 3.1(b).

The plasma frequency has a physical manifestation as the natural frequency
of a collective excitation of the electron gas. Consider a small displacement
(A) of the entire electron gas in a finite metal sample relative to the positive
background (assumed homogeneous, too), as shown in Fig. 3.2 for a slab of
metal. An accumulation of net negative electronic charges is created on one
edge and of positive background charges on the other. The electric field due
to these excess charges in the bulk can be calculated as E = NeA/gq along
the displacement direction, where N is the number density of the conduc-
tion electrons. The force on an electron is then given by F' = —Ne? /gy A,
i.e. there appears a restoring force proportional to the displacement. The
natural frequency for the oscillation of this entire electron gas comes out to
be /(Ne2)/(ggm), i.e. the plasma frequency. The bulk plasma oscillations
are called plasmon modes and have a dispersionless character shown as the
dashed line in Fig. 3.1(b). There are also other kinds of plasma oscillations
that are confined to the interface of metal and a positive dielectric medium
called surface plasmons to which we shall return in Chapter 7.

TCompare the dispersion equation with the relativistic equation of motion for a massive
particle, p?c? + m2ct = E? with p = ik and E = hw.
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Table 3.1 Plasma frequencies of
some good metals with low
dissipation which are interesting
from a plasmonics point of view.
(* has high dissipation)

Metal Plasma frequency
(in eV)

Aluminium 15
Cesium 2.845

Gold 5.8
Lithium 6.6

Nickel 9.45
Palladium™ 7.7
Potassium 3.84

Silver 3.735

Several “good” metals with low dissipation (small v) can be reasonably well
described as a Lorentz plasma. The plasma frequencies for many metals lie in
the ultraviolet region of the spectrum. These include noble metals like gold
and silver, alkali metals such as lithium, sodium and sotassium, and others
such as aluminum. Tab. 3.1 gives the plasma frequency for some metals.
Silver with the lowest value of v and large enough value of w, is the best
candidate for a negative dielectric material. The « in this case actually does
not correspond to the Drude conductivity of the metal, but the inter-subband
transitions of the d-levels actually account for much of the dissipation in noble
metals. In fact, the Drude Lorentz plasma model for the dielectric constant
is only approximate for silver and gold.

We should note that some dielectric materials can also have interesting
spectral (stop) bands with £ < 0. Going back to the Lorentz model discussed
in Section 1.3.2, if the oscillator strength is large enough and the damping
small enough in Eq. (1.15), then the dielectric constant becomes negative over

the frequency band wy < w < w, where w, = ,/(w]2 +w?) is the equivalent

plasma frequency. In fact, there are optical phonon resonances in several
dielectric and ionic materials that can become important. As an example,
there is an optical phonon resonance in silicon carbide (SiC) at about 10 ym
wavelength and a negative dielectric permittivity band above the resonance
frequency. Given that the dissipation levels in dielectric materials can be
much lesser than that in metals, such dielectric materials have great potential
in the design of metamaterials for use as negative dielectric materials. This
becomes particularly relevant at low frequencies (near-mid infrared and lower
frequencies) when the dissipation in metals does not even allow for an easy
description as a Lorentz plasma. The disadvantage of these dielectric materials
is that the frequency range over which € < 0 is often narrow unlike in metals.
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3.1.2 Wire mesh structures as low frequency plasmas

While it is true that a good plasma should, in principle, have ¢ < 0 for
frequencies lower than the plasma frequency all the way to zero frequency,
the dissipation that is inherent to all negative materials spoils this property.
As ~, the dissipation parameter, becomes comparable and even larger than the
frequency (w), the dielectric permittivity becomes more of a complex number
and it is less accurate to describe the response using the negative real part of
the permittivity alone. Further, at low frequencies the dielectric permittivity
would have a very large magnitude implying that all radiation would decay
within very short distances in the medium. Dielectric materials such as SiC
have only a finite bandwidth with ¢ < 0. Hence, ideally one would seek a
way of mimicking the action of a plasma at lower frequencies in a composite
material.

It was proposed in Pendry et al. (1996; 1999) that dilute arrays of thin
metallic wires behave as a low frequency plasma with a frequency stop-band
from zero up to a cutoff frequency that can be attributed to the motion of
the electrons in the wires. This metallic thin wire mesh structure is amenable
to homogenization and description by a plasma-like dielectric permittivity
function. The low frequency stop-band can then be attributed to negative
dielectric permittivity and the cutoff frequency to the plasma frequency. The
rationale behind this structure is to literally dope the vacuum with metal.

Consider an array of infinitely long, parallel, and very thin metallic wires of
radius r placed periodically at a distance a in a square lattice with a > r as
shown in Fig. 3.3. The electric field is considered to be applied parallel to the
wires (along the % axis) and the problem can be analyzed in the quasi-static
limit since the wavelength of the radiation A > a > r. The electrons are
confined to move within the wires only, which has the first effect of reducing
the effective electron density, as the radiation cannot sense the individual wire
structure but only the average charge density. The effective electron density
is immediately seen to be

Neg = "°_N, (3.7)

where N is the actual density of conduction electrons in the metal.

There is a second equally important effect to be considered. The thin wires
have a large self-inductance and it is not easy to change the currents flowing
in them. Thus, it appears as if the charge carriers, namely, the electrons, had
acquired a tremendously large mass. To see this, consider the magnetic field
created at a distance p from a wire. On the average, we can assume a uniform
D field within the unit cell. However, the current density is not uniform
leading to a non-zero, non-uniform magnetic field that is large in regions close
to the wires, which contributes to most of the flux. By symmetry there is
a point of zero field in-between the wires and hence we can estimate the
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Figure 3.3 An array of infinitely long, thin metal wires of radius r on a
lattice of period of a behaves as a low frequency plasma for an electric field
oriented along the wires. (Reproduced with permission from Ramakrishna
(2005). (© 2005, Institute of Physics Publishing, U.K.)

magnetic field along a line between two wires at a distance p from the wire as

~ I (1 1
H(p) = ¢ o (p ap>. (3.8)
The vector potential associated with the field of a single infinitely long, current-
carrying conductor is non-unique unless the boundary conditions are specified
at definite points. In our case, we have a periodic medium that sets a critical
length of a/2. We can assume that the vector potential associated with a
single wire is

21 a®
A(p) =477 = [4,)(&_,))}’ v op<afZ (3.9)
0, YV op>a/2

This choice avoids the vector potential of one wire overlapping with another
wire and thus the mutual induction between the adjacent wires is addressed
to some extent. Noting that r < a by about three orders of magnitude in
our model and that the current I = 772N (—e)v where v is the mean electron
velocity, we can write the vector potential as

pomr?Nev

A(p) = 5

In(a/p)z. (3.10)
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This is a very good approximation in the mean field limit. We have considered
only two wires and the lattice actually has a four-fold symmetry. Hence the
actual deviations from this expression are much smaller than in our case.

We note that the canonical momentum of an electron in an electromagnetic
field is p — eA. Assuming that the electrons flow on the surface of the wire
(for a perfect conductor), we can associate a momentum per unit length of
the wire of

uOﬂ2r4N2621)

5 In(a/r) = megmr’No, (3.11)
T

p = —mr’neA(r)

and thus an effective mass of

pomr2Ne?

o In(a/r) (3.12)

Meft =
for the electron.
Assuming a longitudinal plasmonic mode for the system, we have

Nege? 27 c?
_ et T (3.13)
comeg  a?In(a/r)

2
Wp

for the plasmon frequency. We note that a reduced effective electron density
and a tremendously increased effective electronic mass would immediately
reduce the plasmon frequency for this system. Typically one can choose r =
10 pm, a = 10 mm, and aluminium wires (N ~ 10** m~3), which gives an
effective mass of

Megg = 1.12 x 10724 kg, (3.14)

which is more than six orders of magnitude larger than the bare electron
mass, and a plasma frequency of about 28.6 GHz. Thus, we have succeeded in
obtaining a negative dielectric permittivity material at microwave frequencies
since the plasma frequency has been reduced by almost a factor of 10°.

Note that the final expression for the plasma frequency in Eq. (3.13) is
independent of the microscopic quantities such as the electron density and
the mean drift velocity. It only depends on the radius of the wires and on
the spacing suggesting that the entire problem can be recast in terms of the
capacitances and inductances of the problem. This approach has been taken
in Belov et al. (2002; 2003), and we present it below for the sake of complete-
ness. Consider the current induced by the electric field along the wires related
by the total inductance (self and mutual) per unit length (L),

E. = —iwLI = iwLar’nev. (3.15)
Note that the dipole moment per unit volume in the homogenized medium is

N. E,
P = —Nuger = ~<% _ (3.16)

iw w2a?L’
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where Nog = 7r2N/a? as before. We can estimate the inductance L by
calculating the magnetic flux per unit length passing through a plane between
the wire and the point of symmetry between itself and the next wire where
the field is approximately zero:

b= uo/ H(p)dp = ‘;‘;j In [47'(52—?")] (3.17)

Noting ® = LI, and the polarization P = (¢ — 1)egE,, where ¢ is the effective
permittivity, we obtain in the limit r < a,

27c?
ew)=1-—— @)’ (3.18)
which is identical to the expression obtained using the plasmon picture. How-
ever, we lose here the physical interpretation of a low frequency plasmonic
excitation.
It is simple to add the effects of finite conductivity in the wires, which has
been neglected in the above discussion. The electric field and the current
would then be related by

1

E,=—iwll+ —5,
onr

(3.19)
where o is the conductivity, which modifies the expression for the dielectric
permittivity to

w2

P
e=1- m, (3.20)
mr<o

where w, is given by Eq. (3.13). Thus the finite conductivity of the wires

contributes to the dissipation, appearing in the imaginary part of €. For

aluminium, the conductivity is o = 3.78 x 107Q"'m~! and yields a value of

v =~ 0.1wp,, which is almost comparable to the values in real metals (Raether

1986). Thus the low frequency plasmon is stable enough against absorption
to be observable.

In our above discussion, we considered only wires pointing in the Z direc-
tion. This makes the medium anisotropic with a negative € only for waves
with an electric field along the Z direction. The medium can be made to have
a reasonably isotropic response by having a lattice of wires oriented along all
the three orthogonal directions as shown in Fig. 3.4. In the limit of large wave-
lengths, the effective medium appears to be isotropic as the radiation fails to
resolve the underlying cubic symmetry yielding a truly three-dimensional low
frequency plasma. For very thin wires, the polarization in the direction or-
thogonal to the wires is small (Rayleigh-like) and can be neglected. Thus, the
waves only sense the wires parallel to the electric field and correspondingly
have a longitudinal mode. The effects of connectivity of the wires along dif-
ferent directions at the edges of the unit cell have also been examined (Pendry
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Figure 3.4 A three-dimensional lattice of thin conducting wires behaves as
an isotropic low frequency plasma. (Reproduced with permission from Ra-
makrishna (2005). (© 2005, Institute of Physics Publishing, U.K.)

et al. 1998). A wire mesh with non-intersecting wires was also shown to have
a negative ¢ at low frequencies below the plasma frequency, but had strong
spatial dispersion for both the longitudinal bulk plasmon mode and the trans-
verse modes above the plasma frequency (Belov et al. 2003).

Next, we discuss the effects of having discontinuous conducting wire seg-
ments (or commonly called cut wires) instead of infinitely long continuous
wires. The main difference is the presence of the capacitance between the ends
of the adjacent wire segments. Consider the metamaterial structure shown in
Fig. 3.5 which also allows for a tuning of the capacitance between the wire seg-
ments by adjusting the area or by embedding a dielectric in-between the edge
plates. The capacitance between the cut wires is approximately Cs = epepA/d
where A is the area of the capacitive edges, d is the distance between them,
and ey, is the relative dielectric permittivity of the medium in the capacitive
gaps. The self capacitance of each wire segment is C; = eoe; A/¢, where ¢
is the length of the wire segment and ¢; is the dielectric permittivity of the
embedding medium. Note that the thickness of the wire has been neglected as
well as the self capacitance since £ > d. Incorporating the series capacitance
per unit length in the expression for the electric field along the wire segments
yields

1 1

E, = —iwLI : I. 3.21
kbl mric + —iwCs(€ + d) (3:21)

Proceeding as before for the continuous wires, we can obtain the dielectric
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Figure 3.5 A metamaterial of discontinuous metallic wire segment behaves

like a series of electric dipoles. In the metamaterial shown, the area of cross

section (A) at the edges of the wire segments of length ¢ and the distance d

between the wire segments are design parameters that can be used to tune
the resonant frequency.

permittivity function for this composite to be of the Lorentz form:

w?

E(w) =1+ m, (322)

where wy is the resonance frequency given by

1 2me2d
o \/m N \/shA(ﬁ +d)In(a/r)’ (3.23)

wp is defined before by Eq. (3.13) and the dissipation parameter is

2 2
a“ EoWw
r=_—5— L (3.24)

This gives a frequency bandwidth of [wp, /w3 + w?] where the dielectric per-

mittivity of the composite is negative.

Dipole moments are resonantly formed across the capacitive gaps between
the wire segments and the system exhibits a Lorentz-like dispersion. Thus,
the response of the cut-wire system is more akin to a system of periodically
placed dipoles. If the conductivity is large enough, the system exhibits a
negative dielectric permittivity for a finite frequency bandwidth just above
the resonance frequency wp. An advantage of this metamaterial is that the
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resonance frequency can be chosen by an appropriate choice of the capacitive
gaps or the width of the capacitive gap in the metamaterial. Notice that
interestingly while both the inductance and capacitance of the system deter-
mine the resonance frequency, the bandwidth for £ < 0 is mostly determined
by the inductance. The dissipation is also only determined by the inductance
and conductivity, unless a dissipative dielectric material is placed inside the
capacitive gaps, in which case additional losses occur.

For example, consider 10 pum thick wire segments, 1 mm in length, spaced
apart by 50 pm and placed on a sparse square periodic lattice of period 5
mm. If we assume a capacitive cross-section area of 7 x 1071° m? and an
embedding medium with a dielectric permittivity of €, = 4, we obtain w, ~
28 GHz, and wy = 569 GHz. For denser and much smaller scale wires of
r = 0.5 pm, a = 100 pm, £ = 10 pm, d = 1 pym embedded in a medium
with dielectric permittivity €, = 4 and a lattice periodicity of a = 50 pm,
we obtain wg ~ 13.9 THz, i.e. in the mid-infrared region of the spectrum and
wp = 7 THz. Thus, we have a complete flexibility in the choice of the negative
dielectric frequency range through the design of the metamaterial.

There is, however, a problem when we consider scaling up the structures
to high frequencies (~10 THz and above). Metals as mentioned before do
not behave as Ohmic conductors at high frequencies, but rather as plasmas
with negative dielectric permittivity. We therefore need to analyze a system
of cut wires at high frequencies when the bulk dielectric permittivity of the
metal constituting the structure is modeled as a Drude plasma. It is assumed,
however, that the frequencies are much lower than the bulk plasmon frequency
so that the dielectric permittivity function can be approximated as

w2 w?

() =1 - S (3.25)

The metal, therefore, has a negative dielectric permittivity whose magnitude
is large. Let us consider the metamaterial of Fig. 3.5 with an incident electric
field parallel to the wire segments. The cut-wire segments can be understood
as primarily two capacitors in series per unit cell — one between the adjacent
cut-wires and another one across the wire segment. The capacitance across
the metallic wire segment is then essentially negative due to the large negative
dielectric permittivity of the metal. A negative capacitance is equivalent to
an inductance, which resonates with the positive capacitance across the gap
between the wire edges. Treating the wire segment as a negative capacitance
is justified by our assumption of a large magnitude for the bulk dielectric
permittivity of the metal. This implies that all the electric field lines along the
length of the wire segment between the two end-faces are concentrated inside
the metal segment only with very few fringing field lines in the embedding
medium. Hence the contribution to the self-capacitance of the wire segment
arising from the free space outside can be neglected. The potential drop across
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a length £y of the cut-wire is therefore

I
‘/ = — E 2
—iwC o, (3.26)

where the series capacitance, C, is given by

1 1 1 Lo
el (C'g + C'm> Trd (3.27)

Here C,, ~ goe,mr?/l approximately and Cy = goe,A/d as before. Again
relating the induced current to the induced polarization, we can calculate an
effective dielectric function for the composite as

(712 /a?) (L + d) /lw?2,
(mr2/A)(d/Owd, — w(w +i7)

ew)=1+ (3.28)
Thus, we obtain again a Lorentz-like dispersion for the dielectric permittivity.
There are some interesting aspects to the above expression. The resonance
frequency occurs at a frequency lower by a ratio (7r?/A)(d/f) than the bulk
frequency of the metal. If we were to make the capacitive gaps and the wire
segments of equal sizes we would not obtain this reduction. The bandwidth
of the ¢ < 0 band is determined by the filling fraction f = (77?/a?) primarily
along with the bulk plasma frequency. Thus the system can be considered
literally as a diluted metal. Note that the dissipation parameter in the system
turns out to be the same as in the bulk metal. This is due to our assumption
of all the fields being concentrated in the metal, and thus the dissipation is
the same as if the metal were all pervading. The actual levels of dissipation
should be expected to be slightly lower when one accounts for the positive
capacitance coming from the embedding medium.

The above model is expected to accurately describe metamaterials with
resonances at the near-infrared and the mid-infrared frequencies. In this case,
our assumptions for the bulk dielectric function as a large and negative real
number hold. At higher optical frequencies, however, the assumption that
the electric field is entirely concentrated in the metal wire segments with very
little fringing fields except in the capacitive gaps breaks down. Each wire
segment can itself resonate as an electric dipole when the contribution to
the self capacitance due to the fields in the surrounding medium is of the
same order as the negative self capacitance arising from the fields inside the
metal. In other words, we have a resonance of the wire segments: these are
actually the localized plasmonic resonances of the particles. These plasmonic
resonances can interact and hybridize between the wire segments and give rise
to new bands and bandgaps. A comprehensive treatment of these collective
plasmonic excitations is beyond the scope of this book and is a matter of active
research. At far lower frequencies, the dissipation parameter v dominates
and the plasmonic nature of the particles is barely felt. Hence the previous
treatment as Ohmic wires would model the system better at low frequencies.
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The photonic response of superconducting cylinders made of high T, super-
conducting materials has been considered (Takeda and Yoshino 2003) and it
was shown that the system has a low frequency cutoff that is much smaller
than the corresponding energy scale for the transition temperature of the
bulk superconductor. The role of a plasmon in a superconductor as a massive
Higgs boson has been stressed in Anderson (1963). It has been pointed out by
Pendry et al. (1996; 1998) that in such thin-wire superconductor structures,
the frequency of the plasmon could well be smaller than the superconducting
gap making such media of great interest in a fundamental manner. Note,
however, that the use of a superconducting material for low, if not zero, re-
sistivity material is valid only for electromagnetic radiation with frequency
smaller than the frequency of the superconducting gap for the Cooper pairs.
Larger frequency radiation simply excites the charge carriers across the su-
perconducting gap and the system exhibits resistive losses.

3.1.2.1 Other photonic metallic wire materials

Metal dielectric composites have been long studied for their rich electrody-
namic response. For example, composites of randomly oriented long con-
ducting fibers have been known to exhibit very large values of the permittiv-
ity (Lagarkov and Sarychev 1996, Sarychev and Shalaev 2000). Dense wire
media and similar rod media also known as fakir’s beds have been of interest
to electrical engineers for a long time (Brown 1960, Rotman 1962, King et al.
1983). However, these structures were usually considered when the period-
icity of the mesh as well as the diameters of the wires was of the order of
the wavelength. Hence these systems are not easily amenable to homogeniza-
tion and to the definition of effective medium parameters. In dense metallic
structures the electromagnetic radiation generally penetrates only one or two
unit cells, effectively interacting with only a two-dimensional surface layer of
the structure. In large periodicity photonic structures, Bragg scattering be-
comes important when the structure lengthscale and the wavelength become
comparable. Thus the structure cannot be effectively homogenized.

For example, the existence of a low frequency stop-band from zero frequency
up to a cutoff frequency in a diamond lattice wire mesh as well as photonic
bandgaps due to Bragg scattering at higher frequencies was demonstrated
in Sievenpiper et al. (1996). The low frequency stop-band could be attributed
to the flow of electrons in the interconnected metallic mesh, but at the plasma
frequency the lattice size was barely half the free space wavelength. Thus the
modes have a considerable spatial dispersion as in a photonic crystal. It is
not completely clear if this structure could be homogenized in the classical
sense. An interesting transmission line model (Brown 1960) gives

c= (]:TO)Q {cos—l {cos(k’a) + m sin(ka)] }2, (3.29)

which can be shown to agree with our expression for a low frequency plasmonic
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medium in the limit of very thin wires (Belov et al. 2002). Sievenpiper et al.
(1996) also considered capacitively loaded wires by cutting selected wires in
the wire mesh medium and demonstrated the presence of resonant modes
associated with the cut-wires. The photonic response of metallic cylinders
embedded in a dielectric host has been considered in Pitarke et al. (1998) and
agreed with the classical Maxwell-Garnett results when the wavelength was
at least twice as large as the spacing between the cylinders. However, these
cases do not ideally fall in the category of effective media.

3.2 Metamaterials with negative magnetic permeability

Although electric and magnetic fields are just two manifestations of the same
fundamental phenomenon, the response of most materials is extremely one-
sided and partial to the electric fields. One can find good dielectric materials
at almost any frequencies, from radio to the ultraviolet frequencies. The
magnetic response of most materials, on the other hand, tends to die out at
high frequencies beyond the microwave frequencies. Magnetization usually
results from unpaired electronic spins or electronic orbital currents. Shape-
dependent collective excitations of these systems (Landau et al. 1984) can
result in resonances at frequencies of even a few hundreds of Gigahertz in some
ferromagnetic, anti-ferromagnetic or ferromagnetic materials. But these are
rare and usually have very small bandwidths. Thus, even magnetic activity,
let alone negative magnetic permeability, is special at frequencies beyond the
microwave regime.

In fact, Landau et al. (1984) tried to give a very general argument that
magnetic activity from real electronic currents (including orbital currents)
should be negligible at optical frequencies and beyond. Their argument, how-
ever, crucially depends on neglecting the displacement currents arising from
changes in polarization compared to real electronic currents. In many sub-
micron sized metallic systems, the displacement currents can become very
large, for instance at the surface plasmon resonances, and can dominate over
the electronic currents which become small at high frequencies. Hence such
systems can effectively develop magnetization even at high frequencies.

We subsequently analyze structured materials which give rise to magnetic
activity and, in particular, to a negative magnetic permeability. The cru-
cial issue is to design subwavelength sized structures whose resonances can
be driven by the magnetic component of the electromagnetic field so that
the corresponding effect can be reflected in the dispersion of the magnetic
permeability. We first analyze how to obtain magnetic activity along any one
direction in Sections 3.2.1 to 3.2.6. The designs presented in these sections are
necessarily highly anisotropic, showing a magnetic activity only for magnetic
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Figure 3.6 (a) An applied magnetic field along the axes of a stack of con-
ducting cylinders induces circumferential currents that shield the interior. The
resulting effective medium is diamagnetic. (b) The split-ring structure: the
capacitance across the splits in the ring causes the structure to be resonant.
The dimensions of the capacitive gaps [. and d. become design parameters to
control the amount of capacitance in the loop.

fields oriented along one specific direction. We then generalize these ideas
to structures that display magnetic activity along all three directions, with
improved designs that have a more isotropic magnetic response.

Before pursuing with the analysis of artificial magnetic structures, it is
important to note that we treat the radiation as a classical electromagnetic
field and the structures as classical systems. Then, given that magnetic fields
do not affect the free energy of a statistical system in thermal equilibrium,
one can obtain magnetism only as a quantum phenomenon. Hence one could
question our result of magnetism obtained in a classical treatment. This
apparent paradox can be resolved by noting that the material structures that
we consider and the radiation are at different temperatures and are not at
equilibrium. Thus, the (AC) magnetism obtained here are, in fact, induced
for systems driven away from thermal equilibrium.

3.2.1 Diamagnetism in a stack of metallic cylinders

Most materials have a natural tendency to be diamagnetic as a consequence
of Lenz’s law. Consider the response of a stack of metallic cylinders to an
incident electromagnetic wave with the magnetic field along the axis of the
cylinders as shown in Fig. 3.6(a). The cylinders have a radius r and are
placed in a square lattice with period a. The oscillating magnetic field along
the cylinders induces circumferential surface currents which tend to generate
a magnetization opposing the applied field. The axial magnetic field inside
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the cylinders is

7T7’2

H=Hy+j— ?j, (3.30)
where Hj is the applied magnetic field and j is the induced current per unit
length of the cylinder. A long magnetized cylinder appears as if there are two
separated magnetic monopoles with opposite magnetic charges at its ends.
Thus, there is a depolarizing field that is present inside the cylinder due to
the depolarizing fields of the other cylinders. This depolarizing field can be
assumed to be spatially uniform in the limit of infinitely long cylinders and
uniform distribution of cylinders. The third term arises due to this depolar-
izing magnetic field. Thus the mutual inductance between the cylinders is
taken into account to the first order here. In fact, if L is the self inductance
of one cylinder and L’ is the total inductance of all the other cylinders, one
can show that the mutual inductance M of the coupling between them can
be calculated to be

2 2
M= 88 gy T /ma)®a
I n—00 I
2
mr
=L (3.31)

where ®; = (n — 1)LI is the total flux due to the depolarizing fields of all
other cylinders, and ®, is the flux inside the cylinder due to the currents on
the cylinder under consideration. The ratio f = (77?/a?) is called the filling
fraction in the metamaterial.

The emf around the cylinder can be calculated from Lenz’s law and is
balanced by the Ohmic drop in potential:

. 2 . 7r? . .
W (Ho +j— a2]> = 2mrpj, (3.32)

where time harmonic fields are assumed and where p is the resistance per unit
length of the cylinder surface. The frequencies are assumed to be low enough
to have only a small skin effect.

The system of cylinders can be homogenized by adopting an averaging
procedure (discussed in Chapter 2) that consists of averaging the magnetic
induction B over the area of the unit cell while averaging the magnetic field
H over a line along the edge of the unit cell. The averaged magnetic field is

Beg = ;U’OHOa (333)

while the averaged H field outside the cylinders is
2

mre .
Heg = Ho — =27 (3.34)
Using the above, we obtain the effective relative magnetic permeability
Beg 7r?/a?
=—=1-———. 3.35
fleft toHesr 1 +i2p/(powr) (3.33)
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Thus, the real part of the pucg is always less than one (diamagnetic) and
greater than zero here. This diamagnetic screening effect has been known
since some time for superconducting cylindrical shells (Kittel et al. 1988) and
a diamagnetic effective medium is also obtained with percolation metallo-
dielectric composites (Sarychev and Shalaev 2000).

Note here that

’/TT’2

lim preg(w) =1 - —-, (3.36)

w—00 a
which violates the causal limit of pyeg — 1 as w — oo. This is an artifact of
our assumption of the metal as an Ohmic conductor at all frequencies. Obvi-
ously at very high frequencies, the inertia of the charge carriers prevents any
appreciable currents from flowing and the assumption of an Ohmic conductor
breaks down. In some sense this is also reflective of the quasi-static nature
of our calculations. One should note that in spite of this improper high fre-
quency limit, this model works quite well at frequencies where the quasi-static
limit holds. Much before we go into the w — oo limit, Bragg scattering and
photonic band structure effects invalidate the assumptions inherent to the
above calculations in any case. This is a feature of all the models for artificial
magnetic materials that we present here.

3.2.2 Split-ring resonator media

In case of the cylinders, the induced currents made it appear as if magnetic
monopoles were flowing up and down the cylinders, producing only an induc-
tive response (the monopoles equivalently had no inertia). By introducing
capacitive elements into the system, a rich resonant response can be induced.
Consider an array of cylindrical metallic shells with gaps in them as shown
in Fig. 3.6(b). For reasons that will become clear in Section 3.5, we intro-
duce here two capacitive gaps placed symmetrically about the ring and not
just a single gap. The capacitance per unit length along the cylinder can be
tuned by either changing the length of the capacitive arms or by introducing
a dielectric material into the gaps. Such loops with capacitive gaps have be-
come well known subsequently as split-ring resonators — SRR for short. Some
sort of split-ring resonator has been the basis of most of the metamaterials
exhibiting negative magnetic permeability to date.

The SRR works on the principle that the magnetic field of the electromag-
netic radiation drives a resonant LC circuit through the inductance, which
results in a dispersive effective magnetic permeability. The induced currents
flow in the directions indicated in Fig. 3.6 with charges accumulating at the
gaps in the rings as shown. Balancing the emf generated around the circuit
with the Ohmic drop due to the resistance yields

2

. .ot . ]
1WM07T7"2 (Ho +7- aZ‘]) =27rpj — %

Vel (3.37)
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where the effective capacitance per unit length along the leg of the cylinder
is C' = egeml,/2d. and ¢ is the relative dielectric permittivity of the material
in the capacitive gaps. The factor of 2 in the denominator of the capacitance
accounts for the serial capacitance of the two capacitive gaps around the ring.
We can associate a magnetic moment per unit length of each cylinder as

m = mr?j, (3.38)

so that the magnetic dipole moment per unit volume is

M="= (7”"2) 5. (3.39)

Noting as before that

7TT2 .

M = xmHer, and pegr = (1 + X ), we obtain the effective magnetic perme-
ability as

Beff

prett (w) = ol (3.41)
. (e o)
B —L w2 —i22y’ .
om0 o
2
ST (3.43)

wg —w? —ilw’

Thus we have a resonant form of the permeability with a resonant frequency

of 1o
1 2d,
= - .44
W= == <6€er2> , (3.44)

that arises from the L-C resonance of the system where ¢ = 1/,/Eofig is the
speed of light in vacuum. The factor f = 772 /a? is as usual the filling fraction
of the material. For frequencies larger than wg, the response is out of phase
with the driving magnetic field and the peg is negative up to the “magnetic
plasma” frequency of

2d, 1/2

assuming that the resistivity of the material is negligible. It is seen that the
filling fraction plays a fundamental role in determining the bandwidth over
which the p < 0, whereas the dielectric permittivity of the embedding medium
€ can obviously be used to tune the resonant frequency. The dissipation
parameter can be expressed as I' = (2p)/(uor) and directly depends on the
resistivity of the rings: smaller rings have smaller resistive pathlengths, which
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Figure 3.7 Effective magnetic permeability for a system of split-cylinders
with r = 1.5 mm, /. = 1 mm, d. = 0.2 mm, and the magnetic field along the
axis for different values of p. The system has negative magnetic permeability
for 11.358 GHz < w < 13.41 GHz. As the resistance increases, the response
of the system tends to tail off.

is reflected in the inverse dependence of I' on the radius of the rings. A
finite resistivity, in general, broadens the resonance peak, and in the case of
very resistive materials the resonance is so highly damped that the region of
negative p can disappear altogether as shown in Fig. 3.7. Reducing the size
of the ring while keeping the filling fraction large is obviously advantageous
to increase the resonant effects, in addition to being desirable from the point
of view of homogenization.

The resonance frequency and the negative u band can be varied by changing
the inductance (area) of the loop and the capacitance (the gap width d or the
dielectric permittivity e of the material in the capacitive gap) of the system.
For typical sizes of r = 2 mm, a = 5 mm, d. = 0.1 mm, and /., = 1 mm, we
have a resonance frequency of fo = wp/(27) = 6.023 GHz, and a “magnetic
plasma frequency” of f,, = w,,/(27) = 8.54 GHz. Note that at the resonance
frequency, the free space wavelength is A\g = 40 mm implying a ratio of about
Ao/a = 8 to 10, which is reasonably just large enough for the homogenization
hypothesis to be satisfied. Obviously, if the capacitance can be increased while
keeping the size of the SRR and the lattice period constant, the homogenized
description becomes more accurate. The dispersion in the peg for a slightly
different SRR dimension and different values of the resistivity is shown in
Fig. 3.7.

We note that the peg ~ 1 — 7r%/a? asymptotically at large frequencies.
This is due to the assumption of a perfect conductor in our analysis as pointed
out earlier. Let us also note that peg can attain very large values on the low-
frequency side of the resonance. Thus, the effective medium of SRR is going to
have a very large surface impedance Z = \/poft/€ct. Such large impedances
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have also been obtained in capacitively loaded structured surfaces (Sieven-
piper et al. 1999, Broas et al. 2001).

Essentially we have a design for a metamaterial whose geometrical sizes
determine the frequency range where the medium exhibits magnetic activ-
ity. The size and dissipation levels determine the frequency range over which
the magnetic permeability becomes negative. Our analysis indicates that by
scaling down the size of the SRR while keeping other geometrical aspects con-
stant, we should be able to obtain magnetic activity at higher frequencies. It
is, however, the material properties of the metal constituting the SRR that
do not permit this simple upscaling. The metals do not behave as Ohmic con-
ductors at high frequencies and this actually presents a formidable obstacle to
scaling up the frequencies of operation to the optical frequencies, as further
discussed in Section 3.2.4.

3.2.2.1 Pendry’s split rings

In the initial years of development of the field, a slightly different design for
the split-ring resonators was fabricated and discussed. This was the design
given in the original proposal for magnetic activity by Pendry et al. (1999).
The original SRR is shown in Fig. 3.8 and has somewhat more capacitance;
consequently a lower operating frequency and thus better satisfaction of the
homogenization conditions are possible. The description of this SRR (which
we call Pendry’s SRR after its original proposer) is slightly more involved. We
devote here a short discussion to the functioning of this particular structure
primarily due to its historical importance in the evolution of this area.

The main difference that arises with the composite ring structure is that
the large gap in each ring prevents the current from flowing around in a single
ring and the circuit is completed across the small capacitive gap between
the two rings. Thus, a large part of the capacitive loading arises from the
capacitive interaction between the rings. The mutual capacitance is not very
simple to estimate. In the most general case, there would be three resonances,
one corresponding to each LC resonance of each ring and one resonance that
arises from the mutual coupling.

If we assume that the gap (d) is very small compared to the radius (r) and
that the capacitance due to the large gaps in any single ring is negligible,
then the low frequency resonance is the one due to capacitive coupling across
the rings. In this case, the flow of the currents in the two rings is in the
same direction and the inner and outer loops have approximately the same
inductance and self capacitance. Note that if K;(¢) and K,(¢) are the currents
in the inner and outer loops that are functions of the azimuthal angle, and
if j, is the displacement current density that arises in-between the rings, we
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Figure 3.8 Pictorial view of the cylindrical unit for the SRR proposed
in Pendry et al. (1999). The inner conducting ring acts as a capacitive load
on the outer ring. The charge buildup across the ends of the split rings,
the direction of the currents, and the mutual capacitance are schematically
depicted.

have
dK; .
=7, 4
P 7] (3.46)
dK, .
— 4
o rj (3.47)

so that the total circulating current in the two rings K; + K, = K is uniform.

Under the assumption that the potential varies linearly with the azimuthal
angle around the ring, one can write the equations for the currents (per unit
length) in the two rings near the splits as

(ZL +Zc+ Zp)K; + Z;y K, = emfy, (3.48)
ZioK; + (ZL + Zc + ZR)KO =emfy, (3.49)
where the inductive impedance is Z; = —iwpuonr? for each ring (approxi-

mately as d < r), Z¢ is the capacitive impedance, and Z;, is the mutual
impedance.

We need to proceed with the calculation of the capacitance of the broken
rings, which is quite a tedious process. The capacitance for each ring can be
written as (Sauviac et al. 2004)

C=0C,+ C‘;‘”, (3.50)
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where Cy is the capacitance across the splits which can be neglected, and
where the mutual capacitance can be approximated by Chue = (goe7r)/d.
Including the depolarization fields in the mutual inductance and adding the
above two equations, we obtain for the total current K

—iwpgmr?

K = e - —. (3.51)
(1= 25 )iwponr? — 27rp + —a
Finally we obtain for the effective magnetic permeability,
fw?
ot =1+ o (3.52)
en?ps WU TS

Thus, again we have a resonant form of the dispersion for the magnetic
permeability. The main difference is the larger capacitance that can be at-
tained here and a correspondingly lower operating frequency for a given size
of the SRR than in the previous case. Also note that we have made several
assumptions and approximations in our calculations that are usually violated
in actual experimental implementations. For example, the sizes of the inner
and outer rings can be considerably different and the capacitances across the
splits can be comparable to, if not dominate over, the mutual capacitance.
Experimentalists usually obviate this problem by including a few “fudge” fac-
tors that account for the extra inductances or capacitances. In most cases,
the formula above can only be taken as a guideline and detailed numerical
calculations become necessary to obtain better quantitative estimates. Fur-
thermore, these SRRs also exhibit an electric polarizability for an electric
field oriented in the plane of the SRR along the gap in the rings. We refer
the reader to Sauviac et al. (2004) for more detailed calculations of such cou-
pled SRRs. In fact, these SRR are bianisotropic as well: the magnetic field
oriented along the axis of the SRR can induce an electric polarization in the
plane of the SRR. This property arises due to the asymmetric charge densities
that develop in the SRR and is discussed further in Section 3.5.

3.2.3 The Swiss Roll media for radio frequencies

Pendry and co-workers (Pendry et al. 1999) also proposed another resonant
unit, the Swiss Roll, as the basis of magnetic metamaterials for low frequency
operations. This structure conveniently avoids increasing the size of the units
by having a large increased self inductance and enhances the homogeneous
description as an effective medium since the ratio of the unit size to the free
space wavelength is further decreased. Such Swiss Roll can be achieved by
rolling up a metal sheet in the form of a cylinder with each coil separated by
an insulator of thickness d as shown in Fig. 3.9. The current loop is completed
here through the differential capacitance across the space between the metal
sheets as shown. As before, the effective magnetic permeability for a system
of such structures can be easily calculated.
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Figure 3.9 Cross-section of the cylindrical unit for the Swiss Roll meta-
material. The Swiss Roll consists of a rolled-up sheet of a conductor with
an insulating medium in-between that separates out the adjacent conduct-
ing sheets capacitively. The net inductance is significantly increased by the
multiple loops.

If the number of coils N is large, one can assume a uniform current j
in the sheet making up the Swiss roll in all the loops except the innermost
and outermost loops where one can assume an average current of j/2. This
difference can be neglected in the limit of large N. The total circular current
in the ring is then j; = (N — 1)j. Thus, one can write for the total emf for
each loop on the average, which is balanced by the resistive drop in the roll
and the capacitance C = (eoe2nr)/d across adjacent loops as

71'7’2

iwpomr? | Ho + (1 — ?)jt = 2mrpj — (1@[)7—0) (3.53)
Note that the effective capacitance between the inner and outer loops of the
Swiss roll can be approximated by N — 1 capacitances in series and is given
by C/(N —1). Here N is the number of coils in the structure and it is
assumed that total thickness of the wound layers Nd < r, the cylinder radius.
Note that the effects of the depolarizing fields are included through the filling
fraction in the above equation. Proceeding as before, one can write for the
effective fields

Beg = poHo, (3.54)
2
ar?
He = Ho — 2 (3.55)

where the B fields are averaged over an area of the unit cell and the H fields
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Figure 3.10 Dispersion of the real and the imaginary parts of the effective
magnetic permeability measured for the Swiss Rolls. Inset: A photograph of
a Swiss roll made by rolling up polyimide sheets with a thin layer of deposited
copper in-between. The polyimide acts as the insulating capacitive gap be-
tween successive turns of the roll. The diameter of the Swiss Roll is about
1 em. (Source: The photograph and the graph have been kindly provided
by M. C. K. Wiltshire. Published in Wiltshire et al. (2003a) and reproduced
with permission. (©) 2003, Optical Society of America.)

are averaged over a line lying entirely outside the Swiss roll. Hence we can
obtain for the magnetic effective permeability
272
mr?/a
Heff = 1- 1 de? . 2p
T mr3(N-1)w? + luowr(N—l)

(3.56)

The relevant frequencies are the magnetic resonance frequency (wg) and the
magnetic “plasma” frequency (wmyp), respectively, given by

[ d
wp =2¢ m, (357)

d

U.)mp =C 7(1 — f)ﬂ'2r3N.

(3.58)

This system also has the same generic resonance form of the permeability
with frequency as the SRR structures, but the resonance frequency occurs at
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Figure 3.11 Left: Schematic picture showing the imaging of an M-shaped
antenna emitting at 21.3 MHz by a stack of resonant Swiss rolls arranged in
a hexagonal close packed structure. Right: The measured image of the M-
shaped antenna, measured on the other end-face of the bundle of Swiss rolls.
The image is transferred to the other end-face of the pack by virtue of the Swiss
Rolls acting as magnetic flux tubes due to their high magnetic permeability.
The locations of the Swiss Rolls are also marked out. (Source: The image
has been kindly provided by M. C. K. Wiltshire. Published in Wiltshire
et al. (2003a) and reproduced with permission. (© 2003, Optical Society of
America.)

a much lower frequency owing to the much larger inductance (~N?) of the
structure. Using the material EspanexB, which consists of a 12.5 ym poly-
imide sheet with 18 um of deposited copper, Wiltshire et al. (2003b) reported
on sheets rolled-up into Swiss Rolls which had a resonant frequency near
21.3 MHz. A photograph of these Swiss Rolls along with the measured values
of the magnetic permeability of these Swiss Rolls is shown in Fig. 3.10. The
effective permeability of the Swiss Roll medium was determined by inserting a
roll into a long solenoid, and measuring the changes in the complex impedance,
where estimated corrections for the partial volume occupied and demagneti-
zation have been made. We note that the relevant value of a/A ~ 10~* at
these frequencies, which is almost the same as that for bulk material molecules
and atoms at optical frequencies. Thus the effective medium approximation
should be excellent in this context.

Note that at frequencies smaller than the resonance frequency, the real part
of the magnetic permeability can take very large positive values, almost 15
in this case. Thus radio frequency fields can be strongly coupled into these
Swiss rolls which can act as magnetic flux tubes. This has seen application
in Magnetic Resonance Imaging (MRI) at radio frequencies (Wiltshire et al.
2001; 2003a). Fig. 3.11 shows an array of such Swiss rolls which were then
used to channel down their length the image of an “M”-shaped RF antenna.
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The image that was measured on the other side is seen to have preserved fine
details. These Swiss rolls have also more recently been shown to work as a
near-field lens with very high subwavelength image resolution (Wiltshire et al.
2006). The ideas of near-field imaging by materials with negative material
parameters is discussed in greater detail in Chapter 8.

3.2.4 Scaling to high frequencies

The Maxwell equations indicate that one can scale the phenomena to higher
frequencies by simply scaling down the corresponding lengthscales. This has
been the overriding principle of photonic crystals made from non-dispersive
dielectric materials (Sakoda 2005). However, the main problem in scaling the
performance of metamaterials to higher infrared and optical frequencies is that
the material parameters of the constituent materials disperse with frequency,
which does not allow scaling in a straightforward manner. Primarily, metals
no longer behave as perfect or Ohmic conductors, and the penetration depth of
electromagnetic fields becomes considerable, while dissipation also increases.
Consequently, the dispersive nature of the metals must be taken into account.
Additionally, another cause of concern is the technological ability to accurately
make large numbers and arrays of the resonant structures at the small length
scales necessary.

The single ring SRR would be more suitable than more complex double
rings from the point of ease of fabrication at micro and nanometric dimen-
sions. Consider the split ring with two symmetric splits shown in Fig. 3.12(a).
The dimensions of the SRR have been chosen to achieve operation at tens of
terahertz and were originally proposed in O’Brien and Pendry (2002). The
band structure and the transmission for infinitely long split-cylinders of sil-
ver obtained using a photonic band-structure calculation using the transfer
matrix method (Pendry 1994) is shown in Fig. 3.12(b). The magnetic field is
assumed to be along the axis of the split-cylinders and a plasma form for the
dielectric function of silver, (w) = e — w2 /[w(w + i7)], was used with the
empirical values of fiw, = 9.013 eV (Johnson and Christy 1972), v = 0.018 eV,
and €,, = 5.7. Note the presence of a frequency gap that arises due to the
negative effective p of the structure at about 75 to 80 THz, while our sim-
ple circuit theory model in Section 3.2.1 predicts a resonance frequency of
104 THz for the L-C resonance. Consequently, the assumptions of a perfect
conductor clearly cannot be made at these high frequencies. Using the pa-
rameter retrieval method presented in Chapter 2, the effective € and p were
recovered from the emergent quantities, viz., the complex transmission coeffi-
cient and reflection coefficients from a slab made of such SRR and are shown in
Fig. 3.12 (c) and (d), clearly demonstrating a frequency band with Re(u) < 0.
The retrieval results also show Im(g) < 0 near the resonance and an anoma-
lous dispersion of Re(e) about the resonance frequency. This anti-resonant
behavior arises because of the failure of this particular retrieval algorithm to
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Figure 3.12 (a) Single ring with a double slit with a = 600 nm, b = 312 nm,
Te = 24 nm, d. = 24 nm and L, = 144 nm used for the calculations. (b)
Photonic band structure of this system of columns for the S-polarisation (with
H along the cylindrical axes). The light line (dotted) and the bands for silver
columns with the same filling fraction are shown for comparison. The bandgap
at about 75 THz arises due to negative p. (c¢) Real and imaginary parts
of p and (d) real and imaginary parts of . (The figure is reproduced with
permission from (Ramakrishna 2005) (©) 2005, Institute of Physics Publishing,
UK.)

properly account for the boundaries of the metamaterial slab.! Thus, the
retrieved effective medium parameters are restricted in this case. While they
describe well the scattering properties of radiation from such metamaterials,
they cannot be used to calculate, for example, other properties such as the
heating rate due to absorption.

Let us build a simple model for this system to gain an insight into the
high-frequency scaling properties. Assuming a strong skin effect, i.e. that
the thickness 7, of the metal shells is smaller than the skin depth (~20 nm
at 100 THz), we can write the displacement current per unit length j, =

fWhen the size of the metamaterial units are extremely small compared to the wavelength,
such spurious effects become minimal.
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—iwepem Ey. The potential drop across each half of the ring is

Vv, = / Egrdp = —22 (3.59)
0 —1w€0€m
and the potential drop across each capacitive gap (of arm length L.) is given
by
]qﬁTcdc
V. = 3.60
e / T —jwegel, ( )

Using the fact that the total emf induced around the loop is f Eydl =
iwpg f Hinida, we can equate the potential drop to the emf generated around
the loop as

2V, 4 2V, = iwponr? Hiy. (3.61)

Using Ampere’s law, the magnetic fields inside and outside the split cylinders
can be related as

Hing — Hexy = jqﬁTca (362)
yielding that
Hext _1_ M0€0W27T7"2TC . (363)
Hing (277 /em + 27d./ (L))

The averaged magnetic induction is Begr = (1 — f)poHext + f1t0Hint, where
f = mr?/a? is the filling factor. Averaging over a line lying entirely outside the
cylinders for the magnetic field Heg = Hext, wWe obtain the effective magnetic
permeability as

Beg feopow?mr?
- =1 . (3.64
et 'uOHCH " [(QWT/(EmTC) + 2dc/(5Lc)] - €0M0w27T7“27'C ( )

Assuming as before that e, ~ —w?/[w(w +i7)] for the infrared and optical
frequencies, we obtain the generic form for the effective permeability:

f’w2
w =14+ 3.65
NEH( ) +w§—w2—iFw’ ( )
where the resonance frequency, effective damping coefficient, and the effective
filling fraction are, respectively,

9 1 L

Wi = ————— = —— Ly
0= L+ L,)C T I, L

=7
Ly + L

f. (3.66)

Here C' = gpeL./2d. is the effective capacitance of the structure, L, = pomr?
is the geometrical inductance, and L; = 2mr/(eo7ew3) is an additional induc-
tance that appears. Noting that the plasma frequency is w = Ne?/(gom), we
see that the additional inductance arises entirely due to the electronic mass
so that L; can be termed the inertial inductance.
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The presence of this additional inductance can be explained by noting that
at high frequencies, the currents are hardly diffusive and become almost bal-
listic because the distance through which the electrons move within a period
of the wave becomes comparable to the mean free path in the metal. This
means that if the frequencies are too high, the electrons can hardly be acceler-
ated and the response falls. The mass of the electron contributes additionally
to the effective self inductance.® The effective damping factor also becomes
much larger as the size of the ring is reduced. This is due to the fact that the
proportion of energy in the ballistic motion of the electrons increases com-
pared to the energy in the electromagnetic field as the size is reduced and the
resistive losses are then very effective indeed.

Thus even if the size of the ring were negligible, the inertial inductance
would still be present preventing the scaling to higher frequencies. This effect
has also been discussed in connection with using superconducting SRRs in
the microwave region (Kumar 2002). The large increase in the damping as
the dimensions are scaled down broadens the resonance and the permeability
does not disperse violently, making the region of negative permeability vanish
altogether. The increase in damping is a matter of great concern for operation
at optical frequencies.

Numerical studies have confirmed the above model at high frequencies and
the response of the SRR with two splits was shown to tail off in the infrared
region (A ~ 5um) (O’Brien and Pendry 2002). By adding more capacitive
gaps to lower the net capacitance and adjusting the dielectric constant of
the embedding medium, it was numerically demonstrated that a medium of
SRR with four splits can have negative u at telecommunications wavelength
of about 1.5 ym (O’Brien et al. 2004). A study with aluminum SRR having
four splits also subsequently confirmed that the resonance frequency tended
to saturate at few hundreds of terahertz (Zhou et al. 2005). An interesting use
of pairs of parallel metal rods (with lengths ~100 nm) periodically embedded
in a dielectric medium as an effective medium with negative magnetism at
infrared frequencies was proposed in Panina et al. (2002). The current loop
across the two rods is completed via the displacement currents in vacuum
between the rods.

Suitably scaled down double ring SRRs have been demonstrated experi-
mentally to have negative magnetic permeability at terahertz frequencies (Yen
et al. 2004). SRRs with a size of 320 nm made of gold and a single capaci-
tive gap were shown to have a magnetic resonance at about 100 THz (Linden
et al. 2004) and the saturation of the resonance frequency with reducing size
at about 300 THz was shown with these rings (Klein et al. 2006b). Novel
loop structures on a metal surface which provide magnetic activity at about
75 THz was explored in Zhang et al. (2005b). The concept of using wire-

8The current j = nev ~ ne(—iweE/m), where E is the applied field. Then the potential
drop over a distance £ is V ~ mé/(ne?)(95/0t), implying an inductance that is linearly
proportional to the electronic mass.
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pairs as magnetic atoms was investigated in Dolling et al. (2005) where the
transition of the behavior from a singly split SRR to a wire-pair was investi-
gated with gold structures. The measurements, in general, have confirmed the
results of the above model for scaling to high frequencies both qualitatively
and quantitatively. There are also experimental implementations using gold
nanopillar pairs (Grigorenko 2006) and arrays of paired strips of silver (Sha-
laev et al. 2005) that have tried to push the idea of magnetic activity and
negative magnetic permeability into the visible spectrum (A ~ 725 nm).

3.2.5 Magnetism from dielectric scatterers

It is clear from the discussion above that the essential key to strong magnetic
activity is an under-damped resonance that results in large local enhancements
of the magnetic field. In the designs presented above, the resonance is an L-C
resonance that results from the geometric structure of the conducting mate-
rials. In addition, any other resonance that can be driven by the magnetic
field can also be used. For example, magnetic activity via the Mie scattering
resonances of magnetic nature (Bohren and Huffman 1983) in systems of small
scattering particles has been realized as early as 1986 (Bohren 1986). The use
of the magnetic Mie scattering resonances of a dielectric cylinder (O’Brien
and Pendry 2002) and magneto-dielectric spheres (Holloway et al. 2003) for
generating a negative magnetic medium have also been proposed. These Mie
resonances are well known and give rise to the heavy photon bands in pe-
riodic photonic crystals of cylinders or spheres (Ohtaka and Tanabe 1996).
Usually these bands arise at large frequencies when the corresponding wave-
length is smaller than the unit cell size and the idea of an effective medium
is not applicable. However, if the dielectric permittivity of the scatterers is
large, these resonances can occur at much lower frequencies and these Mie
resonances can be lowered well within the first Bragg band. In this case, the
idea of an effective medium becomes useful and such polaritonic spherical or
cylindrical inclusions along with metallic particles have been demonstrated to
have a negative magnetic permeability and simultaneously negative dielectric
permittivity, too (Yannopapas and Moroz 2005, Liang et al. 2007).

A dielectric particle can exhibit a variety of electromagnetic resonances
depending on its geometry. One of the hallmarks of a resonance is the large
magnitude of the electromagnetic fields that arise within the scatterer. We
can aim to obtain scattering resonances whereby large and inhomogeneous
magnetic fields within the scatterer contribute to a uniform magnetization in
the medium. In our homogenization procedure of averaging the B fields over
the area of the unit cell, the contribution of such inhomogeneous local fields
are immediately picked up. Note that in the design of such materials, we
are restricted to using mono-polar resonances only, because resonances with
dipolar or higher multipolar terms tend to contribute nothing to the average
B field over the unit cell.

In the above spirit, let us first analyze a stack of dielectric cylinders of
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radius R and consider Transverse Electric (TE) polarized light (H along the
cylindrical axes) to be incident on the stack. The magnetic fields associated
with scattering from a single cylinder in air are given by (Bohren and Huffman
1983)

H" = Hy Y i T (kr)e™?, (3.67a)
m=0

Hjcatt — _HO Z lmamHﬁ,%) (k/r)eim¢7 (367b)

H’”Lt HO Z 1 Cm nk"l") 1m¢’ (367C)

where H'"¢ is the incident field of a plane wave, H:°! are the scattered fields,
H"t are the fields inside the cylinder, k = 27 /) and n is the refractive index

of the cylinder material. .J,, and H,(,%) are the Bessel function and Hankel’s
functions of the first kind and order m, respectively. The coefficients a,, and
cm are determined by matching the tangential components of the total electric
and magnetic fields across the cylindrical boundaries and are obtained as

 Jm(kR) — a HY (KR)
Cm = A 7 (3.68a)

!/ !

0, = g (nk:R)Jl)(kR) nJm(nkR)J(n;)(lkR) ’ (3.68b)

J! (nkR)Hp' (kR) — Jm(nkR)Hy’ (ER)
where the primes indicate a derivative with respect to the argument. The
conditions for a resonance can be obtained from the poles of a,,. The charac-
teristic equation obtained has complex solutions and illumination by radiation
at a frequency close to the real part of a particular root causes the correspond-
ing a,, and ¢,, to dominate over all the other scattering coefficients. Then the
fields inside the cylinder have maximum contribution from this predominant

eigenmode and essentially take the character of that function.

For example, the angularly symmetric (m = 0) resonance results in an en-
hanced magnetic field only in one direction, along the axis of the cylinder. In
the case of an array of such cylinders, the system would appear as a conglom-
erate of magnetized rods with the displacement current in each rod being in
the azimuthal direction. Substituting this mono-polar resonance contribution
for the magnetic field in the definition for the effective magnetic permeabil-
ity (O’Brien and Pendry 2002),

Beff
off = , 3.69a
eff MOHeff ( )
27 fo Jo(nkr)r dr + fa/f [Jo(kr) aoHél)(kr)]r dr (3.60b)
a? Jo(ka/2) — agHS" (ka/2) T
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Figure 3.13 Effective magnetic permeability (ucg) obtained for a stack of
long dielectric cylinders arranged on a square lattice with ¢ = 200 + i5 as
predicted by Eq. (3.69a). The cylinders have a diameter of 4 mm and are
placed on a square lattice of period 5 mm. The figure has been redrawn from
the data of O’Brien and Pendry (2002). The data for the figure has been
kindly provided by S. O’Brien.

where the integration is carried over a circle with the same area of the unit
cell (a? = 7r?). The function is plotted in Fig. 3.13 for dielectric cylinders of
of 4 mm diameter, placed apart on a square lattice of period 5 mm, and € =
200-+i5. The system possesses negative magnetic permeability if the dielectric
permittivity of the corresponding cylinder is made large enough. This is
due to the tremendous increase in the inhomogeneous local fields caused by
confinement in the high dielectric rods. The magnetic Mie resonance can then
occur at low enough frequencies such that it occurs well within the first Bragg
band and the system is amenable to homogenization. This aspect was also
confirmed with photonic band structure calculations and effective parameter
retrieval from the reflection coefficients (O’Brien and Pendry 2002). Note that
the ratio of the free space wavelength to the periodicities in the system can
be about 15, which implies a good applicability of homogenization.

An important issue that needs to be overcome for the realization of mag-
netic metamaterials from dielectric scatterers is to obtain the constituent ma-
terials with a large enough dielectric permittivity. This seems well within
reach as several ferro-electric materials such as barium strontium titanate

© 2009 by Taylor & Francis Group, LLC



3.2 Metamaterials with negative magnetic permeability 111

(Bag.6Sr0.4Ti03) have dielectric constants of a few hundreds with very small
loss tangents of less than a percent (Sengupta 1997) at Gigahertz frequencies.
At much higher frequencies, there are polaritonic crystals such as LiTaOsg,
whose polaritonic resonance occurs at about 26.7 THz (Yannopapas and Mo-
roz 2005), and the material has a large permittivity just below the resonance
frequency.

Similarly, spheres of large dielectric permittivity can also be utilized to
construct metamaterials of negative magnetic permeability via the magnetic
Mie resonance. The effect in this case is intrinsically three-dimensional and
this approach can easily be utilized to obtain an almost isotropic response.
Consider a simple cubic crystal of periodically arranged spheres made of a
polaritonic material. At the conditions for the magnetic Mie resonance, each
sphere essentially behaves as a magnetic dipole. If there is not much loss
of flux (depolarizing fields), one can imagine magnetic flux tubes running
along the linear arrays of such magnetic dipoles formed. Then the description
becomes almost analogous to the earlier situation of long cylinders with the
magnetic flux along the cylindrical axis.

Even if the arrangement of the spheres did not satisfy these conditions,
one can homogenize a system of such spheres accurately for small enough
filling fractions (f). Counsider spheres of radius R and dielectric permittivity
of 5 embedded in a homogeneous dielectric medium of dielectric permittivity
en. The Doyle extension of the Maxwell-Garnett effective medium theory
discussed in Section 2.5.2 yields

P, 23+ 3ifay
23— Bifay’

333 +31fb1
Heft = Mhm7

where the size parameter x = kR, pup = 1, k = 27,/g,/A, and (ay,b;) are
the Mie scattering coeflicients representing the electric dipole and magnetic
dipole terms, respectively. Using this, it has been shown that the homoge-
nized effective permeability exhibits resonant features around the magnetic
Mie resonance frequency and the effective magnetic permeability is negative
for spheres with €, = 100 and of size S = 0.5ag where ag is the first nearest
neighbor distance on an fec lattice (Yannopapas and Moroz 2005). Photonic
band structure calculations also confirmed the presence of a frequency band of
negative magnetic permeability. The result for the effective medium parame-
ters is shown in Fig. 3.14. In addition, Holloway et al. (2003) showed that a
system similarly comprising of magneto-dielectric material has a similar neg-
ative magnetic permeability frequency band near the magnetic Mie resonance
frequency. Note that the systems give the possibility of obtaining both nega-
tive effective dielectric permittivity as well as negative effective permeability,
but at different frequencies as should be expected. By mixing different sized
spheres, in principle, one could obtain both effective medium quantities to be

© 2009 by Taylor & Francis Group, LLC



112 Designing metamaterials with negative material parameters

120

(a)

ﬂeff
a~

= ]
L |

0.1 0.2 03 04 0.5
wS/c

Figure 3.14 Effective magnetic permeability (ues) and dielectric permit-
tivity (o) obtained for a three-dimensional fec lattice of spherical particles
with €, = 100 and S = 0.5a¢ as predicted by Egs. (2.63) and Egs. (2.64).
(Reproduced with permission from Yannopapas and Moroz (2005). © 2005,
Institute of Physics Publishing, U.K.)

simultaneously negative at the same frequency. This is subsequently discussed
in Section 3.3.

3.2.6 Arrangements of resonant plasmonic particles

The Mie resonances (plasmonic resonances) of very small metallic particles
can be utilized to obtain magnetic media by virtue of a geometric loop-like
arrangement of the particles (Alu et al. 2006a). The resonance frequency
is, however, determined only by the plasmonic resonance frequency, which in
turn is determined by the size and nature of the particle. The essence of this
idea is to organize metallic particles in loop-like arrangements, whereby at
frequencies near the plasmonic resonance, one can use the large displacement
currents across each particle that arise at resonance to go around the loop
and give rise to a magnetic dipole moment (Saadoun and Engheta 1992).

In fact, every plasmonic particle in itself can be considered as an LC circuit.
Consider the charge accumulation on the surface of a spherical or cylindrical
particle driven by a time harmonic field as shown in Fig. 3.15. The negative
dielectric permittivity of the metal inside makes it a capacitor with nega-
tive capacitance (or equivalently an inductance), while the positive dielectric
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Figure 3.15 A plasmonic nanoparticle can be regarded as a resonant L-C
circuit. The capacitance comes from the electric fields in the positive dielectric
medium outside, while the negative dielectric permittivity inside the particle
gives rise to an effective inductance.

Figure 3.16 Loop-like arrangements of resonant plasmonic particles can give
rise to a resonant excitation of the ring whereby the circulating displacement
current around the ring makes it appear as a magnetic dipole.

permittivity of the medium (vacuum) for the fields outside enables a finite
capacitance. Thus, all the necessary ingredients for an L-C resonance are
gathered, creating circuits with light at nanoscale, or optical nanocircuits as
proposed in Engheta (2007). The plasmonic resonance for very small nanopar-
ticles, where the quasi-static approximation is valid, can just be thought of
as due to a resonant L-C circuit. The dissipation in the metal brings in the
resistive aspect to this circuit.

In a sense, putting together several resonant particles in the above manner

© 2009 by Taylor & Francis Group, LLC



114 Designing metamaterials with negative material parameters

Max. 2650

2500
2000

1500

1000

500

-500

1 0 1 Min. -968

Figure 3.17 Response of small plasmonic nano-cylinders placed on a ring of
larger radius to excitation by a line source placed at a distance of 1.2A. The
gray scale shows the magnetic field that is large and confined inside the ring.
The arrows show the electric field that goes around in the azimuthal direction.
The electric fields within the plasmonic particles is large and arises due to
the plasmon resonance of the individual particles. The resonant “magnetic”
excitation of the ring occurs at the same frequency as the plasmon resonance
of the individual cylinders.

is an extension of the idea of the split ring resonator with N-splits. The
resonance frequency in this system is, however, determined by the plasmonic
resonance of the individual particles and not by the size of the ring. In the
limit of small size of the particles, the resonant surface plasmon excitation of
each particle dominates over the interaction of the particles and determines
the resonance frequency.

Consider next a system of N spherical plasmonic particles of radii a, ar-
ranged symmetrically on a circle of radius R as shown in Fig. 3.16 (Engheta
2007). One can determine the induced magnetic polarization without excit-
ing any electric polarization by considering the excitation by N-symmetrically
incident plane waves with the magnetic field along the normal to the loop (Ishi-
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maru et al. 2003, Alu et al. 2006a):

elknr (3.70a)

M=
z| 5

E=¢

Il
A

n

H=: elknr, (3.70b)

M=
z| =

n=1

where k,, = 7ky, Fo = —+/p/epHo, and ky, is the wave-number in the embed-
ding medium. This is a convenient way of isolating the magnetic response and
is equivalent to considering a spatially constant magnetic field in the quasi-
static limit. In the far-field limit, it has been shown that the scattered waves
by such an arrangement are given by

dA)ing’R exp[ikyr] s

E=- 0 .71
Smes in6, (3.71a)
A N E3 ik
H=10 /&@Mmm 0, (3.71b)
Uy 8mey r

where p is the induced electric dipole moment per particle in the loop. It can
immediately be deduced that the above fields correspond to those radiated by
a magnetic dipole of strength

m = —é%pNR. (3.72)
Each loop is therefore equivalent to a resonant magnetic dipole and we have
an array of resonant magnetic dipoles.

The resonant response in a system of similar cylindrical plasmonic particles
excited by a line source placed at a point about a wavelength away from the
loop is shown in Fig. 3.17. The calculations were carried out by the Finite
Element Method. An enhanced magnetic field in the interior of the loop and
the polarization of the individual nanoparticles in the azimuthal direction can
be clearly seen. In fact, the resonant field enhancement is so strong inside the
loop that the fields of the exciting source are barely discernible in the figure.
In the effective medium limit of small loop radius compared to the wave-
length, one obtains a Lorentz-like dispersion of the magnetic permeability.
Note that these loops also contribute to the effective dielectric permittivity of
the medium. For electric fields in the plane of the loops, the net dipole mo-
ment can be taken to be the sum of the individual dipole moments induced on
each nanoparticle. The effective magnetic permeability and dielectric permit-
tivity calculated for a system of plasmonic nanoparticles (silver nanospheres
of 16 nm radius) are shown in Fig. 3.18. For nanoparticles made of good
metals such as gold, silver or potassium, one can obtain a negative magnetic
permeability in a frequency band above the plasmon resonance frequency.
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Figure 3.18 Dispersion in the effective medium parameters (u, €) for a meta-
material consisting of loop-like units of plasmonic nanoparticles. For the figure
shown, the metamaterial unit consists of six silver plasmonic nanospheres of
radius 16 nm which are arranged on a circle of radius 40 nm. The number
density of such loops is (108nm)~3. Reproduced from (Al et al. 2006a) with
permission (© 2005, Optical Society of America, 2006.

3.2.7 Isotropic magnetic metamaterials

Most of the designs previously discussed for the realization of a magnetic
activity are anisotropic: the effective medium was magnetically active only
for electromagnetic waves that were polarized so that the magnetic field was
normal to the plane of the SRR (along the cylindrical axis) for example.
In that regard, the medium is characterized as being uniaxial. In fact, the
structure based on the two-dimensional cylinders appears as a plasma medium
to waves with the electric field polarized along the cylindrical axes due to the
ability of the metallic cylinders to conduct currents in the axial direction.
Thus, stacking cylindrical structures along the three axes would not result
in a more isotropic magnetic response, but the medium would appear to be
more like a plasma. To design more isotropic structures it is imperative to
break the continuity along the axial directions. One simple solution would be
to have planar SRR structures deposited on a substrate in arrays as shown in
Fig. 3.19 and the arrays can be stacked up in the vertical direction, with the
SRRs arranged one above the other. This would break the continuity along the
vertical direction and the discrete rings arrayed in the vertical direction would
mimic the action of a cylinder confining the magnetic flux inside them. Upon
arranging the planar SRR arrays along the three orthogonal directions, one
would create interleaving orthogonal planes of SRR which would render a more
isotropic response. The respective SRRs would respond to the components of
the exciting magnetic field along all three orthogonal directions.

In order to work, the stacking distance should be small enough such that
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Figure 3.19 Left: Planar SRR stacked in the axial direction to mimic a
continuous cylindrical SRR. The flux lines are confined in a quasi-solenoidal
manner for small stacking distances. The figure also shows the possibility of
fringing fields escaping the “flux tube” and contributing to the depolarizing
field. Right: Planar SRRs arrayed in the plane. The planes can be stacked
along the three orthogonal directions with care taken to ensure stacking of
the SRRs in the axial direction (as in the left) and a three-dimensional SRR
medium that displays a magnetic response can be made.

one can assume that the flux lines are confined within the column of SRRs
along the axial (magnetic field) direction. However, this stacking distance in
the axial direction is limited by the need to accommodate SRRs in the orthog-
onal directions as shown in Fig. 3.20, and hence the stacking distance can be
taken to be the periodicity a in the plane of the SRR medium. Subsequently,
there are fringing magnetic fields that escape out of the “flux tube” and the
fringing effects of the magnetic field lines are not negligible, especially when
the periodicity a is larger than the radius of the ring r.

A magnetic scatterer which consists of two orthogonal intersecting SRRs
was introduced in Gay-Balmaz and Martin (2002). This structure exhibits an
isotropic response for any wave incident on it normal to the plane of the rings.
Balmaz and Martin have discussed the various orientations of the rings and
concluded that they should exclusively intersect along symmetric points in
order to produce an isotropic response. It should be mentioned that three or-
thogonal non-intersecting SRRs would be a possible candidate for a completely
isotropic scatterer in three dimensions, but unfortunately the SRRs then tend
to have non-degenerate resonance frequencies or different Q factors. An array
of two-dimensional isotropic scatterers with random orientations can be ex-
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Figure 3.20 The unit of a three-dimensionally isotropic magnetic medium.
The figure shows six planar SRRs of finite thickness oriented along all three
orthogonal directions. By repeating the structure periodically, one generates
a three-dimensional SRR medium.

pected to behave reasonably as an effective medium with an isotropic response.
A similar crossed split ring structure for two-dimensionally isotropic media
was proposed in Chen et al. (2003). A three-dimensional magnetic medium
could, of course, be generated by randomly orienting such one-dimensional
or two-dimensional SRR units, but this would be at the cost of reducing the
filling fraction of the system. Consequently, the dispersion in the resulting
effective isotropic medium might not be large enough to generate a negative
magnetic permeability. A novel method to produce three-dimensionally ori-
ented SRR arrays has been demonstrated recently (Islam and Logeeswaran
2006). The method consists of lithographically patterning the SRR on a bi-
layer film and the residual stresses in the bilayer can then be used to curl up
the patterned SRR out of the plane along a patterned weak hinge. The angle
at which the SRR sticks out of the plane is determined by the thickness and
the materials of the bilayer.
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Finally, note that while the proposal of O’Brien and Pendry (2002) to use
cylinders of high dielectric permittivity materials results in an anisotropic
magnetic medium, the use of magneto-dielectric spheres (Holloway et al. 2003)
or dielectric spheres of large permittivity (Yannopapas and Moroz 2005) re-
sults in a medium which is intrinsically three-dimensional and reasonably
isotropic in the effective medium limit. This idea has been recently pushed
to its second iteration by proposing a meta-metamaterial, a superstructure of
metamaterials (Rockstuhl et al. 2007). In the first iteration, metal nanopar-
ticles are densely packed in order to create a Lorentz resonance response in
the permittivity. The metamaterial thus created is then shaped into spher-
ical units which exhibit Mie resonances due to the excited magnetic mode.
Therefore, in the second iteration, the metamaterial spheres are organized in
a cubic lattice in order to create a meta-metamaterial, whose permeability
exhibits a strong resonance in the visible spectrum.

3.3 Metamaterials with negative refractive index

Section 5.1 provides a rigorous justification to the fact that a medium with
simultaneously Re(e) < 0 and Re(y) < 0 can be characterized by a nega-
tive index of refraction. These considerations can be extended to anisotropic
structures as well when Re(e) < 0 and Re(u) < 0 apply to the corresponding
directions of the electric and magnetic fields, respectively, of the electromag-
netic radiation (see Chapter 5 for more details). Although it is easiest to con-
ceptually understand the negative refractive index of a medium as Re(g) < 0
and Re(u) < 0, it is perhaps not as fruitful to literally implement media in the
same manner. For example, if one tries to embed magnetizable SRR inside
a good uniform metal with € < 0, one would not obtain a negative refractive
index medium for the simple reason that the electromagnetic radiation just
cannot penetrate into the metal and get the SRR to respond. Furthermore, a
uniform metal everywhere would not allow the independent existence of the
SRR or would just short out the SRR. Restated very simply, one requires a
structure into which the radiation penetrates sufficiently and the structure
would need to have resonances that can be independently driven by the elec-
tric field and the magnetic field. In addition, the presence of the resonant
dielectric units should not interfere with the functioning of the resonant mag-
netic units themselves. Only by penetrating inside the structure does the
radiation excite the resonances that give the medium its effective properties.
Consequently, the medium would need to have closely spaced dielectric and
magnetic resonances such that the frequency bands of negative dielectric per-
mittivity and negative magnetic permeability overlap, in principle producing
a negative refractive index.
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One way of understanding how the separated electric and magnetic resonant
elements interact with the wave is to imagine a body-centered cubic lattice
with an electric dipole placed at one corner of the cubic and a magnetic dipole
placed at the body center. In the presence of only one of these elements, the
polarization in the medium screens out the incident radiation in the negative
parameter frequency band. This happens due to the anti-phased response
for either the electric field or the magnetic field. However, in the presence
of both the electric and magnetic dipoles, the anti-phased response to both
the electric and magnetic fields results in a propagating mode, although one
with negative phase velocity. Combining the dispersions for the plasma-like
dielectric medium and a resonant magnetic medium, we get
(w? — wp)(w? —wi)

k* = cpw?/c? =
2 — D)

: (3.73)

where w, and w,, are the electric and magnetic plasma frequencies, respec-
tively, and wy is the magnetic resonance frequency (wn, = wo/v/1— f). An
illustration of the frequency dependence of the permittivity, the permeability,
and the index of refraction (directly related to the wave-number), is shown in
Fig. 3.21. If wy, is the largest of them, then we obtain a pass band in the region
wo < w < Wm, which is referred to as the negative index band. Thus, in order
to obtain a negative refractive index the presence of vacuum in which the res-
onant structures are embedded is essential. The negative medium parameters
should all be considered to be effective medium parameters only. One can-
not assume a uniform ¢ and p due to one of the structures and calculate the
response of the other structure. It is essential that each structure functions
independently as if the other structure were absent. This places restrictions
on how to build the interleaving isotropic metamaterials as one has to find
essentially “null” points for one structure where the other structure can be
placed so that the fields of one interfere with the other only minimally.

3.3.1 Combining the “electric” and “magnetic” atoms

The first medium with an effective n < 0 was reported in Smith et al. (2000),
obtained by combining in a composite metamaterial the thin wire medium
(which gives ¢ < 0) and the SRR medium (which gives ¢ < 0) in which
the normal of the SRRs was orthogonal to the wire direction. Admittedly
it is not obvious that the composite metamaterial thus created would have
a negative index of refraction n as the wires might interfere with the func-
tioning of the SRR and vice versa, but the calculations and experimental
measurements (Smith et al. 2000, Shelby et al. 2001a) were very sugges-
tive of a real negative refractive index. The uniaxial composite obtained,
shown in Fig. 3.22(a), consisted of wires of 0.8 mm thickness and SRRs with
wo = 4.845 GHz. The numerical calculations showed that if thin wires are
introduced into an SRR medium, a passband appears within the bandgap of
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Figure 3.21 Evolution of the permittivity (&), permeability (u), and index of
refraction (n) for a typical lossless Drude and Lorentz medium. The frequency
axis has been normalized to the dielectric plasma frequency. Note how the sign
of Real(n) is negative where ¢ < 0 and p < 0, and the presence of bandgaps
where only one parameter is negative.

negative p for radiation with the electric field along the wires and the mag-
netic field normal to the plane of the SRR. The computations suggested that
the thin wires and the SRRs functioned independently and the composite
metamaterial exhibited a passband with a negative refractive index. Typi-
cal experimental results on the transmission through waveguides filled with
a medium of thin wires, a medium of SRRs only, and a composite medium
with both thin wires and SRR are shown in Fig. 3.22(b): at the frequencies
corresponding to the stopband due to a negative p of the SRRs, an enhanced
transmission appears when thin wires are introduced in addition to the SRR.
These experimental results have often been cited as proof that the medium in-
deed exhibits a negative refractive index, although in reality, the only appear-
ance of the transmission band could be due to a positive index of refraction
as well, produced by the strong interaction between the wires and the SRRs.
In order to clarify the remaining uncertainties, it was shown (Shelby et al.
2001b) that a prism made of such a composite metamaterial indeed refracted
microwaves in the opposite direction of the normal compared to a prism of
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(a) Photograph of the composite thin (b) Transmission across a sample of

wire arrays and SRRs that exhibits a SRRs (dotted line) and across the com-

negative refractive index (Smith et al. posite of thin wire arrays and SRRs

2000). (Courtesy of D. R. Smith.) (solid line). Data taken from Smith et al.
(2000).

Figure 3.22 [Illustration of a metamaterial and its passband properties.
The enhanced transmission within the negative p band visible in case (b) is
interpreted as evidence of negative refractive index.

positive refractive material such as teflon.¥

Similar experiments were conducted with large samples in free space (Paraz-
zoli et al. 2003, Greegor et al. 2003) where both the transmission and reflection
were measured, and the absorption was found to be small enough to unam-
biguously demonstrate the negative refraction effect, with results consistent
with calculations. These experiments have unequivocally demonstrated the
existence of negative refractive index in the SRR-thin wire composites.

In order to understand the functioning of the SRR-thin wire composite,
one notes that as long as the thin wires are not placed in regions where the
highly inhomogeneous magnetic fields associated with the SRRs are present
(along the axis of the SRR) and the SRR planes are placed such that they
are at the points of symmetry between the wires (where the magnetic fields
associated with the wires are minimal), the interference can be much reduced.
Also note that the magnetic fields due to the wires fall off rather rapidly
with distance from the wires and do not affect the SRRs significantly. As a
result, the quasi-static responses derived previously for € and p remain valid
in the negative refractive index band, and the SRRs along with the thin wires
function independently as if located in vacuum. Nonetheless, the relative
placement of the various components is crucial and might account for the
differences reported in numerical and experimental data.

9 This is due to the fact that radiation refracts to the other side of the normal at the
interface between positive and negative media, as explained in details in Section 5.2.1 and
Section 5.3.2.
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Using alternating layers of polaritonic spheres and plasmonic spheres as the
basis of a negative refractive index medium has been proposed by Yannopapas
and Moroz (2005). The large permittivity dielectric spheres enable negative
magnetic permeability as discussed in Section 3.2.5 and plasmonic spheres
give rise to a resonant Lorentz dispersion for the dielectric permittivity. The
negative refractive index material thus realized is potentially a truly sub-
wavelength structure with a wavelength-to-structure ratio as high as 14:1 at
frequencies where polaritonic materials are available such as at middle in-
frared frequencies. It should also be noted that the loop-like arrangements of
plasmonic nanoparticles that give rise to the negative magnetic permeability
can themselves give rise to a negative refractive index if properly combined
with a dielectric resonance (Al et al. 2006a).

Note again that it is easier to fabricate anisotropic metamaterials with the
magnetic permeability or the dielectric permittivity negative only for fields
applied along certain directions. More isotropic designs necessarily involve
interleaving orthogonal planes of SRR and thin wires (cut-wires). Designing
and implementing a truly isotropic metamaterial that has a negative refractive
index as well is a formidable design challenge. It is therefore very advantageous
when the same structural unit can provide both the negative permittivity and
the negative permeability as in the case of Alu et al. (2006a). However, these
units have the same problems of anisotropy as those based on the more stan-
dard SRR. The proposals of Yannopapas and Moroz (2005) to use polaritonic
and plasmonic spheres and that of Holloway et al. (2003) to use magneto-
dielectric spheres also yield an intrinsically three-dimensional negative index
medium. Although these proposals for isotropic negative refractive index ma-
terials are very attractive, for the moment they remain limited to microwave
to mid-infrared frequencies due to the difficulty of finding dielectric media
with very large dielectric permittivities at optical frequencies.

3.3.2 Negative refractive index at optical frequencies

The refractive index is a quantity that is usually and intimately associated
with optical phenomena. Shortly after the demonstration of a negative refrac-
tive index phenomenon at microwave frequencies, the research trend quickly
focused on obtaining negative refractive index metamaterials at optical fre-
quencies, where many of the novel phenomena can actually be “seen.” Since
2005, there have been claims of successful implementations of such metama-
terials (Grigorenko et al. 2005, Dolling et al. 2006b, Shalaev 2007) and we
devote the coming section to their description and to the study of their limi-
tations. In addition, we also note that many of the metallic metamaterials at
optical frequencies exhibit plasmonic resonances and negative phase velocity
bands.

As explained in Section 3.2.4, it is not straightforward to scale up the per-
formance of split ring resonators or cut wire media to optical frequencies.
The plasma-like aspect of the metal begins to dominate over the Ohmic na-
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ture and the inertial inductance due to the finite electronic mass prevents a
straightforward scaling to optical frequencies by simply reducing the size of
the metamaterial units while keeping all other aspects fixed. A more fruit-
ful approach seems to be to reduce the series capacitance by including more
capacitive gaps which would then increase the resonant behavior to higher
frequencies.

However, simply reducing the capacitance by adding more series capacitors
while keeping the overall geometric size and the periodicity as well as other pa-
rameters fixed brings in another problem. As the resonant frequency increases,
the ratio of the geometric size of the metamaterial units (or the periodicity)
to the wavelength in the medium becomes larger (a/A — 1) and homogeniza-
tion becomes increasingly questionable. As a/\ increases, the electromagnetic
wave begins to discern the underlying structures of the metamaterial and, as
a first effect, spatial dispersion appears. At even larger ratios of a/\, the ho-
mogenization hypothesis itself breaks down and the average effective medium
parameters lose their significance. Bragg scattering becomes more important
and the system is better described in terms of the photonic band structure as
introduced in the next chapter.

One could, however, wonder what prevents us from simply scaling down the
sizes of the metamaterial resonant units as well while decreasing the overall
capacitance of the system? For example, an operating frequency of about
200 THz would be obtained with the SRR considered in Section 3.2.4 with
a unit cell size of ¢ = 300 nm, an overall SRR dimension of about 180 nm,
metallic sheets of uniform thickness D = 24 nm, and a separation d. = 24 nm
defining the capacitance in the structure, as shown in Fig. 3.12. While very
small and difficult to fabricate, these dimensions are just within reach of ex-
perimental fabrication abilities by present-day high resolution electron lithog-
raphy, focused ion beam etching or colloidal lithography. Since significant
reductions of the dimensions from these numbers would render the design
impractical for physical implementation, we only consider dimensions of this
order for the metamaterial designs for high frequency operation. This implies
a ratio a/\ ~ 0.5 for a wavelength of A = 600 nm, indicating that the homog-
enization hypothesis is not reliable. This order of magnitude is typical of all
the experimental implementations at optical frequencies thus far. While there
are slightly simpler designs for metamaterials such as the plasmonic nanopar-
ticles placed on nano-sized loops of Alu et al. (2006a),H we consider those also
as extremely difficult to implement except by some self-assembly techniques.
In that case, the inherent disorder that occurs in the fabrication also reduces
the effective filling fraction of the system and weakens the resonant nature of
the system.

Let us consider the SRR made of silver with four splits for operation at

HTypical sizes for optical frequency would have a radius of the ring of 38 nm, a nanoparticle
size of 16 nm, with four particles symmetrically arranged on the ring.
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Figure 3.23 Three possible variations of the SRR with four capacitive gaps.
SRR (b) and (c) have the same dimensions but are only rotated by 90° with
respect to the incident electric field.

telecommunications frequencies discussed in Section 3.2.4. The operating fre-
quency was deliberately kept low by embedding the SRR in a dielectric with
€ = 4 and enhancing the capacitance of the SRR. This way, a respectable ratio
of a/\ ~ 1/6 was maintained and one could just about accept the validity of
homogenization and effective medium parameters. Subsequently, let us con-
sider the different ways of placing the splits on the rings which are embedded
in a dielectric as shown in Fig. 3.23 (a-c). In each case, the inductance and
capacitances (except for the self capacitance) are similar and the net induced
electric dipole moment on the rings should be zero in the quasi-static limit.
The three systems are expected to behave similarly except for, perhaps, small
changes in the resonance frequencies. In fact, designs (b) and (c) just differ in
the relative orientations with respect to the electric field of the incident radia-
tion. In Fig. 3.24 we show the effective magnetic permeability calculated from
the reflection and transmission coefficients obtained by transfer matrix calcu-
lations for slabs of four layers thickness made out of the three structures. The
values obtained experimentally for the bulk dielectric permittivity of silver
have been used in the computations. We see that there are significant differ-
ences in the effective medium parameters obtained for the three structures.
For example, compared to the original SRR (a), we see that the SRR (b) has
a smaller bandwidth of negative p and a smaller modulation in the values of
the permeability (Re(tmin) ~ —2). In the case of SRR (c), however, a larger
bandwidth of negative p is obtained along with a deeper modulation of the
band (Re(tmin) ~ —3.5). The relative orientations of the SRR capacitive
gaps to the electric field therefore appear to induce significant differences in
the behavior of the metamaterial. This rather unexpected phenomenon arises
because of the significant phase shifts of the radiation across a unit cell that
can arise in these metamaterials where homogenization is barely viable. The
electric field can also drive currents around the loop due to the differences in
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the phase at different points on the SRR so that the differences that arise in
the behavior only depend on the number of capacitive gaps across which the
electric field can drive currents: two in the case of SRR (a), none in the case
of SRR (b), and four in the case of SRR (c). This implies that if the electric
field can reinforce the currents being driven by induction due to the magnetic
fields, one could obtain a larger effect.

This description of the SRR medium as a homogeneous effective medium al-
ready shows signs of inaccuracy in our example. To a first approximation, the
electric field can also participate in driving currents around the loop. Actually
there are two resonances for the electric field in the problem: one, where the
electric fields drive currents in the same direction down the legs on opposite
sides of the SRR (a symmetric resonance), and another, where the electric
fields drive oppositely oriented currents down the legs on opposite sides of the
SRR (an anti-symmetric resonance). The antisymmetric resonance reinforces
the inductive action of the magnetic field and conversely the possibility of
having charge distributions on the capacitive gaps allows the electric field to
couple strongly to the anti-symmetric resonance.

Next we take the logical step of removing the dielectric in which the SRR
are embedded and consider the SRR to be in vacuum: the resonance should
then occur at visible frequencies (far-red). Fig. 3.25 shows the band-structure
calculated for two-dimensional SRR for P-polarized light (TM-modes). It is
clear at first sight that the behavior in the three cases are extremely different.
Most importantly we should note that in the case of SRR (a) and SRR (c),
when the electromagnetic radiation can interact with the charge distributions
across the capacitive gaps, propagating bands appear where the real part of
the wave-number and the imaginary part of the wave-number have opposite
signs — the real and imaginary parts of one wave-number are plotted in the
same color (black or gray). In other words we have negative phase velocity
bands** due to closely spaced electric resonance and magnetic resonance. For
SRR (b), when the electric field cannot directly drive the charges across the ca-
pacitive gaps, we obtain a bandgap instead. It is seen that the SRR in this case
is just acting as a system of resonant electric dipoles with a negative dielectric
permittivity. If one alters the capacitance of the SRR, this bandgap moves
up or down in frequency depending on whether the capacitance is smaller
or larger. For example, removing the middle (smaller) legs of the SRR (b)
causes the bandgap to move up to 1.8 eV energies due to the reduced capac-
itive area of interaction between adjacent SRR cells. The photonic bandgap
due to Braggscattering is in the range of 1.9 to 2 eV (see Fig. 3.25, bottom
left). Note that the larger number of capacitive gaps with which the electric
field can interact in SRR (c) causes a larger bandwidth for the negative phase
velocity. Another interesting aspect it that the negative phase velocity bands

**In these solutions, the Poynting vector decays along the positive direction and hence the
imaginary part of the wave-vector should be positive.
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Figure 3.24 Effective magnetic permeability calculated from the reflection
and transmission coefficients of layers made up of the three SRR structures
(a, b and c) and the incident electromagnetic radiation shown in Fig. 3.23.
Although the three should be equivalent in the quasi-static approximation,
the orientation of the electric field relative to the capacitive gaps affects the
response considerably.

of SRR (a) and (c) could have a positive or negative group velocity. These
calculations confirm the experimental observations by Dolling et al. (2006b)
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Figure 3.25 Band structure diagrams for the two-dimensional lattice of the
three SRR structures made of silver and in vacuum with the incident elec-
tromagnetic radiation shown in Fig. 3.23. SRR(a) and SRR(c) have negative
phase velocity bands while SRR(b) has only a bandgap corresponding to ¢ < 0
at similar frequencies. The bottom panel (left) shows the band structure for
the two-dimensional lattice of SRR(b), but with the middle shorter stubs
removed. The bandgap at about 1.95 eV is due to Bragg scattering. The
bottom panel (right) shows the band structure for the two-dimensional lattice
of SRR(c), but with the middle shorter stubs removed. The two plate-pairs
have remarkably different band structures.
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of all combinations of positive and negative phase and group velocities at dif-
ferent frequencies in similar fish-net structures described later in this section.
In fact, the shorter middle stubs can be removed in SRR (c¢) to produce a
negative phase velocity over a much larger bandwidth (see Fig. 3.25, bottom
right) — the origin of the electric resonance is the plasmonic resonance of the
remaining plates of the SRR. This system is, in fact, essentially a plate-pair
system which is the two-dimensional analogue of the wire-pairs in three di-
mensions proposed and demonstrated by Shalaev et al. (2005) which had an
effective negative refractive index of about —0.2 at a wavelength of 1.5 pum.

Tempting as it is to attribute the above behavior of negative phase veloc-
ity to negative refractive index, note that at these photon energies of about
1.4 eV (~870 nm) the ratio of a/\ ~ 3 and homogenization is hardly valid.
We should refrain from proposing effective media parameters for such a sys-
tem and calling it a negative refractive index medium, which is the reason
why we do not present equivalent medium parameters for this system. How-
ever, the negative phase velocity band properties depend only on the localized
resonances of the structure and not on the periodicity. To demonstrate this,
we present a calculation based on the Finite Element Method in which a slab
of such SRR is used as a flat Veselago lens to image sources as explained in
Chapter 8. The imaging of two point sources is shown in Fig. 3.26 through
a periodic slab of SRR and a disordered slab of SRR with even a ring miss-
ing. We can see that the imaging action is quite robust against the disorder
and two images are clearly formed. This last example makes it clear that the
origin of negative refraction in this system depends crucially on the localized
resonances of the SRR system and is not due to band structure effects (as
discussed in Chapter 4).

The behavior of the SRR medium is illuminative and enables us to clearly
understand the nature of the negative phase velocity bands at optical frequen-
cies. It clearly shows the increasing role of the electric field in the excitation
of the plasmonic resonances of the SRR at high frequencies, and how the sin-
gle structure can have both closely spaced electric and magnetic resonances.
This is the origin of the negative phase velocity bands. However, the two-
dimensional cylindrical structures discussed above are not easily fabricated
by conventional deposition and etching techniques. The excitation of the pla-
nar SRR structures, which are amenable to fabrication by such conventional
techniques, involves radiation incident along the plane with the magnetic field
polarized normal to the SRR structures. This is rather difficult experimen-
tally. To avoid this, a double-layered fish-net structure with thin wires running
along one direction and thick plate-like structures in the orthogonal direction
has been proposed in Zhang et al. (2005a). Here the incident radiation would
be normal to the plane of the fish-net with the electric polarized along the
thin wires. The magnetic field induces a resonance across the plates in the
two layers and thus the structure can show an effective negative refractive
index. This fish-net structure has been implemented at both telecommunica-
tion frequencies (Dolling et al. 2006a;b) and at optical frequencies, and shows
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Figure 3.26 Left: Imaging of two point sources by a finite slab of period-
ically placed SRR(c), which acts as a Veselago lens. Right: Imaging of the
two sources by a slab of disordered SRR(c) demonstrating that the effect does
not depend on the periodicity of the system. The magnitudes of the magnetic
field along the SRR axis is shown in gray scale while the streamlines show the
Poynting vector. The focusing action is clear despite the very small transverse
width of the slab — the energy concentrates transversally at the location of
the images. The images are present very close to those locations predicted for
the Veselago lens.

a rich variety of phenomena including those described above for the SRR
structures. However, these structures also have a ratio of a/A ~ 3 and suffer
from the same limitations set by the criteria of homogenization. It would
not be rigorously correct to term these as effective negative refractive index
media. Only the loop-like structures of Al et al. (2006a) have a small enough
ratio of a/\ ~ 10 and are amenable to homogenization when the magnetic
permeability and the dielectric permittivity are both negative in a common
frequency band. Most of the other metamaterials proposed for optical oper-
ation so far either are not homogenizable or depend on inter-particle (unit)
interactions for their operation. In principle, a metamaterial that depends
on inter-particle interactions is not likely to be robust against disorder and
cannot be recommended at nano-metric sizes where considerable disorder is
almost unavoidable.
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3.4 Chiral metamaterials 131

3.4 Chiral metamaterials

Optical effects with molecular chiral media, particularly the rotation of the
plane of polarization for linearly polarized light upon reflection or transmission
from a chiral medium, are well known since the times of Pasteur and Fara-
day. The idea of having chiral inclusions to affect wave properties is not very
new either. Tt Chiral media, however, are interesting by themselves because
they break time reversal symmetry for an electromagnetic wave propagating
in them and have a sense of handedness. Usually the chirality of natural me-
dia is not very strong and the corresponding effects on radiation are weak.
Metamaterials, however, yield an opportunity to strongly and resonantly en-
hance the chiral properties via chiral scatterers. Chiral metamaterials are
not necessarily built up from intrinsically chiral materials but rather derive
their chiral properties from the chiral geometric structure of the metamate-
rial units. For example, the breaking of time reversal symmetry for light has
been demonstrated using a planar metamaterial consisting of a single layer of
metallic particles with chiral shapes (Schwanecke et al. 2003).

An impetus to the development of chiral metamaterials came with the re-
alization that one of the circularly polarized states of light could experience
a negative refractive index under suitable conditions (Tretyakov et al. 2003,
Pendry 2004a, Monzon and Forester 2005). Consider the following bi-isotropic
constitutive relations in a chiral medium:

D = ¢¢cE —i(¢/c)H, (3.74a)
B =i(¢/¢)E + pouH. (3.74b)
The above constitutive relations are reciprocal and £ in general is a complex

function of the frequency that also satisfies the Kramers-Kronig relations (see
Egs. (1.9)). The dispersion for a plane wave in this medium is given by

by = (VERE /e, (3.75)

and the two different dispersions correspond to the two circular polarized
states of light. The different polarizations feel different material parameters:

gis<1i\/;u>, ;&u(li\/;u)- (3.76)

Consequently, if € or p becomes small or zero (as it happens near the plasma
frequency), it is clear that the phase vector would be negative. The energy
flow on the other hand is determined by the impedance for the wave and is

TtWe refer the reader to Lindell et al. (1994) for the basic ideas and an account of earlier
work on bi-isotropic and chiral media.
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Figure 3.27 Left: band structure for light in a medium of resonant dipoles.
There is a bandgap just above the resonance frequency. Right: band-structure
for light in a chiral medium containing resonant dipole particles. The bands
split for the two circular polarizations shown as black and gray lines. Just
above the bandgap, one obtains a narrow band within which the phase vector
and the group velocity have opposite directions for one of the helicities.

given by Z = 1/ /e in the case of reciprocal media, and is positive regardless
of the choice of the branch. Such anti-parallel directions of the wave-vector
and the energy flow are a typical sign of negative refraction. Note that this
would also imply that the system would be able to support surface plasmon
waves of a chiral nature and that these surfaces states should enable the
perfect lens effect via amplification of the evanescent waves for one circular
polarized state of light (Jin and He 2005).

Such a scenario can easily be realized by embedding electric dipoles in a
chiral medium (assumed non-dispersive for the time being) (Pendry 2004a),
in which case the dielectric permittivity is given by a Lorentz form (see
Eq. (1.15)). The resulting dispersion for the two branches is plotted in
Fig. 3.27. As € goes through a zero, one clearly sees that there is a small
frequency band where the phase vector is negative. This negative refractive
index band in chiral media gives another possibility to have negative refractive
index without developing a metamaterial that has both the ¢ and u negative.
Interestingly, there is a cross-over point (k = 0) in the bands where the group
velocity (Ow/0k) is non-zero while the phase velocity is zero. Actually this re-
versed phase vector and the energy flow were noted much earlier by Engheta
et al. (1992) in the context of a dispersive chiro-plasma.

In the previous example, an underlying chiral medium where the electric
dipoles were embedded was utilized. However, it is not easy to find atomic
or molecular media with large chiral coeflicients and the band with negative
refraction has a very small bandwidth. Hence it would be better to have
a metamaterial that contributes to the chirality as well. A variant of the

*See Chapter 8.
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Figure 3.28 Left: chiral particle made by rolling up a strip of metallic sheet.
Right: simple chiral loop-like particle. These particles have the property of
bi-isotropic chirality along the axis.

Swiss roll where a strip of metal rolled up at an inclined angle to make a
chiral structure (shown in Fig. 3.28, left) was considered in Pendry (2004a).
It was shown that one could enhance the magneto-electric coupling due to
the enhanced inductance in the system (the factor of N rolls contributes to
this). A three-dimensional array of such rolled-up metallic strips was shown
to have a band of negative refraction for one of the circular polarizations. To
understand this effect, consider for simplicity the simpler chiral loop made
of a metallic wire shown in Fig. 3.28, which has been well studied in the
context of chiral antennas (Tretyakov et al. 1996; 2005). This chiral particle
has a dielectric polarizability for electric fields applied parallel to its axis, but
simultaneously generates a magnetization by virtue of the circular current in
the loop. Similarly, the particle has a magnetic polarizability for a magnetic
field applied along its axis which induces an electromotive force and currents
around the loop, but simultaneously develops an electric polarization along
the axis, as the currents cannot complete the circuit around the loop due to
the gap. Thus, in these systems of chiral particles, there is a simultaneous
excitation of the electric, magnetic, and chiral resonances. Usually, there is
a hierarchy (Tretyakov et al. 2005) of the dielectric (), chiral (aepm), and
magnetic (mm) polarizabilities of such particles with aee > Gem > Qunm.
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Typical resonant forms for these polarizabilities are (Tretyakov et al. 1996):

A,
ee — . 5 3.77

Qe wi —w? —iw (3.772)

Ac
Qem = D) 2(“) . 5 (377b)

wg —w? —iyw
Aw?

L | A— (3.77¢)

W —w? -’

where A, A,,, and A, are some constants depending on the geometry of
the particle and wqg is the resonance frequency of the particle. Hence one
can use these polarizabilities for a randomly oriented ensemble of such chi-
ral particles and calculate the effective medium parameters within, say, the
Maxwell-Garnett homogenization approach. It has been shown in Tretyakov
et al. (2005) that such an ensemble can have a negative refraction band for
one circularly polarized state in a narrow region of frequencies just above the
bandgap.

3.5 Bianisotropic metamaterials

The previous sections have presented some geometries of split-ring resonators
that achieve a negative permeability at some frequencies. The literature con-
tains many more designs, creating too long a list to be discussed exhaustively
here. Nonetheless, all the designs present one important similarity: they
contain a ring-like structure around which a current can flow, but they also
contain an interruption (a gap) in the metallization of the ring, so that the
conduction current flow is interrupted (the current loop can be closed by dis-
placement currents, which introduce a capacitive coupling). These structures
therefore present some analogies with three-dimensional helical structures,
which are known to exhibit chiral properties already discussed. An important
difference, however, is that the split rings within metamaterials are usually
two-dimensional [a three-dimensional ring has been nonetheless proposed and
analyzed in Gay-Balmaz and Martin (2002)], so that the isotropy of the chi-
rality is lost, and is reduced to a bianisotropy (Saadoun and Engheta 1992).
Mathematically, this implies that the magneto-electric coupling terms in the
constitutive relations of Eq. (3.74b) change from being scalar to being tensors
in which only specific components are non-zero. An example of bianisotropic
medium is provided in Egs. (2.101). Physically, the loss of isotropy requires
all the constituents to be arranged in an ordered manner so as to exhibit
a collective macroscopic effect, unlike chiral constituents which can be em-
bedded randomly in a host medium (Sihvola 2000). Metamaterials, which
exhibit helical microstructures regularly organized in space (which does not
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Figure 3.29 Illustration of various incidences of electromagnetic radiation
on a split-ring resonator that do or do not induce a bianisotropic response.

imply periodically organized, however), are therefore very likely to exhibit
bianisotropic properties, and should be studied in detail.

Bianisotropy can be induced in split-ring resonators by a geometrical asym-
metry that creates a charge and current imbalance. Let us consider the sim-
plified single ring of Fig. 3.29 and the three incidences for the radiation shown.
The first incidence presents an electric field parallel to the two symmetric sides
of the split-ring, whereas in the approximation of thin metallizations, the cur-
rent in the perpendicular directions can be neglected. In addition, the small
size of the ring compared to the incident wavelength ensures that the varia-
tions of E; between the two sides are also negligible to a first approximation.
Consequently, the charge distribution resulting from this incidence is symmet-
ric and does not generate a circulating current. Under the second incidence
ko, the situation is different because of the break in symmetry introduced by
the gap. Within the same approximations, the charge distribution induced by
the impinging E, is asymmetric and generates a circulating current sustained
by the capacitive coupling within the gap, which in turn generates a magnetic
field. Consequently, a non-zero magnetic moment is created by the impinging
electric field. This electro-magnetic coupling is reflected by the constitutive
parameter ¢ in Eq. (2.79). Conversely, the incidence k3 presents a magnetic
field perpendicular to the axis of the ring which, in virtue of Ampere’s law,
creates a circulating current via the charge accumulation at the gap. Again
due to the presence of the gap, the resulting charge distribution is asymmetric,
results in charge accumulation about the capacitive gaps and therefore induces
an electric dipole moment. This magneto-electric coupling is reflected by the
constitutive parameter ¢ in Eq. (2.79). Note that these two effects are not
independent: the incidence ks yields a magnetic field parallel to Hg, whereas
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the incidence ks yields an incidence parallel to E;. The parameters & and
¢ are therefore not independent either, and can be shown to be related by
€ = (' in the case of lossless media (where the { sign indicates a transpose
complex conjugate) and by £ = —(7 in the case of reciprocal media (where
the T sign indicates a transpose) (Kong 2000). Note that the bianisotropic
property of the split rings of Pendry was first pointed out by Marques et al.
(2002), where an explicit form of £ is provided. This model is at the basis
of the bianisotropic parameter retrieval procedure discussed in Section 2.6.
Other examples of bianisotropic particles are the “Omega”-shaped particles
first introduced in Saadoun and Engheta (1992): the current around the loop
which makes the particle have a magnetic moment normal to the plane of the
particle and gives rise to separated charges at the ends due to which an elec-
tric dipole moment in the plane is generated. Thus, ordered arrays of Omega
particles as shown in Fig. 3.30 have a bianisotropic response. The reader is
referred to Aydin et al. (2007) for a detailed study of metamaterials composed
of small Omega particles.

The presence of bianisotropic effective medium parameters renders the
propagation of the electromagnetic wave inside the medium more complex.
However, this does not necessarily imply that bianisotropy should be avoided.
For example, an electromagnetic wave propagating through a chiral medium
(and thus through a bianisotropic medium under the proper incidence) expe-
riences a reciprocal rotation of polarization, which can be used for example
in the design of phase shifters (Saadoun and Engheta 1992). In addition,
bianisotropy can also induce a negative refraction as shown in Section 5.3.4
and, since it is easier to achieve at optical frequencies than a negative perme-
ability, it may effectively be used to generate interesting phenomena at the
higher end of the spectrum. Initial work in this direction has been proposed
in the microwave regime in Tretyakov et al. (2007) by obtaining a backward
wave material perfectly matched to free-space at normal incidence.

In some other situations, however, bianisotropy is undesirable and should
be avoided. When this is the case, the ring design should be modified accord-
ingly so as to not induce a bianisotropic response or to cancel it by inducing
two opposite responses. For example, a modified design has been proposed
in Marques et al. (2002), whereby a second ring is placed behind the first
one across the substrate after being rotated by 180 degrees. The two gaps
being in symmetric positions with respect to the overall design of the ring,
bianisotropy effects are drastically reduced. Alternative designs include the
inclusion of more symmetrically placed gaps (as has been used in this book)
or the total redesign of the ring, an example of which can be found in Chen
et al. (2004a), Bulu et al. (2005). When there are two symmetrical splits
present, for example, the dipole moments across opposite ends cancel each
other and one only gets a weak electric quadrupole moment. The symmetry
of the single ring with two symmetrically placed capacitive gaps renders the
design less bianisotropic and electrically less active. This was in fact the un-
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Figure 3.30 Schematic portrayal of stacked arrays of planar “Omega”-
shaped metallic particles deposited on a dielectric substrate to form a strongly
bianisotropic medium. The suggested incident directions to obtain a negative
refractive index medium are also shown.

derlying reason for which we have only considered SRR with symmetrically
placed gaps in the ring: it avoided a bianisotropic effect and allowed us to
concentrate on the magnetic effects. The bianisotropy can also be effectively
resolved, of course, by rotating adjacent SRRs with single gaps in the plane
by 180° and the corresponding electric dipole moments would cancel.

3.6 Active and non-linear metamaterials

So far, the metamaterials discussed in this chapter have been linear passive
systems. They consist of resonant structures that show large dispersion at
frequencies near the resonance frequency. All the effects including negative
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material permittivity and permeability have their origin in the fast-varying
dispersion of the material parameters in the vicinity of the resonances. Dis-
sipation invariably accompanies the dispersion in these systems and many of
the metamaterials absorb large amounts of energy, particularly at frequencies
in the vicinity of the resonance. The metamaterials primarily derive their
resonant nature due to structural resonances. The geometry of the structure
and the nature of the constituent materials of the structure determine the
resonant frequency and the dispersion properties. A variety of linear wave
phenomena in such materials have been presented in the previous chapters.

However, one would like to do much better than just achieve negative ma-
terial parameters. Although unachievable until a few years ago, negative
material parameters are almost becoming passé today. Currently, one would
like to be able to actively control the metamaterial properties by externally
applied fields, tune the resonances, and the dispersion. Metamaterials have
exceptionally large local field enhancements making them a fertile ground for
nonlinear optical effects. One can even have reconfigurable metamaterials
with external feedback. We wonder if we can compensate for dissipation and
dispersion by gain or nonlinearities and have solitonic solutions in such media.
What new effects would the dispersion in the magnetic permeability bring in?
Eventually there is the ultimate desire for complete control of the properties
of the metamaterial. Some of these aspects are briefly discussed hereafter.

It should be mentioned first that the field of nonlinear metamaterials is
still in a nascent stage. Only a small number of effects have been discovered
and discussed theoretically and very few among them have been implemented
experimentally. Hence, it actually becomes possible to give a short account of
the development in this area. In the first design for the Split Ring Resonators
in Pendry et al. (1999), it was pointed out that the intense electric fields in the
capacitive gaps would enable a large nonlinear response by embedding nonlin-
ear materials. This suggestion was later followed up in O’Brien et al. (2004)
where nonlinear bistable switching between positive and negative permeability
of the SRR at telecommunication frequencies was numerically demonstrated
using Kerr nonlinear materials. Nonlinear intensity switching of the effective
negative refractive index was proposed in Zharov et al. (2003). Lapine et al.
(2003) theoretically studied the nonlinearity of a metamaterial arising out
of diode insertion into resonant circuit configurations. The resulting nonlin-
earity in the magnetization was shown to lead to three-wave coupling in the
metamaterial at microwave frequencies (Lapine and Gorkunov 2004). An ac-
tive and controllable metamaterial switch at terahertz frequencies based on a
electrically resonant unit has been experimentally demonstrated by injecting
charges into the capacitive regions of the unit, which changes the resonance
conditions (Chen et al. 2006b). An interesting novel nonlinearity arising from
the Lorentz magnetic force on electrons in motion (v x B ~ —iwE x B) and
the consequent nonlinear second harmonic generation was demonstrated in
Klein et al. (2006a). It is important to emphasize that many nonlinear ef-
fects, particularly those that require long interaction length or time in the
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metamaterials, are marginal in the presence of dissipation. The effects that
involve smaller samples or distances, on the other hand, could be remarkably
stable against dissipation.

Dissipation seems to be the ultimate limit on the demonstrability and util-
ity of any nice effect possible with negative refractive index media. Thus, one
of the important needs of the hour is to reduce the levels of absorption in the
metamaterial. One intuitively feels that it can be achieved by embedding some
media or device that contributes to amplification in the metamaterial design.
While recognizing that the level of losses in metals is very large, particularly at
optical frequencies, one hopes to bypass this problem either by including high
gain laser media such as semiconductors or nonlinear media (through Raman
or wave mixing processes) or by improving the design of the metamaterial
constituents so as to concentrate the radiation in the embedding medium and
outside the metallic regions where maximum dissipation occurs. Note that
such strategy has already been suggested for microwave metamaterials by in-
serting lumped element amplifiers (Tretyakov 2001). Nonlinear wave mixing
and optical parametric amplification have been proposed in nonlinear meta-
materials (Popov and Shalaev 2006) and many researchers are considering
the implementation of media with gain in metamaterial designs. Moreover,
the additional tunability offered is particularly interesting for sustaining the
surface waves (see Chapter 7), since introduction of gain outside the meta-
materials offers an effective manner of extending the lifetime of the surface
modes. It was also shown that amplification in neighboring regions could
compensate for dissipation in the regions of negative materials parameters
via surface plasmon states on the interface (Ramakrishna and Pendry 2003),
which has been shown experimentally for surface plasmons propagating on a
metal surface in contact with a laser dye (Seidel et al. 2005, Noginov et al.
2007) and for metallic nanoparticles (Noginov et al. 2006). Consequently, it
appears that nonlinearity and amplification may become an integral feature
of future metamaterials.

We shall subsequently present here two metamaterials: a self-switched SRR
medium exhibiting bistability and wave mixing, and an actively switched
metamaterial via photoconductivity. Control of the capacitance through the
embedded dielectric is the key to control the resonance of the metamaterial
units. In thin wire arrays, one can make similar use of atomic or molecular
magnetic media at microwave frequencies to control the magnetic permeability
of the medium and hence the inductance of the wires.

3.6.1 Nonlinear split-ring resonators

The split-ring resonator shows large local field enhancements at frequencies
near the resonance and there is a tremendous concentration of the electric
fields in the small capacitive gaps. Consider the single ring SRR with two
splits of Fig. 3.12. The electric field across the capacitive gaps is E. = V. /d,,

© 2009 by Taylor & Francis Group, LLC



140 Designing metamaterials with negative material parameters
where V. is given by Eq. (3.60), yielding

2
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(3.78)
For the incident radiation, the energy is equally distributed between the elec-
tric and magnetic fields. We can estimate an enhancement factor of
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for the energy stored in the capacitive gaps at resonance, where the factor of 2
accounts for the fact that there are two gaps in the system. Typical numbers
for this factor range from 10* to 10° (Pendry et al. 1999, O’Brien and Pendry
2002).

Hence the material in the capacitive gaps can be crucially utilized to change
the properties of the SRR. Indeed it has been pointed out that changing
the substrate properties of planar metallic SRRs can be used effectively to
control the metamaterial characteristics (Sheng and Varadan 2007). Any
small nonlinearity in the material placed in the gaps can drastically affect the
performance of the system as the nonlinear effects are amplified many times
due to large field enhancements. Consider then filling the capacitive gaps
with a material exhibiting a Kerr nonlinearity. Regardless of the frequency of
interest, the nonlinear Kerr effect in a dielectric is always achievable (Boyd
2003). This is a typical nonlinearity where the refractive index of the dielectric
depends on the electromagnetic fields as

n = +ve=mngp+nal, (3.80)

where I = 1/2(e/p)!/2e0c|E|? is the intensity of light. The sign of ny can
be positive or negative in which case it is called a focusing or defocusing
nonlinearity, respectively. Suppose that the capacitive gap in the SRR is
filled with a Kerr nonlinear dielectric. The capacitance of the SRR depends
on the value of the embedded dielectric in-between, and hence the resonant
frequency becomes a function of the incident field strengths.

Consider a metamaterial of SRR with a nonlinear dielectric in the capacitive
gaps. A relation between the incident field strength and nonlinear resonance
frequency can be obtained in a quasi-static calculation as (Zharov et al. 2003,
O’Brien et al. 2004)

Zgn2d? (1 —2?)[(2® — Q%)% + Q2172

Hew? = 81
| Hext| dny L2w3 Q276 ’ (3.81)

where Q = w/wy, * = wyr/wo, IV = T'/wp, wp is the resonance frequency for
the SRR embedded in the linear material, and wy, is the resonance frequency
for the SRR embedded in the nonlinear material. The plot of the nonlinear
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Figure 3.31 Nonlinear resonant frequency vs. the field strength for two
values of the dissipation rate: filled circles are for the ~ of silver and the
open circles for 3. The inset shows the geometry of SRR structure with the
relevant dimensions. The inner box shows the nonlinear medium just enclosing
the SRR structure. (Reproduced with permission from (Ramakrishna 2005).
© 2005, Institute of Physics Publishing, U.K.)

resonance frequency with the field strength is shown in Fig. 3.31. It is obvious
that the system is bistable. The bistable behavior is reasonably stable against
dissipation, which was checked by increasing the dissipation parameter by as
much as three times (shown in Fig. 3.31). One can see that the resonant
frequency switches from a lower frequency (wr) to a higher frequency (wg).
Thus, for frequencies wy, < w < wy, the medium appears as a negative perme-
ability medium (u < 0, € > 0) at low intensity, while at higher intensities, the
medium appears as a positive permeability medium (p > 0, € > 0). The mate-
rial can switch between a negative magnetic medium with high reflectivity to
a positive medium that can almost be transparent depending on the incident
intensity. Use of this mechanism to switch the behavior of the metamaterial of
thin wires and SRR composite from negative refractive index to positive index
or to plasma-like medium has also been suggested (Zharov et al. 2003). The
SRR with Kerr media inclusion shows a nonlinear magnetization with a ()
nonlinearity. This is somewhat unique at optical or near-infrared frequencies
where even magnetic activity is special, let alone nonlinear magnetism.

Metamaterials with embedded nonlinear media or devices would have non-
linear magnetization, motivating the description of an SRR with an embedded
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nonlinear diode in a similar manner to Lapine et al. (2003), where a general
lumped resonant circuit approach is described. Consider a nonlinear diode
embedded in series in the legs of the single SRR with two splits. The voltage-
current characteristic of the nonlinear diode can be taken to be

1

I =
Ry

(V +aV?), (3.82)

where Ry is the Ohmic resistance and « is the nonlinearity coefficient (per
unit length of the cylinder if the system has invariance along the axis). Such
a system is entirely implementable for the SRR designed for microwave opera-
tions. Due to the presence of the quadratic term, driving currents at different
frequencies get coupled. In the Fourier domain, the current voltage response
can be seen to be

Viw) = Za(w)I (w)% / ) a(w;w/7w—w/)Zd(w’)Zd(w—w')I(w’)I(w—w')2—:};7

(3.83)
where the kernel o(w;w’,w —w’) is complex and Z, is the linear impedance of
the diode. Hence, in the SRR there is an additional potential drop across the
serial diode to account for in Eq. (3.37). Clearly, we have a x? nonlinearity
in this system and can have three wave mixing processes at the frequencies
w, w’, and w £ w’. Note that the insertion of the diode breaks the centrosym-
metry of the unit cell. The magnetization that develops at any one frequency
depends on the wave amplitudes at other frequencies. This is a well-studied
process (Boyd 2003) and can be utilized for the resonant enhancement of non-
linear processes such as sum and difference wave generation, second harmonic
generation, and parametric wave amplification at microwave frequencies.

— 00

Let us explicitly estimate the nonlinear susceptibility for a three-wave mix-
ing process between three waves at frequencies wy (pump), we (idler), and ws
(probe). We assume a small signal gain regime, no pump depletion due to the
nonlinearity, and we consider only the linear impedance for the waves with
frequency wy and wy. Consider Eq. (3.37) and write the net linear impedance
(per unit length) of the circuit as

Zp(w) = —iw(1l — fuemr? + +2mrp + Zg(w), (3.84)

—iwC(w)

such that for waves with frequency w; and wo, we can write the corresponding
currents in the loop as

2

jlwn) = %Hw, (3.85)
Jws) = %sz). (3.85b)
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Including the nonlinear diode term for the currents at frequency ws, we obtain
for the currents at ws:

iws uom“g

Zr(ws)

. . 2 2
aws; wy, wa) iwy pomr? iwspomr

H(ws) — Zi(ws)  Zp(wi) Zp(ws)

H(w1)H (w2).

(3.86)
Noting that the magnetization M(w) = fj(w), we can see that the magneti-
zation at frequency ws is proportional to the product of the magnetic fields
at the other two frequencies so that we identify the nonlinear magnetic sus-
ceptibility as

jlws) =

_a(wg; w1, wa) Zg(wr) Zg(ws) iw pomr? iwapromr?

Zp(ws) Zr(w1) Zp(ws) '
aws; wy, we) Zg(wr) Za(wa) (1)

= w1 (1) wo (1)
= () (@2 (ws).
(3.87)

(2) ((U3,(U1,W2)

where X,(%) is the linear susceptibility. There is a resonant enhancement of

the nonlinear susceptibility whenever there is a resonance for any of the three
waves involved. This is to be expected in view of the large local field en-
hancement caused by the metamaterial. It can be straightforwardly seen that
the nonlinear material will support second harmonic generation (wq = ws and
w3 = w1 + wa).

3.6.2 Actively controllable metamaterials

One would like to actively control the behavior of the metamaterials by exter-
nally applied inputs. For example, the dielectric permittivity of the medium
in which the metallic structure is embedded could be easily modified by apply-
ing external electric fields using the electro-optic effect. In this way, one could
easily switch the system in and out of resonance. In general, for such active
control, the key consideration is the switching speed required. Any electronic
means would limit the bandwidth and clearly high speed operations in excess
of terabits per second would necessarily be optical in nature.

A more drastic approach was taken in Chen et al. (2006b) where an ac-
tively switchable metamaterial was demonstrated at about 1 THz where the
embedding medium was a highly doped n-type semiconductor (GaAs). The
metamaterial consisted of single split resonators that have a resonant electric
polarizability for radiation with the electric field oriented along the capacitive
gap. The entire planar metamaterials were deposited on an n-type semicon-
ductor which in turn was deposited on a semi-insulating substrate (Si-GaAs).
Using a bias voltage between the metamaterial and the substrate, one can
control the charge carrier density in the semiconductor in the regions of the
capacitive gaps. The bias voltage essentially controls the ability of the n-type
semiconductor to conduct (low field) or not (high field). Thus, with no bias
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field, the capacitive gaps are shorted out and the metamaterial appears like
a conducting surface. With a bias field, one can deplete the charge carriers
in the gaps and thus the metamaterial becomes resonant with a dielectric
permittivity following a Lorentz-like dispersion. Such active switches in the
THz band represent an important development for the control of terahertz
radiation.
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Negative refraction and photonic bandgap
materials

Photonic crystals are inhomogeneous materials that consist of a periodic ar-
rangement of (usually) dielectric scatterers which create a periodic modulation
of the dielectric function in space. Photonic crystals are one of the very few
inhomogeneous materials that can be treated exactly within the framework of
the electromagnetic theory due to their inherent periodicity. The latter is at
the heart of their working principle and is responsible for some unusual proper-
ties, such as the appearance of a photonic bandgap (John 1987, Yablonovitch
1987), i.e., a frequency band within which propagating waves are excluded
from the crystal.*

Most photonic crystals, studied theoretically and realized experimentally,
are two-dimensional, where the inclusions are infinitely long (very long com-
pared to the transverse dimensions in experiments) cylinders of circular cross-
section. One-dimensional photonic crystals or periodically layered materi-
als have been extensively studied as well, especially since the work of Lord
Rayleigh (see Chapter 1), but have been less popular because of the fewer de-
grees of freedom they offer. Nonetheless, due to such well-established grounds,
one-dimensional photonic crystals have benefited from the resurgence of inter-
est in the search for negative indices of refraction. Three-dimensional photonic
crystals are less common because they are more complex to analyze theoreti-
cally and more challenging to realize experimentally. Here also, however, the
regained interest in negative refraction phenomena and in particular in flat
lens imaging has given the study of three-dimensional photonic crystals a fillip
and various studies have been reported in the literature.

Within the framework of this book, we shall primarily discuss one- and
two-dimensional periodic materials. The one-dimensional level is used to il-
lustrate how a bandgap appears when a wave propagates through the medium
whose index of refraction is modulated periodically. It is intended to show
that just an elementary knowledge of transmission line theory is sufficient to
understand the appearance of a bandgap, which is a key property in photonic
crystals. The specific theory of photonic crystals based on the Maxwell equa-

*This property is the reason for the terminology photonic crystals: a periodic modulation
of the index of refraction similar to the periodic arrangement of atoms in natural crystals,
which defines a frequency band of forbidden propagation of photons.
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tions is then applied to two-dimensional structures with cylindrical inclusions
of circular cross-section. The theory is used within the framework of left-
handed media, with specific attention to negative refraction, collimation, and
lensing effects. Theoretical details are provided in order to help the reader
follow the concepts and reproduce the results. For a more detailed discussion
of photonic crystals specifically, with in-depth analysis and explanations, we
refer the reader to Joannopoulos et al. (1995), whose notation we follow in Sec-
tion 4.1.4. For more information on natural crystals and solid-state physics,
the reader is referred to Ashcroft and Mermin (1976) and Kittel (1996). For
a detailed description on how photonic crystals can be utilized to tailor the
photonic density of modes and radiation properties of embedded emitters, we
refer the reader to Sakoda (2005).

4.1 Photonic crystals and bandgap materials

4.1.1 One-dimensional photonic crystals: transmission lines
approach

Note: As is customary in transmission line theory, we use the symbol j to
indicate the imaginary number /—1 in this section alone, instead of i which
s used in the rest of this book.

Although photonic crystals are most commonly realized in two or three di-
mensions (as a periodic arrangement of dielectric inclusions in a host medium),
it is still beneficial to first simplify the configuration to a one-dimensional one.
The one-dimensional photonic crystal is then equivalent to a layered dielectric
medium and can be analyzed with one of the many theories offered in this
regard. We choose here to follow the transmission line theory since it is a
common and well-known method. We therefore consider a layered medium
made of two families of media, characterized by their permittivity, thick-
ness, wave-vector, and impedance: (e1,d1,k1,m) and (e2,da, ko,12). The
one-dimensional succession of these layers can be viewed as a series of trans-
mission lines, as shown in Fig. 4.1.

The voltages and currents at the input and output of each transmission line
are related via the matrices M; (i = 1,2) (Pozar 2005):

Vigi] = Vi = coskidy  —jmsinkidy
[In+§] = M- {In] where My [—j sinkidy/m coskidy ’
(4.1a)
V7L+1 Y Vn+l = COs kgdg —j772 Sinkgdg
|:In+1:| - [IM_; where 2l —jsinkody/my  coskads )
(4.1b)
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4.1 Photonic crystals and bandgap materials 147

For the purpose of illustration, we take k1d; = kods = kd, while the interested
reader might carry on the treatment with the general variables. Combining
Eqgs. (4.1):

Vn+1 Y v Vn
o] -]
B cos? kd — (no/m)sin®kd ~ —7j(m + n2) cos kd sin kd | Va
| =51/ + 1/no) sin kd cos kd cos® kd — (11 /n2) sin® kd| | I,
(4.2)

For forward propagating waves, we look for periodic solutions of the type
Vi1 =V, exp(—30), I+1 = I, exp(—36) in the infinite lattice. Introducing
these expressions into Egs. (4.2), multiplying the two equations, and simpli-
fying by V., I,,, we finally obtain the dispersion relation

cos ) = cos? kd — 771/772;—7772/771 sin kd . (4.3)
Interesting points are at kd = mm and kd = mm/2 where the value of the
right-hand side term (shown as the black line in Fig. 4.2) is 1 and —(n1 /12 +
n2/m)/2 < —1, respectively. Hence, at kd = 7/2 and within a small band
around, the right-hand side term of Eq. (4.3) is smaller than (—1) and 6 does
not admit real values as a solution. Since 6 represents the propagating vector
of the voltage wave in the transmission line (which is immediately related to
the propagation of the electromagnetic wave through the layered medium),
this is tantamount to saying that the wave-vector does not take real values
in a certain frequency band, and the wave is evanescent. The frequency band
where this phenomenon occurs is called a frequency bandgap, for obvious
reasons, and is represented by the gray areas in Fig. 4.2. Note that from
Eq. (4.3), we see that a frequency bandgap appears in the dispersion as soon
as there is a mismatch between the layers, however small. In the case when
€1 = €9 = &9, real solutions for 6 always exist, the dispersion relation is linear
as expected, and no bandgap is formed.

n n+ 3 n+1 n+3
M, M,
o — A S
(€1,d1) (€2,d2) (e1,d1) (€2,d>)

Figure 4.1 Transmission line model of a one-dimensional photonic crys-
tal composed of two media with permittivities and thicknesses (£1,d;) and
(e2,d2). Nodes are numbered with integers n to denote the periodicity with
respect to medium 1; half-integers denote the periodicity with respect to
medium 2. M; are the transmission line matrices of each medium (i = 1,2).
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148 Negative refraction and photonic bandgap materials

Figure 4.2 Illustration of the bandgap opening in a one-dimensional photonic
crystal (equivalent to a layered medium). The governing equation is Eq. (4.3):
the function on the right-hand side is shown in black line (with a minimum
of —(n1/m2+n2/m)/2), while real solutions for 6 are shown in gray line. The
bandgap corresponds to values where cosf < —1 and is shown as the gray
areas.

Despite its simplicity, one-dimensional photonic crystals have had impor-
tant applications in the design of highly reflective coatings, for example in
laser applications. More recently, within the framework of left-handed media,
it was shown that a structure with material parameters alternating between a
regular medium and a left-handed medium can exhibit a transmission coeffi-
cient with an unusual angular dependency when the average refractive index
of the structure is close to zero (Li et al. 2003a, Shadrivov et al. 2003), or
can even create a bandgap for both TE and TM polarizations, therefore being
effectively opaque to any in-plane propagating waves (Shadrivov et al. 2005).
Additional interesting properties have also been presented in Section 2.5.2 on
52.

4.1.2 Two-dimensional photonic crystals: definitions and
solution

The concepts presented in the previous section in one-dimension are general-
izable to two and three dimensions, although the theory itself becomes more
involved than the simple transmission line approach. Yet, dispersion relations
and frequency bandgaps are concepts generalizable to any number of dimen-
sions, and are fundamental to the study of general photonic crystals. We shall
present the theory for two-dimensional photonic crystals next.
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4.1 Photonic crystals and bandgap materials 149

There is a close analogy between the electromagnetic problem under con-
sideration (to find the electromagnetic fields inside a periodic two-dimensional
photonic crystal) and the problem of finding the potential function in natural
crystals. Consequently, the electromagnetic community has borrowed many
concepts and terminology from solid-state physics, useful for the solution of
the Maxwell equations in periodic media. Some of this terminology is briefly
reviewed hereafter, to the extend that it is necessary for a self-contained read-
ing of the sections to follow. For more details, the reader is referred to Ashcroft
and Mermin (1976) and Kittel (1996).

4.1.2.1 Direct lattice

The photonic crystal we consider is two-dimensional: invariant along the 2
direction and periodic in the (xy) plane. In this plane, we can therefore
define a translational vector R and express any vector r’ in the (xy) plane as

r=r+R, (4.4)

where r is a vector within the unit cell of reference arbitrarily chosen. Mathe-
matically, if (u,, u,) are the lattice vectors, then R = uza, +uya,, where a,
and a, are integers, positive or negative. Two of the most common lattices
are the square and the triangular ones (also referred to as hexagonal), shown
in the left panels of Fig. 4.3.

4.1.2.2 Reciprocal lattice

The reciprocal lattice can be thought of as defined in the Fourier transform
space of the (zy) plane. In electromagnetic parlance, this corresponds to the
spectral domain, defined by the wave-vector k. Since the reciprocal space is
also periodic, we can define a reciprocal translational vector G which, similarly
to R, can be written as G = v,b, + v, by, where (b;,b,) are integers, positive
or negative. The reciprocal lattice vectors (v,,v,) are obtained from the
direct ones (ug, u,) by enforcing the periodicity in the permittivity function.
Indeed, being a periodic function, e(r) can be Fourier decomposed as:

e(r) = Zé(r) e'¢T  where £(G) = ! // dr e(r) e iGT, (4.5)

v
G cell

where the ~ sign denotes the Fourier component and where V. is the area
(volume) of the two-dimensional periodic unit cell. Using this expansion and
imposing e(r + R) = &(r), we write

er+R) =) &G)eCTeGR, (4.6)
G

which imposes the condition exp(iG - R) = 1 or G - R = 2mm, where m €
{...,=1,0, 1, 2,...}. This condition is immediately satisfied by defining the
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o h-3 o
\'2
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. . .
o @ o
(a) Square lattice.
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Uy \
° —l
Ug
. . .

(b) Triangular lattice.

Figure 4.3 Square and triangular lattices represented in both the direct
space (left) and reciprocal space (right). The Brillouin zones are highlighted
in gray and the irreducible Brillouin zones are highlighted in darker gray. The
symmetry points in each case are indicated.

following relation between the vectors of the direct lattice and those of the
reciprocal lattice

u; - v; = 271’52‘j, i,j =x,Yy. (47)

More explicitly,

ug X Uus
V1=27T

_ 4.8
ul'u2><u3’ ( )

while the other vectors can be obtained by index permutation. The right
panels in Fig. 4.3 show the reciprocal lattices for the square and triangular
direct lattices, respectively. It can be seen that the square lattice transforms
into another square lattice, while the triangular lattice transforms into a ro-
tated triangular lattice. The definitions of the vectors (v, v,) are provided
in Tab. 4.1 for both cases.
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4.1.2.3 Brillouin zone and irreducible Brillouin zone

The spatial periodicity in the spectral plane is generated by the repetition
of a unit cell, or tile, which can be generated by choosing a lattice point as
reference, drawing all the connections to its closest neighbors, and drawing
the medians to all the segments thus defined. The smallest area delimited by
the medians is called the first Brillouin zone, as shown in Fig. 4.3.

This zone is, however, not the smallest self-repeating tile: because of its
symmetry, the first Brillouin zone can be folded into an even smaller region,
called the irreducible Brillouin zone. The latter is represented in Fig. 4.3 for
the two examples of square and triangular lattice and is important for a few
reasons. First, it defines the smallest area that needs to be examined for
the reciprocal vectors: the behavior of the whole crystal can be inferred by
the study of the irreducible Brillouin zone only. Second, its edges correspond
to points of maximum diffraction. Third, its symmetry points (identified by
I'- X —M and I' — K — M for the respective cases of a square and triangular
lattices) correspond to zero group velocities of the waves: the tangents to the
dispersion contours at these points are horizontal, as it is clear by a direct
inspection of the band diagrams. Hence, when studying the wave propagation
inside the photonic crystal, the wave-vectors need to be varied so as to span
the regions defined by the symmetry points of the irreducible zone:

e For the square lattice:

T — (kg = 0,k, = 0), 4.92)
X = (ky = gky =0), (4.9b)
e i
M— (kg =2k, = 1) 4.
(b = Ty = 1) (490)

Table 4.1 Definitions of u; and v; vectors for square and triangular (or hexag-
onal) lattices (i,7 = z,vy).

Lattice Fractional vol. | Direct vectors Reciprocal vectors
TR? u, = a v, =1%27n/a
Square fr= a2 u, = ja vy =927/a
. 21 R? u, = ta v, =21/a (2 —/3/39)
Triangular = c * . . S
B = Ba | wy = ale +BD)/2 | vy = 3 (2n/a) (2/V5)
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e For the triangular (hexagonal) lattice:

I' = (ks =0,ky, =0), (4.10a)
21 2
K = —,ky, = —), 4.1
> (he = gpky = ) (4.10b)
21
M — (ky =0,ky = —). (4.10¢)

V3a

4.1.3 Bloch theorem and Bloch modes

Intuitively, the periodicity of the medium induces a periodicity in the electro-
magnetic fields, which can therefore be written as the product of two functions:
one governing the propagation of the wave itself, the other one reflecting the
periodicity. For example, the magnetic field is written as

Hy(r) = eik'rq)k(r), where @y (r + R) = @k (r). (4.11)

These are often referred to as Bloch waves. Note that we have anticipated
the notation and have added an index k to denote the dependency of the field
with the wave-vector. A justification of this is provided subsequently. Since
P, is periodic, it can be Fourier transformed:

By(r) =Y B ST, (4.12)
G

where the sum spans all the reciprocal vectors G (i.e., the integers b, and b,
are summed from —oo to +00). This expansion is important subsequently for
the expression of the field in the photonic crystal.

4.1.4 Electromagnetic waves in periodic media

Based on the previous brief review of fundamental concepts, we proceed with
the study of electromagnetic fields per se in the photonic crystal. The gov-
erning equations are of course the Maxwell equations and the Helmholtz wave
equation. Since the treatment based on the magnetic field yields a Hermi-
tian operator when only the dielectric permittivity is inhomogeneous and
thus an eigen-system simpler to solve than the one based on the electric
field (Joannopoulos et al. 1995), we choose to proceed with the former and
write

V x L(lr)v x H(r)} - (%)2 p, H(r), (4.13a)
V-H(r)=0. (4.13b)
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The whole problem is therefore to find the modes of H(r) that satisfy the
eigenvalue problem

WA 2
OH(r) = (E) 1, H(r), (4.14a)
where the linear operator
1
O =Vx L(r)Vx] . (4.14b)

The solution of this system yields a series of eigenvectors that correspond to
functions that describe the field distribution, and a series of eigenvalues that
correspond to the squared frequencies of each mode. Since the eigenvalue
problem is restricted to a limited domain in space (defined by the irreducible
Brillouin zone), the eigenvalues are discrete. In other words, for each value of
k, a discrete number of modes of the magnetic field are allowed. The band
diagram of the crystal is therefore constructed by letting k span the edge of
the irreducible Brillouin zone and looking at the evolution of each eigenvalue
(only the necessary first few are important in practice).

We proceed by using the Bloch theorem of Eq. (4.11), based on which the
operator © is rewritten as

0 =(k+V)x L_(lr)(ik—l— V)x] (ik+V) x [k(r)(ik+V)x],  (4.15)

where we have defined x(r) = 1/e(r). The inverse permittivity x(r) is also a
periodic function which, similarly to Eq. (4.5), can be Fourier expanded as

K(r) = K(G)eST, (4.16)

G

and introduced into the operator of Eq. (4.15). By the virtue of Bloch theo-
rem, the solutions of the magnetic field that are sought are of the form

Hy(r) = ) hgel*+&r (4.17)
G

and the eigensystem is written as

=Y D &G (k+ G)x[(k+G) x hg/] HFEFI

G// G/
2 . !
= (3> 1Y he ¢G0T (4.18)
C
G/

Upon substituting G = G’ + G”, simplifying by exp(ik - r), multiplying by
exp(—iG” - r), integrating over the whole space, and finally substituting G”
by G (since the indices are dummy), we obtain

3 &G~ G)(k+G') x [(k+ @) x har] = (%)2 phe  (4.19)
&
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for all G. The vector hg has in principle three components. Making use of
Eq. (4.13b), however, the number of components can be reduced to two in the
appropriate coordinate system. From Eq. (4.17),

(k+G’)-ha =0, (4.20)
so that we can define three vectors (é1, és, é3) such that

k+G =lk+G'|é;, (4.21a)
163 =2¢y-63=0, (4.21D)

and (é1, és, é3) form a right-handed orthonormal basis. Note that this decom-
position is standard in other areas of electromagnetics: it is for example used
in the definition of the horizontal and vertical polarizations of waves (Tsang
et al. 2000a), and is also at the basis of the (kDB) system for the study of
wave propagating in anisotropic and bianisotropic homogeneous media (Kong
2000). Within the basis defined by the vectors (é1, é2, é3), the vector hgs has
only two components and is written as

har = hig, 61+ hag, 2= Y hagéx, (4.22)
A=1,2

where again we follow the notation of Joannopoulos et al. (1995). The wave
equation (4.18) becomes

—S Y g (G = @) [(k+ G) X [(k+ G) x &) elkHCIr

G G A
2 . ’
= (%) > > hag, XTI, (4.23)
G’ A

The exponential term can be disposed of in the usual manner, i.e., by sim-
plifying by exp(ik - r), multiplying by exp(—iG” - r), and integrating over the
entire space, leaving a delta function. Finally, dot multiplying both terms of
the wave equation by é) and using the identity C - (A x B) =B - (C x A),

we obtain the governing equation as
2
(k+G') x é;] } F(G=G)hag = (2) e,

Z Z { (4.24)

This equation can be simply cast into a matrix form yielding the operator of
Eq. (4.14a):

k+ G) XéA]-

0= (G —G)|(k+G) |(k+G) ( €2 o é2'é1) . (42)

—€1-63 &6

The diagonal elements of this system yield the TE and TM propagating modes
in the photonic crystal, which correspond to the magnetic field and the electric
field being parallel to the two-dimensional inclusions, respectively.
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At this stage, only the Fourier components &, need to be detailed. In the
case of infinitely long dielectric rods of circular cross-section and permittivity
€, embedded in a background of permittivity €,, an analytical expression for
Ry, can be derived (Cassagne 1998). Since it is more intuitive to discuss the
permittivity contrast rather than the inverse permittivity contrast, we only
present the derivation for the permittivity. The inverse x(r) is obtained in an
exactly similar way.

As a reminder, we write the permittivity as

g(r) = Zé(G) e, £(G) = Vi” /V dre(r)e 6T, (4.26)

G - c

where V,.;; denotes the surface of the elementary cell and where it should be
kept in mind that all vectors lie in the (zy) plane. The idea is to write the
permittivity as

e(r) = ep + (4 — €3) Zs —|r—RJ), (4.27)

where R, is the radius of the dielectric rods and S denotes the step function.
Merging these two equations, we obtain:

~ &b _iG-r €a — &b —iGr
E(G) = / dre —l—i/ dr S(R.—|r—RJ)e .
( ) ‘/(,(:'ll ‘/(/(i” Vell 21{: ( | |)

(4.28)
The first integral is immediately evaluated as ¢ if G = 0 and zero otherwise.
The second integral is evaluated by introducing the change of variable r’ = r—
R. Since r spans the periodic domain V,.; and R is the translational vector,
r’ spans the whole space. We can therefore replace the sum of integrals over
Veenr by a single integral over the whole two-dimensional space. Separating
the cases when G = 0 and G # 0, we obtain

Veeu

/ A'S(R, — p— Ry) = fr(ca — 1) (4.200)

cell

for G = 0, where f, is the fractional volume (see Tab. 4.1), and for G # 0,

1 o -
(ea — 1) / A’ S(Ro—|r — R|) e~iGT
Vcell —oo
_ €a —€b / dr' r d¢ e—iGr’ cos(¢p—0)
cell
=Sy, / ' Jo(¥'G),  (4.29b)
cell 0

where we have used the standard change of variable 2’ = r'sin ¢, 3y’ = 1’ cos ¢,
G, = Gsinf, G, = Gcosd, and the well-known identity for the Bessel func-
tion. The integral is evaluated using [ z.Jo(ax)dz = z/a Ji(ox), yielding the
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final result

“a {safr +ep(l— fr) if G=0 (4.30)

(ea —&b) fr %ﬁf“) elsewhere.

The reconstructed permittivity in the two cases of a square and a triangu-
lar lattice is shown in Fig. 4.4. The expected Gibbs phenomenon due to
the Fourier transformation cannot be entirely removed, but has a minimal
influence on the solution of the eigensystem and can therefore be ignored.

4.2 Band diagrams and iso-frequency contours
4.2.1 Free-space and standard photonic crystal

The previous section presented the mathematical equations necessary to solve
the eigensystem (4.14a) and highlighted the following methodology:

e Geometry:

1. Set the basis and the background (e.g. circular rods of radius R,
and permittivity &, in a background &y).

2. Set the direct lattice (e.g. a square lattice with vectors |u,| =
luy| = a).

3. Compute the vectors of the reciprocal lattice (v, vy).

4. Determine the edge of the irreducible Brillouin zone (e.g. the co-
ordinates of I'; X, and M).

5. Compute a set of vectors G by spanning (b, by). Sort the vectors
according to their magnitude (the most important vectors being
close to the origin).

e Electromagnetics:

1. Compute £(G) using the equivalent of Eq. (4.30).

2. Compute a set of k vectors spanning the edge of the irreducible
Brillouin zone. The coordinates of the symmetry points are given
in Egs. (4.9) and Egs. (4.10).

3. For each incidence k from the set, build and solve the eigensystem:
for each G from the set, span G’ from the same set and compute
(k+ G;é1569), (k+ G;é1;6,), R(G — G') (where G — G/ is also
a vector of the reciprocal lattice), build the system of Eq. (4.25),
and solve for the eigenvalues.
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(a) Square lattice.

(b) Triangular lattice.

Figure 4.4 Reconstruction of the permittivity profile from Eq. (4.30) for
cylindrical rods in a square and triangular lattice (¢, = 10, e, = 1, R./a =
0.2).

Note that this method has the computational drawback of requiring a conver-
gence check because of the direct solution of the eigensystem. As is customary
in direct solution schemes, the eigenvalues depend on the size of the system
chosen and they eventually converge to their final values once enough modes
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have been included. When plotting the band diagram of photonic crystals,
one is usually interested in the first few eigenvalues (ten or so), which might
require the inclusion of the first hundreds or so of reciprocal vectors (hence
the necessity of sorting them in increasing order of magnitude). In that re-
gard, the use of other methods, typically variational, might be of interest to
the reader.

As a first illustration, we shall compute the band diagram of free-space with
a double purpose in mind. First, the solution is of course simple and analytic,
but should also be obtained by the method presented in the previous section.
Free-space therefore constitutes a first good check of validity of the algorithm.
Second, the band-diagram already looks very much like the band-diagrams of
real photonic crystals so that free-space provides a first intuition of the folding
mechanism of the dispersion relation due to the spectral periodicity.

We therefore proceed by supposing that free-space is a periodic medium
with inclusions of €, = €y organized in a square lattice in a background of
€y = €0. We suppose without loss of generality that the vectors u, are
orthonormal so that the vectors |v, ,| = 2m. The irreducible Brillouin zone
is therefore delimited by the points (I', X, M). The electromagnetic aspect of
the problem can be treated in closed form. The dispersion relation of free-
space is of course given by k2 + k7 = (w/c)® where the left-hand side depends
on the values of k, and k,, i.e., on how we move in the reciprocal plane. The
first way of walking the path I' — X — M is to start from the origin and
follow (kz, k) as

I — Xk, =0k, =0— (4.31a)
a
X Miky=0— "k, =2, (4.31b)
a
M—Tiky=2 50k == —0. (4.31¢)
a

This path is, however, one of the many possible paths: because of the peri-
odicity of the medium, there are in fact an infinite number of I' points in the
crystal, as well as an infinite number of X and M points. We could therefore,
for example, decide to walk the same path, but translated by 27/a in the
kg direction, or similarly in the k, direction, or even jump between cells. All
those paths are possible and yield increasingly larger values of (w/c) as k, and
k, move away from the origin (arbitrarily chosen). The lower values of (w/c)
are of course the most influential, and it is clear that the higher the frequency,
the more possibilities of walking along (I' — X — M —T). In other words, the
higher the frequency, the more modes are obtained. Eventually, keeping the
first few modes, the dispersion relation of free-space expressed in a photonic
crystal language is shown in Fig. 4.5. The figure does look more complicated
than the free-space dispersion, but it is only due to the folding mechanism
along the directions suggested by the assumption of a periodic medium. It
can be seen that as expected, the density of curves increases with increas-
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Figure 4.5 Band diagram of free-space when modelled as a periodic medium
with e, = g, = €g.

ing frequency (or normalized frequency). In addition, at low frequencies, the
dispersion along the paths I' — X and X — M are straight lines, character-
istic of free-space. Finally, the band structure does not exhibit a bandgap,
like expected for free-space (this is the same situation as the one-dimensional
photonic crystal studied in Section 4.1.1: no modulation in the permittivity
does not produce a bandgap).

The band diagram of a realistic photonic crystal is shown in Fig. 4.6 (the
parameters are given in the caption of the figure). At low frequencies, the
similarity with Fig. 4.5 is clearly seen, with the major difference appearing at
the symmetry points of the crystal where the tangent to the curves becomes
horizontal. At higher frequencies, the coupling between the modes renders the
band diagram very different from the one of free-space, as expected. Fig. 4.6
also illustrates the property of a partial bandgap: it is seen that a TM mode
exists at all frequencies, while the TE modes have no solutions for normalized
frequencies in [0.23,0.28] and [0.35,0.39], approximately. These frequencies
therefore correspond to bandgaps for TE modes but not for TM modes. A
total bandgap would be obtained if both modes had coinciding bandgaps,
which can be obtained by properly adjusting the parameters of the crystal
(i.e., the size of the inclusions and the permittivity contrast).
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Figure 4.6 Band diagram of a photonic crystal with the parameters from Luo
et al. (2002): e, = €q, &, = 1269, R./a = 0.35, organized in a square lattice.

4.2.2 Iso-frequency contours

Like in the previous case of band diagrams, let us first start by a brief dis-
cussion on the iso-frequency contours in free-space, as a way of relating new
concepts to well-established grounds.

The iso-frequency contours of free-space (or any homogeneous isotropic di-
electric if the permittivity is included in the equation) are straightforwardly
obtained from the dispersion relation

WA 2

K2+ k2 =k = (;) , (4.32)
where we have supposed that k, = 0. The iso-frequency contours are therefore
circles of increasing radii with frequency, and along with the phase matching
condition (i.e., the continuity of the tangential component of the wave-vector
across an interface) can be used to derive Snell’s law at the boundary between
two media. Although elementary, this simple picture contains a subtlety that
has been usually overlooked because refraction was always assumed to be
positive: upon phase-matching the wave-vector, two solutions appear in the
transmitted medium, corresponding to two possible transmitted waves (see
Fig. 5.1 and the corresponding discussion for more details). Yet, only one is
chosen based on power flow argument: the power flow normal to the interface
has to always be of the same sign, i.e., the power has to always flow away from
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the source. From the iso-frequency diagram, the power flow direction, or group
velocity direction, is obtained from the relation v, = Vxw (see Section 1.4).
Being vectorial, this relation defines a direction and orientation that can be
both obtained from the iso-frequency diagram. Let us imagine the circles
obtained from Eq. (4.32) at a frequency w and at a slightly higher frequency
w + dw: the second circle is slightly larger than the first one and centered
at the same point (k,k.) = (0,0). Hence the direction of the gradient is
in the radial direction (a straightforward conclusion in the case of a circle)
while the orientation is given by the change due to frequency, outward in this
case. The power at a given phase-matched point is therefore perpendicular to
the iso-frequency contour and pointing outward. The same methodology can
be applied to more irregular shapes of iso-frequency contours, an example of
which is given in Chapter 5.

Let us also remark that the iso-frequency contour defined by Eq. (4.32)
can be plotted in the (k,w) space rather than the (k;, k) space, and yields
a straight line, referred to as the light-line. It is now interesting to look back
at Fig. 4.6, specifically around the I' point at low frequencies: the dispersion
relation is seen to be very well approximated by the light line if the permittiv-
ity of the background is accounted for (and it is of course the free-space light
line in the case of Fig. 4.5). This indicates that at low frequency, the photonic
crystal appears as a periodic medium where the various dielectric inclusions
are not coupled: the iso-frequency contours look like the ones shown in the
top left panel of Fig. 4.7: a series of independent circles obeying (in the first
approximation) Eq. (4.32) centered at the symmetry points of the reciprocal
lattice. The obvious question is: what happens as the frequency increases?
Within the simple picture of Eq. (4.32), the circles would continue to expand,
intersect each other, and remain circles of increasing radii. This picture is
obviously not correct since it neglects the interactions between the dielectric
inclusions in the photonic crystal, but it is still inspiring to some extent as we
shall illustrate subsequently.

The formalism to obtain the correct iso-frequency contours has been pre-
sented in Section 4.1.2 and yields the patterns shown in Fig. 4.7(b): the cir-
cular shapes centered at I' points disappear at higher frequencies and square-
like shapes (in the case shown here of a square lattice) appear centered at
M points. Different from the initial circles, these squares are larger at low
frequencies than at higher frequencies. In addition, gaps appear since the con-
tours do not touch each other (showing that the simple vision of increasing
and intersecting circles is indeed incorrect). These gaps in the iso-frequency
contours are the fundamental explanation of the bandgaps appearing in the
band diagrams, for example the one shown in Fig. 4.6: the appearance of a gap
prevents a solution to the phase-matching condition to exist at that specific
incident angle and frequency. If the gap is large enough (obtained by a larger
contrast in permittivities inside the photonic crystal), no solution exists for
any incident angle, and a bandgap appears (Notomi 2000). Fig. 4.7(c) shows a
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(a) Low frequency contours. (b) Frequency contours.

r

(c) First eigenmode.

Figure 4.7 Frequency contours at a normalized w for a photonic crystal
defined by the parameters of Fig. 4.6. The superposed circle is a fictitious
iso-frequency contour corresponding to an isotropic medium.

three-dimensional view of the first eigenvalue in the space (k;, ky,w). The iso-
frequency contours shown in Figs. 4.7(a)—4.7(b) are therefore different cuts
of this curve at various heights. It can be seen that the three-dimensional
surface starts from the I'" point and expands as a cone corresponding to a
homogeneous dielectric medium. At higher frequencies, the cone is deformed
due to the interaction between the dielectric inclusions inside the photonic
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Figure 4.8 Iso-frequency contours at higher w for the same configuration
as in Fig. 4.7. The superposed circle is a fictitious iso-frequency contour
corresponding to an isotropic medium.

crystal. It can also be seen that as frequency increases, the iso-frequency
contours shrink toward the M point.

Coming back to our simple vision of expanding circles, it should be noted
that the gaps appear near those points where we were expecting the circles to
intersect. This is where the coupling between all the Bloch diffracted waves is
the strongest, related to the maximum diffraction at the edge of the Brillouin
zone. Although not completely accurate, the simple picture of expanding
circles is nonetheless instructive. Indeed, looking away from the gap, we
see that the apexes of the squares are not linked by straight lines but by
inward curved ones. These lines in fact correspond to the circles centered at
I' which keep expanding, as illustrated by the fictitious circular iso-frequency
contour in Fig. 4.7. Hence, as frequency increases, the circles of Eq. (4.32)
keep increasing, making the square shrink until they ultimately disappear. As
frequency continues to increase, the circles continue to expand and other gaps
appear at their new crossing points. The influence of the increasing isotropic
circle can still be seen as shown in Fig. 4.8, although the visualization of the
circles is much less obvious at higher frequencies. This defines higher modes
and more complex iso-frequency contours in the photonic crystal, yet always
based on the same principle.

Let us finally remember the previous discussion on the group velocity in free-
space: we have argued that the group velocity is pointing outward because the
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circles are expanding with frequency. Following the same reasoning, it is seen
that the group velocity obtained on the shrinking squares may point inward
(we remain cautious since this conclusion needs to be checked by a thorough
examination of the curvature of the iso-frequency contours, and because the
notion of “inward pointing” is not precisely defined). Like in the case of
homogeneous dielectrics with ¢ < 0 and p < 0 treated in Chapter 5, this
property can potentially yield negative refraction.

4.3 Negative refraction and flat lenses with photonic
crystals

4.3.1 Achieving negative refraction

Unlike metamaterial structures discussed in other chapters of this book, pho-
tonic crystals do no have unit cells that are small compared to the wave-
length and therefore cannot be viewed as homogenizable media. It is remark-
able, however, that to some extent, they can be described based on their
iso-frequency contours and in that regard, one is left wondering if they can
exhibit a negative refraction when they operate at a frequency where the
contour shrinks around a point!

We have seen in Fig. 4.7 that the photonic crystal whose parameters are
given in Fig. 4.6 does exhibit a shrinking iso-frequency contour around the
M point. This contour, however, is not circular at first (see the shape of
the contour at the normalized frequency a/A = 0.173), and becomes more
and more circular as frequency increases, until the mode disappears and the
second mode takes over. During this process of “becoming more and more
circular,” the curvature of the contour changes from concave to convex, with
the important difference that the group velocity changes from pointing away
from M to pointing toward M. The notion of “pointing toward” is here de-
fined as the tendency of the normal directions to the iso-frequency contour to
converge, as opposed to being divergent with concave contours, as illustrated
in Fig. 4.9. In the ideal situation of a circular contour, the convergence hap-
pens toward the same point, instead of being smeared out like in the present
case which is non-ideal. Fig. 4.9, however, proves that negative refraction is
possible provided that the wave-vectors on the proper contour can be excited,
i.e., can be phase-matched with an incident wave-vector.

This issue of excitation by phase matching is directly related to the orien-
tation of the crystal at the interface with an incident medium or, in other

THomogenizable media such as metamaterials exhibit iso-frequency contours that shrink or
expand about the origin in the spectral plane, whereas photonic crystals exhibit expanding
and shrinking contours about any symmetry point of the reciprocal lattice.
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(a) a/X = 0.173. (b) a/A = 0.210.

Figure 4.9 Illustration (zoom) on the iso-frequency contour at the normal-
ized frequencies a/\ = 0.173 and a/A = 0.210 for the photonic crystal of
Fig. 4.6. The normal directions at various points along the contour show a
divergent direction at a/A = 0.173 and a convergent direction at a/A = 0.210.

words, to how the crystal is cut. As a matter of fact, a rotation of the direct
lattice induces a rotation in the reciprocal lattice, while the interface with
the incident medium defines the direction of phase matching. T'wo situations
are represented in Fig. 4.10, where the spectral and spatial representations
are shown on the left and right, respectively. The iso-frequency contours are
shown at the normalized frequency a/A = 0.210, where a negative refraction
is expected (Luo et al. 2002). In the first case, the crystal is cut along a line
parallel to a direct lattice vector so that the spectral plane looks like the one
in Fig. 4.7. Two wave-vectors are considered in the homogeneous incident
medium, k;; and k;. Note that we have not assumed any specific values for
the constitutive parameters of the incident medium so that the radii of the
circular iso-frequency contours are chosen arbitrarily. Of course, as soon as
the permittivity and the permeability are chosen, the radii must be obtained
from the specific frequency at which the iso-frequency contour of the photonic
crystal has been obtained (corresponding here to a/A = 0.210). The medium
for the first incident vector k;; is selected such that the circular dispersion
relation has a small radius and does not yield any real solution to the phase
matching condition. The wave is therefore totally reflected from the crys-
tal. The medium for the second incidence is chosen with a higher index of
refraction, increasing the radius of the circle and offering real solutions to
the phase matching condition beyond a certain incident angle. Choosing the
phase-matched solution that corresponds to an up-propagating power, it is
seen that the wave experiences a positive refraction, also represented in the
right panel. In Fig. 4.10(b), the crystal is cut at a 45° angle, as shown in
the right panel. The corresponding spectral domain representation is shown
in the left panel, where it is seen that not only a phase-matched solution ex-
ists, but also that it corresponds to a negative refraction of the power. Note,
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Figure 4.10 Correspondence between the spectral domain (left) and spatial
domain (right) for two crystal orientations, and illustration of the associated
phase matching. Note that the radii of the circular iso-frequency contours of
the homogeneous media are chosen arbitrarily for the purpose of illustration.

however, that as already mentioned, this negative refraction is not isotropic
because of the non-circular shape of the iso-frequency contour.

The above discussion therefore illustrates that negative refraction is indeed
possible with a photonic crystal, provided that the following conditions are
met:

1. At the operating frequency, portions or the whole iso-frequency contour
is convex in order to induce converging energy refraction.
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Figure 4.11 Focusing a point source with a slab of photonic-crystal. (Cour-
tesy of Prof. J. Joannopoulos, MIT, Cambridge, USA.)

2. The crystal is properly cut in order to allow phase matching from the
incident medium.

3. The frequency is chosen such that the iso-frequency contours of the
photonic crystal and of the incident homogeneous medium yield real
solutions to the phase matching condition.

It should be mentioned that Luo et al. (2002) added the condition that the
frequency should be below 7c/as, where as is the surface parallel period. In
addition, the authors also generalized the concept of negative refraction to an
all angle negative refraction, by which all incident rays are negatively refracted
by the photonic crystal. For this to happen, the third condition needs to be
updated in the sense that all the incident wave-vectors need to be included in
the iso-frequency surface of the photonic crystal.

Developing upon the concept of negative refraction, Luo et al. (2002) showed
an important analogy with the negative refraction obtained in metamaterials:
after identifying two frequency bands in which all the above conditions are
met, the authors showed that a slab of such photonic crystal is able to image
a point source placed in front of it, very much like the imaging capabilities of
slabs of left-handed media (see Chapter 8). An illustration of such imaging
capability is offered in Fig. 4.11.
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4.3.2 Image quality and stability

Despite the interesting possibility of using photonic crystals as a flat lens for
imaging a source in the near-field, the negative refraction in photonic crystals
is very different from the one obtained with metamaterial structures described
in the other chapters. The most fundamental difference concerns the homoge-
nization condition: as much as metamaterials are composed of unit cells that
are small compared to the operating wavelength and can be characterized by
effective constitutive parameters, photonic crystals are based on the complex
superposition of multiple Bragg scattering due to a periodicity and a unit cell
on the order of the operating wavelength. Consequently, photonic crystals
are still inherently inhomogeneous, even if their macroscopic properties can
be understood based on iso-frequency contours. As we have seen, these con-
tours are rapidly evolving with frequency, changing shapes, curvature, and
even symmetry points. Although circular contours can be obtained, yielding
similarities with homogeneous isotropic media where indices of refraction can
be defined, they are obtained over a very narrow frequency band and there-
fore cannot be used as a defining characteristic of photonic crystals. In fact,
photonic crystals cannot be viewed as homogeneous media, even though they
exhibit some of the properties of homogeneous media.

An immediate consequence of these considerations is that the wave propa-
gation inside the crystal strongly depends on the orientation of its constituents
for example, which would be unexplained if the crystal was truly homogeniz-
able. Upon designing a configuration that supports negative refraction (based
on the same principle enunciated above), Martinez and Marti (2005) showed
that an incident beam is indeed negatively refracted for some particular lattice
orientations only. For other ones, the beam is either strongly attenuated® or
scattered to multiple Bloch modes. Similarly, Moussa et al. (2005) and later
Decoopman et al. (2006) showed that surface termination has a direct and
important impact on the transmission level through a slab of photonic crystal
as well as on the values of the associated effective constitutive parameters, de-
spite the fact that the crystal was optimized to exhibit a circular iso-frequency
contour. It has been postulated by Decoopman et al. (2006) that these effects
are due to the interplay between the influence of the impedance and the in-
fluence of the index of refraction on the wave propagating inside the crystal.
As a matter of fact, the iso-frequency contour provides information on n only
(which is here understood to be an effective parameter), but not on the per-
mittivity and permeability. Hence, any values of effective ¢ and p that satisfy
VEu = n comply with the iso-frequency contour and in particular, once n is
fixed, any value of ¢ that satisfies ¢ = n?/(uc?) is acceptable. However, € and
u are also strongly dependent on the location of the boundary (i.e., the cut)

1t should be emphasized that the iso-frequency contours drawn in the spectral plane only
give an indication on the propagation direction of waves, while no information is provided
on their amplitude, which can potentially be very low.
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Figure 4.12 Dispersion diagram for a triangular array of circular rods r =
0.45a. Horizontal axis: Bloch vector describing the first Brillouin zone I' —
K — X. Vertical axis: Normalized frequencies a/A, with A the wavelength.
Right: Iso frequency contour at the intersection of the light line in vacuum
with optical band showing negative group velocity at A = 3.66a. (Redrawn
from the data in Ramakrishna et al. (2007b) (© 2007, American Physical
Society.)

within a unit cell: while maintaining a constant product, the ratio between
them is not preserved so that the surface impedance of the crystal varies, and
so does the transmission level. These results therefore confirm the fact that
the iso-frequency contours are not sufficient to conclude on the isotropy of a
photonic crystal.

Despite these words of caution, iso-frequency contours can still be used
as an intuitive tool to understand some aspects of propagation in photonic
crystals, especially for frequencies corresponding to the higher bands and for
crystals cut along their symmetry directions (Foteinopoulou and Soukoulis
2005). Using these principles, both negative refraction and imaging by a flat
slab have been consistently reported, in a one-dimensional structure (Monzon
et al. 2006), in a two-dimensional hexagonal lattice (Wang et al. 2004), in
a three-dimensional structure (Lu et al. 2005b), and even in a metallic pho-
tonic crystal (Parimi et al. 2004) and a photonic crystal with silver nanowires
operating at optical frequencies (Ao and He 2005).

For the sake of further illustration, we subsequently present the calculated
results for the case of a triangular lattice of cylindrical dielectric rods with
a refractive index of n = 4 in air. The band structure for this configuration
is shown in Fig. 4.12 where it is seen that the second band has a negative
slope or a negative group velocity. Thus, the iso-frequency surface shrink
around the I' point as the frequency increases. The point of intersection of
this band with the dispersion curve for free light in vacuum with (n = +1)
corresponds to A = 3.66a. The iso-frequency surface is shown on the right
side of Fig. 4.12 at this wavelength and it is seen to be almost circular, which
is ideal for focusing applications. Note that the ratio of the crystal lattice
period and the free-space wavelength is still smaller than unity and that an
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incident plane wave couples to a single Bragg mode inside the photonic crystal.
In Fig. 4.13, we show the results of a calculation where a Gaussian beam of
finite width is incident upon a slab made of this photonic crystal (16 x 70
cylinders) and undergoes a negative refraction. A multipole method (Tayeb
and Maystre 1997) has been used to calculate the fields with the magnetic
field along the cylindrical axis, and the magnitude of the electric field has
been plotted as a gray scale in the figure. It is clear that the beam experiences
a negative transverse shift upon transmission across the slab, which is one of
the hallmarks of negative refraction. One can also see the negative refraction
onto the same side of the normal inside the photonic crystal although that is
quite obscured by the interference pattern inside the slab. The interference
pattern on the incident side arises due to interference between the incident
and reflected beams. Although we have negative refraction in this case which
almost appears like n = —1, we do not have impedance matching which
sensitively depends on the surface termination of the photonic crystal (the
plane at which the slab is cut out of the crystal). The finite reflectivity arises
from this impedance mismatch. Note that one has to keep the beam width
reasonably large to avoid a large beam divergence which would otherwise
not allow the clear demonstration of the negative refraction effect. One can
clearly see the negative refraction inside the photonic crystal by considering
the refraction of a finite beam through a prism made of the photonic crystal.
An equilateral triangular prism formed out of this photonic crystal by placing
cuts along the symmetry directions is shown in Fig. 4.14. A Gaussian beam
of light of wavelength A = 3.6798a is incident on the prism from the bottom
left, making an angle of 30° with the vertical axis. The beam is centered on
the middle of the prism side consisting of 60 rods, and its width is 20a. It
is clear that the beam refracts negatively across the prism and bends toward
the apex. In this figure, due to the spatial separation between the two beams
inside the photonic crystal, there are no interference effects that obscure the
negative refraction, which is thus clearly visible. Note that the beam on the
top right side of the prism arises from the reflection at the second interface.

It should also be emphasized that whenever it is obtained, the imaging
phenomenon with a photonic crystal-based flat lens usually achieves some
amount of sub-wavelength resolution due to the larger iso-frequency contours
than those of the incident medium at the same frequency. As a matter of fact,
the reciprocal effect of total reflection occurs, by which an evanescent wave
in the incident medium is coupled to a propagating wave inside the crystal.
For sources in the near field of the first slab interface, the evanescent waves
have not decayed enough to be negligible and the corresponding propagating
waves inside the crystal carry meaningful information that can be transmitted
over a large distance, typically to the other side of the slab. The resulting
image, if also in the near field of the flat lens, therefore contains information
from the evanescent waves from the source and can thus have sub-wavelength
resolution to some extent.
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Figure 4.13 Negative refraction of a Gaussian beam across a slab of a two-
dimensional photonic crystal with a triangular lattice. The radiation has a
wavelength of A = 3.6798a and is incident from the top right as shown by the
arrow. The beam negatively refracts inside the photonic crystal and has a
negative transverse shift upon transmission across the slab. (This figure has
been kindly provided by Gérard Tayeb, Institut Fresnel, Marseilles, France.)

4.4 Negative refraction vs. collimation or streaming

The ambiguity in defining homogeneous parameters for photonic crystals is at
the origin of some seemingly contradictory results reported in the literature.
As we have argued in the previous section, defining the index of refraction of
a photonic crystal solely based on a circular iso-frequency curve at a given
frequency can be justified within some very specific conditions, but is not exact
in general and is quickly bound to be misinterpreted. Hence, simultaneously to
the reports of flat lens imaging based on the negative refraction property, other
authors interpreted apparently similar imaging results based on a different
wave propagation mechanism, thus questioning the relative importance of
negative refraction.

The argument to question the homogeneity and the importance of the neg-
ative refraction in a photonic crystal is based on a simple property of the
imaging configuration using a flat lens: a truly isotropic and homogeneous
medium with a negative index of n = —1 creates an image of a point source
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Figure 4.14 Negative refraction of a Gaussian beam in an equilateral trian-
gular prism of two-dimensional photonic crystal with a triangular lattice. The
radiation has a wavelength of A\ = 3.6798a and is incident from the bottom
left making an angle of 30° with the vertical axis. The beam is centered on
the middle of the triangle side consisting of 60 rods and has a width of 20a.
(Taken from Ramakrishna et al. (2007b) © 2007, American Physical Society.)

Figure 4.15 Ray tracing illustration of the flat lens made of an isotropic
homogeneous medium of index of refraction n = —1. The distance between
the image point and the second interface of the lens varies as function of the
distance between the source and the first interface (situation A to B), as well
as function of the lens thickness (situation B to C).

whose position can be varied by two parameters, the distance between the
source and the first interface of the lens as well as the lens thickness. These
observations come directly from the simple ray diagram illustrated in Fig. 4.15.

Upon choosing a configuration that exhibits a negative refraction, however,
Li and Lin (2003) showed using a multiple scattering approach that the image
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does not follow the expected behavior reported in Fig. 4.15, but instead that
it is consistently located in the near field of the second interface. In addition,
no focusing inside the slab was visible either, but a seemingly collimated beam
that was propagating from the first to the second interface of the lens. In fact,
returning to Fig. 4.9, one can see that even though the iso-frequency contour
is convex, the negative refraction is somewhat weak, and the power is more
directed toward a single direction rather than being focused to a point. The
reason of this behavior is of course the shape of the contour, which is not
circular but more square-like, with approximately flat portions whose normal
vectors point in very similar directions. This effect has been termed collima-
tion due to the confined lateral extent of the beam as it propagates through
the crystal. Consequently, a Gaussian beam which, contrary to a Bessel beam
for example, naturally spreads, can be collimated in a photonic crystal by
using its inherent anisotropy at a frequency where the iso-frequency contour
has a low curvature. Interestingly, this collimation is a purely linear effect,
unlike for example solitons which are created by a nonlinear compensation for
the beam spread due to diffraction.

A theoretical study of the collimation effect in photonic crystals can be
performed by studying the curvature of the iso-frequency contour, as suggested
in Shin and Fan (2005). Supposing that the relationship between k., and
(ks ky) is known, k, = f(k, ky), one can compute the radius of curvature as

1

r= 2f/ou2’

(4.33)

where &4t = T cosf + ysin@ is an arbitrary tangential direction. Hence, the
photonic crystal exhibits collimation in a given direction if R is infinite in that
direction. Of course, in order to realize a good collimation, it is necessary to
obtain an infinite radius over as wide portion of the iso-frequency contour as
possible. It has been suggested that such a wide, flat portion of the contour
can be obtained at frequencies for which the contour mimics the form of the
first Brillouin zone (Chigrin et al. 2003). Applications for example include
the reshaping of the radiation pattern of a dipole source (or an antenna in
general), with enhanced directivity in specific directions (Chigrin 2004, Guven
and Ozbay 2007).
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Media with € < 0 and p < 0: theory and
properties

This chapter presents various theoretical aspects related to left-handed media,
i.e., media whose permittivity € and permeability p can achieve negative values
simultaneously. As we have already mentioned in previous chapters, the sole
possibility of achieving ¢ < 0 and g < 0 prompts us to revisit even the most
basic phenomena of electromagnetics and optics, one such example discussed
at length being the sign of the index of refraction.

We thus start by identifying the possible origins of negative refraction,
showing that the negative refraction of the power is not a new phenomenon.
The specificity of left-handed media is shown to come from the negative re-
fraction of both the power and of the wave-vector k, which prompts us to
examine the choices of k and its consequences. A few key properties are then
discussed, such as the reversal of Snell’s law, of the Doppler shift, of Cerenkov
radiation, and of the Goos-Héanchen shift. The modified Mie scattering is also
discussed, providing a vivid illustration of the impact of negative refraction
on the field distribution: it is shown that the usual forward focusing obtained
with standard dielectric Mie spheres is modified, yielding a clear focus of the
field inside the sphere.

The chapter continues by expanding the discussion to anisotropic media
and indefinite media, where the signs of the diagonal terms in the permittivity
and permeability are allowed to be independently chosen, either positive or
negative. The various iso-frequency contours thus generated are presented,
and their impact on the amphoteric refraction® of waves, on the inversion of
the critical angle and the Brewster angle, and on the realization of flat lenses is
discussed. The chapter terminates by a generalization to bianisotropic media,
showing how a strong bianisotropy can flip the refraction from positive to
negative.

*By amphoteric refraction, it is implied that the refraction can be either positive or negative.
For example, one could have a situation where the refraction of the phase is positive while
the one of the power is negative.
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5.1 Origins of negative refraction

Wave refraction at an interface between two media is one of the most fun-
damental phenomena of optics and electromagnetics, and is quantified by
Snell’s refraction law which stipulates that the transmitted angle 6; is related
to the incident angle ; by the relation n;sinf; = n;sin 6;, where n; and n,
are the refractive indices of the incident and transmitted media, respectively.
Within a ray optics approximation, Snell’s law can be obtained as a direct
application of Fermat principle and yields a positive refraction for media with
positive index of refractions, which represent all the natural homogeneous
media known to date. As the wave theory of light matured with Fresnel and
later with Maxwell’s electromagnetic theory, Snell’s law was shown to be the
consequence of the more fundamental concept of phase matching. Further-
more, Maxwell’s theory also pointed out the necessary distinction between
refraction of the phase, related to the propagation vector k of the wave, and
the refraction of the power flow associated with the wave. Within this more
general framework, it appeared that both positive and negative transmission
angles were solutions of the refraction equations, but that a negative refrac-
tion of the power would also require a negative refraction of the phase. Since
no media were known to exhibit this property, negative refraction was sought
within more complex media such as anisotropic or inhomogeneous.

In the case of uniaxial anisotropic crystals for example, the dispersion re-
lation, which represents the variation of the components of the wave-vector k
with frequency (w), yields elliptic iso-frequency contours that can be rotated
by cutting the crystal appropriately with respect to its axes in order to achieve
a negative refraction of the power flow (but a positive refraction of the phase)
within a specific range of incident angles. In the case of inhomogeneous media,
intense efforts by the photonic crystal community have led to the successful
demonstration of photonic crystal structures exhibiting negative refraction,
as discussed in the previous chapter. Unlike the anisotropic situation, the
negative refraction in this case is most often due to shrinking iso-frequency
contours around a given point in the spectral space as a function of increasing
frequency.

An important conceptual generalization was to reconcile isotropy and shrink-
ing dispersion relation, which was done by postulating the existence of sub-
stances exhibiting negative values of the permittivity ¢ and the permeability
p within a certain frequency band (Veselago 1968). A few interesting prop-
erties of such media were immediately identified, among others the negative
refraction, but also the left-handed triad formed by the electric field vector,
the magnetic field vector, and the wave-vector, which led to the terminology
“left-handed media” (LHM) for these substances, the reversal of Doppler shift
and the reversal of Cerenkov radiation. All these phenomena were later ex-
perimentally confirmed: negative refraction has been measured in a prism ex-
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periment (Shelby et al. 2001b) using an artificial metamaterial based on small
unit cells containing split rings and rods discussed in Chapter 3 (Pendry et al.
1998; 1999), backward phase waves were shown by simulating real metama-
terials Lindell et al. (2001), while reversed Cerenkov radiation and Doppler
shift have been reported in Lu et al. (2003), Luo et al. (2003), and Stancil
et al. (2004), respectively.

A few facts can be highlighted from these considerations. First, negative
refraction is not unusual and has been known and studied for decades already.
However, left-handed media have an interesting property of exhibiting a nega-
tive refraction of both the power and the phase, which had not been achieved
before. Second, negative refraction does not imply ¢ < 0 and g < 0 while
the implication holds in the other direction. Third, negative refraction (of
the power and/or the phase) can be attributed to one of the following four
origins:

1. An elliptic dispersion relation properly oriented in the spectral domain,
typically achieved by uniaxial media.

2. A shrinking iso-frequency contour with frequency like in photonic crys-
tals.

3. A negative index of refraction due to negative values of the permittiv-
ity € and the permeability p, which effectively also yield a shrinking
dispersion relation but within an isotropic and homogeneous medium.

4. The motion of an otherwise isotropic and homogeneous medium.

It should be mentioned that negative refraction can be obtained by yet other
methods, for example the proper design of a series of parallel plate wave-
guides. However, unlike the four properties listed above, most of these other
methods cannot be associated with effective material properties and we shall
therefore not consider them here in detail. In the following, we describe how
the negative refraction phenomenon is generated by the four aforementioned
properties, and we start by discussing the fundamental concept of dispersion
relation.

5.1.1 Dispersion relation

The dispersion relation is fundamental in order to understand the refraction
phenomenon at the boundary between two homogeneous media. The disper-
sion relation relates the components of the wave-vector of the propagating
electromagnetic wave to the properties of the medium and to the frequency.
In the case of a homogeneous isotropic dielectric of relative constitutive pa-
rameters € and p for example, the dispersion relation is well known and is

written as w
k=+vk2+k2=—\/z1, (5.1)
c

© 2009 by Taylor & Francis Group, LLC



178 Media with e < 0 and p < 0: theory and properties

where c is the velocity of light and where the wavenumber k is the magnitude
of the wave-vector k = &k, + Zk,, written here in two dimensions for the sake
of simplicity. The parameters ¢ and p are understood to be relative values.
A systematic way of obtaining the dispersion relation of a medium is to
combine the Maxwell equations and the constitutive relations to yield an equa-
tion for the electric field only (a generalization of the well-known Helmholtz
equation for homogeneous media). The dispersion relation is obtained upon
setting the determinant of the matrix operator to zero, a condition that can
be written as B B
wieof + gtk gt k| =0, (5.2)

Note that this method can be generalized to bianisotropic media as well,
as shown in Chapter 2, Eq. (2.81) on page 59. In Eq. (5.2), £ and & are
second-rank tensors and can be potentially fully populated. Of course, for
highly complex constitutive tensors, it may be difficult to obtain an analytical
solution to Eq. (5.2).

The graphical representation of the dispersion relation in the spectral plane
yields information on both the refraction of the wave-vector and of the power
when an interface is present. The refraction of the wave-vector is a di-
rect consequence of phase matching (i.e., the continuity of the tangential
component of the wave-vector across the interface). This situation is rep-
resented in Fig. 5.1: Fig. 5.1(a) shows the physical situation while Fig. 5.1(b)
shows the spectral representation. A wave impinging from a homogeneous
medium of parameters (g, to) onto another homogeneous medium of param-
eters (e1, p1) = (e€o, f1it0) experiences both a reflection and a refraction phe-
nomenon. In the first medium, the wave-vectors are k; and k,. for the incident
and reflected waves, respectively, while in the second medium the transmitted
wave propagates with a wave-vector k;. The components of these wave-vectors
satisfy the dispersion relations in the respective media (supposing again for
simplicity that k, = 0):

k2 4 k2 = wleouo, (5.3a)
k?“ac + k?z = W250,U'0 y (53b)
k2 + k2 = w?eim, (5.3c)

as well as the phase matching condition
kim = krw = ktw ; (54)

so as to satisfy the continuity of the tangential components of the fields across
the interface between the media. These relations are represented in Fig. 5.1(b):
Egs. (5.3) yield circles while Eq. (5.4) yields the dashed line, and the inter-
section between the two indicates the wave-vectors that are solutions of both
conditions. From this picture, it is obvious that both the incident and trans-
mitted media support two solutions. In the incident medium, both solutions
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Figure 5.1 Spatial and spectral representation of a plane wave impinging
onto a dielectric half-space, generating a reflected and a transmitted wave. In
the spectral domain, the wave-vectors satisfy Eqs. (5.3) and Eq. (5.4). Solu-
tion A corresponds to a regular medium where the wave-vector (thin arrow)
and power flow (thick arrow) are parallel whereas solution B corresponds to
a left-handed medium where the wave-vector and the power flow are anti-
parallel. The direction of the power flow is obtained from the gradient of the
iso-frequency curve with respect to the frequency.

are excited: one is the incident wave and the other one is the reflected wave.
The situation in the transmitted medium deserves further discussion. It has
been customary to choose solution A, which yields the regular positive refrac-
tion phenomenon, but one is left wondering if the second solution B could be
chosen as well.

The resolution of this question lies in the physical requirement that the
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power always flows away from the source. In the situation of Fig. 5.1, this
requires the Z component of the Poynting vector to be always negative (the
source being located at z — oo and the wave propagating downward in the
figure).

The direction of the power flow can be obtained from the gradient of the dis-
persion relation with respect to frequency Viw(k) (if the dispersion w(k) does
not vary fast — see Section 6.5). Graphically, we can draw an iso-frequency
contour at frequency f and another one at frequency f + 6f (where §f is a
small frequency increment), the gradient giving the direction of the power.
For a standard dielectric as considered in Fig. 5.1, the iso-frequency contour
expands with frequency, yielding the gradient shown by the thicker arrows at
point A, while a similar outgoing arrow corresponds to point B (not shown).
Clearly, only one solution is permitted (only one solution has a negative z
component), which corresponds to the solution intuitively chosen. One could
imagine, however, that if the iso-frequency contour were shrinking with fre-
quency, the gradient would point inward and the other phase-matched com-
ponent would have to be chosen, corresponding to the situation at point B'.
This is precisely what happens in left-handed media, as we further discuss in
Section 5.1.4.

5.1.2 Anisotropic media with positive constitutive parame-
ters

When the permittivity and the permeability tensors are not scalar quantities,
the medium is said to be anisotropic, i.e., the material properties are different
in different directions of propagation. In this case, the iso-frequency contours
are more complex than the simple sphere of a homogeneous medium, and
typically take elliptic shapes. We consider here a biaxial medium: the relative
permittivity and permeability tensors are simultaneously diagonalizable and
the three values might be different:

E=10¢g 0 and p=|{0 pu, 0. (5.5)
00 €, 0 0 Mz

Note that an isotropic medium is just the limiting case of an anisotropic
biaxial medium where e, = ¢y = ¢, and u, = py = p..

For a plane wave in the xy plane with an electric field polarized along
the ¢ direction and a magnetic field in the zz plane (corresponding to an S
polarization), the dispersion relation equivalent to Eq. (5.1) is written as:

k2 k2
x + z

Eylz  Eylz

= k2. (5.6)

The components (e4,¢., fty) influence the other polarization. When all the
parameters of Eq. (5.6) are positive (we shall consider the case when they
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Figure 5.2 Illustration of the amphoteric refraction between free-space and
a rotated anisotropic medium. The incidences on the left and right yield a
positive and a negative refraction of the power, respectively. In both cases,
the refraction of the phase is positive.

can be negative in Section 5.3), the iso-frequency curves are elliptic with the
principal axes aligned with the & and Z directions. These directions, however,
may not coincide with the principal axes of the crystal. This is to say, the
medium might be biaxial in some coordinate system different from the (Z, g, 2)
system defined a priori. When this happens the iso-frequency contours in the
zz plane become rotated ellipses, and this rotation can induce a negative
refraction of the power.

The above situation is illustrated in Fig. 5.2, while the mathematical treat-
ment of this case is postponed to Section 5.3. Upon performing the phase
matching and gradient considerations as described above (all the parameters
here being positive, the iso-frequency curves are expanding with frequency),
we see that for a proper choice of parameters and rotation angle, some inci-
dences (Fig. 5.2(a)) have a positive refraction, whereas some other incidences
(Fig. 5.2(b)) have a negative refraction of the power but positive refraction of
the phase. When using a beam of light as illustrated in Fig. 5.3, one would
therefore witness a negative refraction of the beam and could conclude on a
negative refraction phenomenon with a natural material, for example a prop-
erly cut crystal of CaCOj3 or of YVO, (Chen et al. 2005¢, Du et al. 2006).
This negative refraction, however, has some fundamental differences when
compared to the negative refraction due to left-handed media:

1. Tt holds only for the power, whereas the phase (i.e., the wave-vector),
is positively refracted. These media therefore do not support backward
waves.
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AN N/
N

Figure 5.3 Amphoteric refraction of a beam of light between free-space and
a rotated anisotropic medium. Parameters are: ey = 3eq, fty = o, pt2 = 3o,
and a rotation of 45 degrees. The incidence is from top to bottom in both
cases and the weaker beam represents the reflection from the interface.

2. It holds only for a few incident angles, whereas the refraction is positive
for most other angles. This would, for example, preclude the use of
these media for lensing applications as described in Chapter 8.

5.1.3 Photonic crystals

Photonic crystals have been treated in detail in Chapter 4 and, more specifi-
cally, the phenomenon of negative refraction has been treated in Section 4.3.
It is therefore known that in this case as well, despite the very inhomoge-
neous nature of the medium, negative refraction can still be understood with
iso-frequency contours and their evolution as function of frequency. Thus a
wave incident from free-space would couple to a single Bragg mode with a
negative phase vector in the photonic crystal. It then becomes a designing
procedure: the proper permittivity of the background and that of the inclu-
sions as well as the distance between them and the operating frequency need
to be determined in order to obtain a shrinking iso-frequency contour around
a symmetry point of the crystal. Additionally, circular iso-frequency contours
are often sought in order to mimic an isotropic medium and to borrow the
terminology of index of refraction. If these conditions can be met at a low
enough frequency, it is possible to cut the crystal in such a way to obtain an
all-angle negative refraction (Luo et al. 2002).

Photonic crystals, however, are inherently inhomogeneous media, and circu-
lar iso-frequency contours can be obtained only within a very narrow frequency
band. In addition, they depend very sensitively on the relative placement of
the scatterers and the lattice. We therefore prefer to refrain ourselves from
defining an index of refraction in this case, and consider the negative refrac-
tion produced by photonic crystals as a special case of a much more complex

© 2009 by Taylor & Francis Group, LLC



5.1 Origins of negative refraction 183

wave propagation phenomenon governed by the theory of Bragg diffraction.

5.1.4 Left-handed media

We consider here left-handed media as they were originally defined (Vese-
lago 1968): homogeneous and isotropic substances with a negative dielectric
permittivity and a negative magnetic permeability. The case of anisotropic
left-handed media, fundamentally related to their physical implementation as
a succession of metal split rings and thin wires, is postponed until Section 5.3.

We have discussed earlier the properties of the dispersion relations and their
influence on the iso-frequency contours of standard dielectrics, which has en-
abled us to explain the well-known phenomenon of refraction at an interface
in a systematic manner. This approach was necessary in order to understand
the refraction between free-space and a left-handed medium: since our intu-
ition is of no help in this new situation, we need to resort to a mathematical
approach and examine its consequences.

We have seen in the previous chapter that left-handed media exhibit a
negative permittivity and a negative permeability within a certain frequency
range, as a result of a frequency dispersive phenomenon (typically a Drude-
like model for the permittivity and a Lorentz-like model for the permeability).
A typical evolution of these parameters in a homogeneous medium is shown in
Fig. 3.21, where the index of refraction n = ,/eq is directly proportional to the
magnitude of the wave-vector k in Eq. (5.1). From this picture, it is therefore
clear that when the index of refraction is negative, its magnitude decreases
with increasing frequency, thus yielding a smaller circle in the (k., k.) plane
(since k? = k2 + k2 and k decreases with frequency). The iso-frequency
contour therefore shrinks with the frequency, changing the direction of the
gradient. Consequently, for the same incidence as in Fig. 5.1, the solution B
needs to be chosen (the one with a negative Z component of the power), which
is equivalently represented by the point B' and yields a negative refraction.
In order to preserve the phase matching condition (k, continuous across the
interface), k, needs to be in the opposite direction with respect to the case in
Fig. 5.1. This inversion of the wave-vector in the propagation direction is at
the origin of the backward waves supported by left-handed media. An example
of negative refraction of a finite beam of light at the interface between free-
space and a left-handed medium is shown in Fig. 5.4, while Fig. 5.5 illustrates
the motion of a pulse through a negative index medium where the phase of
the wave propagates backward while the envelope of the pulse propagates
forward.

5.1.5 Moving media

The electrodynamics of moving media represent an entire topic per se whose
extensive discussion would merit a chapter by itself. This being out of the
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Figure 5.4 Illustration of the refraction of a Gaussian beam between free-
space and a left-handed medium characterized by the constitutive parameters
(—e0, —lt0). Note the simultaneous negative refraction of the power and of

the phase.

Figure 5.5 Illustration of the propagation of a pulse through a standard
medium and through a left-handed medium. Top: reference position. Mid-
dle: position at a later time when the pulse propagates through a standard
medium. Bottom: position at a later time when the pulse propagates through
a left-handed medium.

scope of this book, we refer the reader to Kong (2000) as well as to the open
literature for more details, while we shall only present this topic within the
scope of negative refraction.

The motion of a medium is potentially a fourth cause of negative refrac-
tion (Grzegorczyk and Kong 2006) which, like in the previous situations, can
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be directly understood from the dispersion relation given by
1
k2 + = (k. — k) (k. —k2) =0, (5.7)
e
where it is assumed that the motion is in the Z direction,

n+ 1— 2
kj:koﬁfl? a:l_infm, (5.8)
ko = w/e, n? = 'y’ > 1, c is the velocity of light in free-space, B = 23 =
v/c, B < 1,and € and p’ are the isotropic permittivity and permeability of the
medium in its rest frame, respectively. The iso-frequency contours are then
either ellipses (if § < 1/n) or hyperbolae (if 8 > 1/n), both centered at k.o =
ko B(n? —1)/(n?B% — 1). We note that k.o < 0 if 3 < 1/n, which indicates
that the ellipses are displaced toward negative k, values, while k.o > 0 if § >
1/n (the Cerenkov zone), which indicates that the hyperbolae are displaced
toward positive k, values. Consequently, the phase of the wave can only be
positively refracted, while the refraction of the power can be either positive
or negative. Two regimes can be distinguished: one below and one above the
Cerenkov limit of 3 = 1 /n. For velocities below the limit, the displaced ellipse
can produce a negative refraction for the proper quadrant of incident angles,
as illustrated in Fig. 5.6(a). All the angles in the quadrant are included if
B = 1/n?. For velocities above the Cerenkov limit, the displaced hyperbola
produces a negative refraction for an entire quadrant of incident angles, as
shown in Fig. 5.6(b), and explains the standard high-velocity Fizeau-Fresnel
drag (Censor 1969, Parks and Dowell 1974).

Note, however, that this negative refraction holds only for the power and
not for the wave-vector. Consequently, a backward phase vector is not gener-
ated here. Additionally, the motion of the medium can be combined with the
natural negative refraction of an isotropic left-handed medium for example.
The combined effect is either an enhanced refraction or an attenuated refrac-
tion with a possible sign change, as function of frequency (the constitutive
parameters of left-handed media being frequency dispersive), incident angle,
and velocity (Grzegorczyk and Kong 2006).

5.2 Choice of the wave-vector and its consequences

A fundamental consequence of the inversion of the wave-vector in the phase
matching diagram is the inversion of the sign of the index of refraction. This
concept is so deeply related to the topic of left-handed medium and metamate-
rials that the terminology “negative index media” (or an equivalent) has often
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k.

(a) B<1/n (b) B>1/n

Figure 5.6 Iso-frequency contours for free-space (circle) and for a moving
medium as function of its velocity. The wave-vectors (thin arrows), power
(thick arrows) and phase matching condition show the possibility of obtaining
a negative refraction at some incident angles. In all cases, the refraction of
the k-vector is positive. Note that the curves are given only for the purpose
of illustration and are not drawn to scale.

been used to characterize them. In this section, we examine more rigorously
why a negative dielectric permittivity and a negative magnetic permeability
induce a negative index of refraction.t

Mathematically, the index of refraction n is expressed as function of the
product of the permittivity and the permeability as (the Maxwell relation)

n=./ep. (5.9)

Hence, it is not immediately obvious that ¢ < 0 and p < 0 imply n < 0. Like
often in electromagnetics, one has to look at the lossy situation in order to
extrapolate the conclusions to lossless media.

Upon including losses, the permittivity and the permeability are written in
the polar coordinate system (in the complex plane) as

£ = |ele%, p=|pe. (5.10)
The index of refraction thus becomes
n = /|e| |p] €2@F0). (5.11)

Our convention (using i = /—1 to denote the imaginary number) imposes that
¢” > 0 (the imaginary part of the permittivity to be positivet) and u”" > 0, so
that 0. € [0, 7] (illustrated in Fig. 5.7 in the case of a negative permittivity)
and 0, € [0,7]. Consequently, the angle of the index of refraction is (0. +

TWe shall limit our discussion to media where it makes sense to talk about an index of
refraction, i.e., isotropic and homogeneous media in our case.

fWe denote by single primes the real part operator and double primes the imaginary oper-
ator, so that Re(e) = ¢’ and Im(e) = &”.
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Figure 5.7 Representation of the permittivity in the complex plane.

6,,)/2 € [0,7]. This range is reduced to [r/2, ] in the situation when &’ < 0
and p' < 0, so that the real part of the index of refraction is negative (n’ < 0).
In particular, the lossless limit is obtained as §. — = and 6, — 7 which

produces:
n=lel [ul € = —/Iel |ul- (5.12)

Under the assumption of an isotropic medium, this index of refraction can
be directly introduced into Smnell’s law and is seen to reverse the refraction
direction, as already explained based on phase matching of the wave-vector.

Another situation inducing n’ < 0 should be pointed out, theoretically
justified but of practical limited interest. As a matter of fact, a negative
index of refraction is obtained as soon as (6. +6,,) > m. This can be obtained
when 6, > 7/2 and 6, > m/2, which is the situation of a standard left-
handed medium described above, or for example if we let . = n/2 + .,
where 0. € [0,7/2]. In this latter situation, a negative n’ is obtained when
0, >m/2— 0.

1. When 6. — m/2, a situation can be selected where the permittivity has
a negative real part and small losses (6. — 7/2) and the permeability
has a positive real part and small losses (6, — 0). With the proper
combination of angles, a negative refraction can be obtained.

2. When §. — 0, the permittivity has a small negative real part and high
losses which, combined with a permeability with a small positive real
part and high losses, can also yield a negative refraction.

In both cases, however, the resulting complex n has a negative real part as
desired, but also a very large imaginary part. This configuration therefore
corresponds to a medium with high losses where electromagnetic waves are
strongly evanescent, and has a limited practicality except for some very spe-
cific near-field applications.
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5.2.1 Modified Snell’s law of refraction

Let us examine the modified Snell’s law of refraction more closely. Consider
an interface in the zy plane between (for example) vacuum and a medium
with some arbitrary homogeneous, isotropic medium with complex material
parameters (¢ = & + i¢” and p = ¢/ +ip”). While the medium could also
be amplifying in general, we confine ourselves to the discussion of passive,
dissipative media only: ¢” > 0 and p” > 0. If we define the incident plane as
being xz, the incident wave has a parallel component of the wave-vector k,,
which is conserved upon refraction due to phase matching. The discussion on
obtaining the refractive index presented above is a special case (for k, = 0)
of the more general problem of choosing the sign of the square root for the
normal component of the wave-vector in the medium:

ko= (enk? — k2)"% = £ (EW/kE — " p'kE — K2+ + " k3) 2,
(5.13)
where kg = w/c. In order have a propagation in the medium, we assume that
the levels of dissipation are low and subsequently can extrapolate to large
values if required. In the case of small values of &’ and p’:

!, ",/

"1 + "'k

[E/M/kg _ s”u”k% _ k%]l/Q' (5'14)

be = £ (R — K~ K i

Note that we have non-propagating evanescent waves with a predominantly
imaginary wave-vector if (¢'u/ — &”p” )k — k2 < 0.

Physical boundary conditions have to be imposed to obtain the correct sign
of the wave-vector. The relevant condition here is that the field amplitudes
and the energy flow should go to zero as z — oo since the medium is dissipa-
tive. Hence for propagating waves and ¢/ > 0 and ' > 0, it is obvious that
the positive sign for the wave-number has to be chosen since it results in the
decay of the wave amplitude with z. Similarly, for propagating waves and
¢’ <0 and p' < 0, the negative sign has to be chosen in order to yield waves
of decaying amplitude with z if [¢/p” + ¢”p’] < 0. Tt is necessary to look at
the limit of zero dissipation to obtain the physically sensible wave-vector in a
non-dissipative medium. Obviously in a medium where ¢’ and p’ have oppo-
site signs, the waves are all evanescent and we again have decaying waves into
the medium. Since it is meaningless to associate a direction of propagation to
evanescent waves, we do not discuss the choice of the sign for the square root
for this case, except to remark that the sign should always be chosen such
that the wave decays to zero at the infinities in a dissipative medium.

We note in passing that physically relevant quantities such as the trans-
mission coefficient and the reflection coefficient of a slab of a material are all
invariant under the transformation k, — —k,. A second point is that a slab
can support both evanescent decaying and evanescent growing waves. In the
case of media with negative material parameters, it is possible to have some
cases where the amplifying waves dominate the solution, which is a scenario
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Figure 5.8 Pictorial examples of the modified refraction process for a neg-
ative index medium where it is assumed n = —1 (Top, from left to right): A
planar interface (the phase vectors are shown in grey), a prism, a flat slab
and a plano-convex lens. Bottom: Refraction across a wedge. In the second
case (right) which can be obtained by decreasing the angle in the first case
(left), the rays become tangential to the second interface and the output rays
appear as if associated with a source at infinity.

that usually arises due to the resonant excitation of surface waves on the far
surface.! However, note that the solution in a semi-infinite medium cannot
be obtained from the solutions of a finite slab by taking the limit of infinite
slab thickness d — oo unless the light has a finite coherence length (or a finite
frequency bandwidth).

Finally, Fig. 5.8 presents graphically a few interesting cases of negative
refraction. In the first case we have the usual negative refraction at an in-
terface: note the opposite directions of the phase vector and the energy flow
(ray). The second panel on the top shows a prism made of a negative ma-
terial: the negative refraction causes the ray to deflect toward the apex, in
contrast to the usual case of refraction toward the base in normal positive
materials. The third panel (top) shows a flat lens or imaging device that can
focus a source located on one side of the lens to an image on the other side. A
convex lens, shown in the fourth panel, made of the negative material behaves
as a diverging lens and, by analogy, a concave lens causes rays from infinity

§See Fig. 8.5 on page 295, for example.
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to converge. Monzon et al. (2005) also presented an intriguing case of light
incident on a triangular wedge with n = —1. One can see that as the angle
of incidence changes beyond a point, the incident bundle of rays approaches
the tangent to the lower interface. The rays on the other side of the interface
appear as if they could be associated with another source located infinitely far
away. This scenario arises because negative refraction at the other interface
happens at a point infinitely far away from the apex of the wedge. Actually
the power flow in this example associated with the rays is similar to the power
flow associated with surface plasmons (see Chapter 7).

5.2.2 Reversed Doppler shift

The Doppler effect refers to the frequency shift between the frequency of a
source emitting a time harmonic radiation and the one measured by a receiver,
when the source and the receiver are in relative motion with respect to one
another. The Doppler effect can be easily measured with both electromagnetic
waves as well as acoustic waves. In the first case, it is for example responsible
for the red shift measured when observing a receding star, whereas in the
second case, it is responsible for the change of pitch heard before and after
the passing of an ambulance.

Fig. 5.9 gives a simple illustration of the origin of the frequency shift. A
source S is moving at a velocity v while radiating. At subsequent times ¢;,
the source is at r;, i € {0,1,2,3}. The figure shows the time history of the
positions as well as the wave-fronts at the specific time t4. Hence, for example,
the circle marked CY is centered at the position rg along the path of the source
(from which the radiation was originated) with a radius corresponding to the
time step t4. From this simple figure, it is clear that the receiver R;, from
which the source is moving away, measures a decrease in frequency, whereas
the receiver Ro, toward which the source is moving, measures an increase in
frequency.

This illustration supposes that all the circles are in phase, i.e., that the
phase is propagating forward. One can therefore intuitively understand that
a reversal of the phase velocity induces a reversal of the Doppler shift: the
receivers Ry and Ry would measure an increase and a decrease in frequency,
respectively. It is a simple exercise to repeat the intuitive illustration of
Fig. 5.9 in the case where the phase is propagating backward in the background
medium, and to track the circles of identical phase in order to see the reversal
of the Doppler shift.

The illustration of Fig. 5.9 is, however, a non-relativistic intuitive expla-
nation, whereas the Doppler shift is a fundamental effect for electromagnetic
radiation that is based on the relativistic invariance of the phase. Within this
formulation, and for an emission frequency of w in a background medium char-
acterized by the index of refraction n, the frequency measured by a detector
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Figure 5.9 Illustration of the Doppler shift: a source .S moves at a velocity
v while radiating. The receiver R; measures an apparent smaller frequency,
whereas the receiver Ry measures an apparent higher frequency.

considered to be at rest in the frame of the negative medium is
w':'y(w+kov):fy(w+%cose), (5.15)
c

where v = (1 —v?/c?)~1/2 is the relativistic factor and @ is the angle between
the wave-vector and the velocity vector of the source. For an emission along

the direction of the motion (§ = 0) in a medium with n = —1, we therefore
obtain
/ —
o e, (5.16)
w ct+v

so that the measured frequency by a detector is confirmed to be smaller when
the source is moving toward it. This should be compared to the frequency
increase that is measured in a normal medium for which n > 0. Again it
is the reversed phase vector in the negative refractive index medium that is
responsible for this reversed Doppler shift.

Although this effect is often quoted as a fundamental property of left-
handed media, it has not been measured within this context because it requires
the unrealistic configuration of the entire background supporting a backward
wave (the inhabitants of an anti-world, where the normal vacuum would be
anti-free-space, would measure a reversed Doppler shift compared to ours).
However, as we have seen, an inverse Doppler shift only requires the back-
ground medium to support backward waves, which does not limit this effect
to left-handed media only. For example, a reversed shift has been measured
in the context of negative phase velocity of dipolar spin waves in a Yttrium
Tron-Garnet (YIG) magnetic material (Stancil et al. 2004).
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(a) Standard dielectric. (b) Left-handed medium.

Figure 5.10 Illustration of the Goos-Hénchen shift when a beam impinges
onto a standard dielectric and a left-handed medium. The incidence is initially
centered at (z,z) = (0,0). The beam represents the total fields, whereas the
one-dimensional curve represents the reflected field only.

5.2.3 Reversed Goos-Hanchen shift

The phenomenon of total reflection occurs for incident angles greater than
the critical angle when a wave impinges from a medium onto a less dense
medium. In this case, the reflection coeflicient is a complex number with unit
amplitude (corresponding to the total reflection phenomenon) and a certain

phase:
. /L2 — k2
R = %7, where ¢ = —tan™* ('[M) ) (5.17)

Mt kz

where the subscript “¢” indicates the transmitted medium, (k,,k,) are the
components of the incident wave-vector, and k; is the transmitted wave-
number. The phase ¢ introduces a spatial shift in the reflection of a finite
beam, which is known as the Goos-Héanchen shift. For angles of incidence suf-
ficiently away from the critical angle and the grazing angle, the displacement
of the beam was shown to be (Artmann 1948)

_ 09
Ogn = ~ ok,

(5.18)

and is illustrated in Fig. 5.10(a) for the case of an incident Gaussian beam
onto a standard dielectric half-space. The incident beam is taken centered
at (z,z) = (0,0) whereas it is clear that the reflected field (one-dimensional
curve) and the total field (two-dimensional plot) are both shifted to the right.
Fig. 5.10(b) illustrates the Goos-Hénchen shift obtained when the beam is
impinging onto a left-handed medium half-space. Both in the figure and
analytically, it is straightforward to see that the shift is negative in this case.
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It is, however, not correct to conclude that left-handed media are necessar-
ily associated with a negative Goos-Héanchen shift. This conclusion holds only
for half-spaces, whereas the situation in the case of a slab is more complex be-
cause of the presence of the second interface (multi-layer configurations with
alternating positive index and negative index media have also been considered
in Kim (2005)). The complexity comes from the fact that left-handed media
slabs can support growing evanescent waves, so that a surface plasmon reso-
nance can be excited at the second interface, with high field magnitudes that
strongly influence the field distribution back in the incident medium. The two
limiting cases are as follows:

e When the left-handed medium slab is strongly mismatched to free-space,
the growing evanescent waves are only weakly excited, thus not influenc-
ing the field distribution in the incident medium. The case is therefore
similar to a half-space situation, and the Goos-Héanchen shift is negative.

e When the left-handed medium slab is exactly matched to free-space
(i.e., its constitutive parameters are —eg and —pg), the surface plasmon
is excited at its resonance and the very strong field amplitude at the
second interface dominates the field distribution. The Goos-Hanchen
shift is in this case positive, as shown in Fig. 5.11 (Grzegorczyk et al.
2005a).

For parameters in-between these two limiting cases, the Goos-Hénchen shift
can take either positive or negative values as a function of the incident angle
of the impinging beam (Chen et al. 2005a). Note also that the magnitude
of the shift can be much enhanced if the operating frequency is close to a
resonance of the medium, as pointed out in Wang and Zhu (2005).

5.2.4 Reversed Cerenkov radiation

The reversal of Cerenkov radiation is one of the key properties of left-handed
media, already mentioned in 1968 (Veselago 1968). The Cerenkov effect is
a relativistic effect whereby a charged particle emits electromagnetic radia-
tion when it travels at a velocity v larger than the velocity of light in the
surrounding medium:

c
In|’
where c is the velocity of light in free-space and n is the refractive index of
the medium. This radiation was first observed by Cerenkov in 1934 (although
the most commonly cited English papers appeared only in 1937 (Cerenkov
1934)) and later explained theoretically in Frank and Tamm (1937): the wave-
vector was shown to be expressed as (Kong 2000) k = pk, + Zw/v where
k, = \/k? —w?/v?, and the electric field was shown to be perpendicular to
the plane defined by the radiation wave-vector and the velocity vector of

v > (5.19)
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Figure 5.11 Top: Total reflection of a Gaussian beam impinging on a slab of
metamaterial above critical angle (€2, = —0.5, ftoys = 2, = —0.5). Center:
Surface plasmon excited at the second interface of the slab when the third
medium is exactly matched (3,4 = 0.5, p1372 = p13,> = 0.5). Bottom: Ampli-
tude of the reflected electric field at the first interface showing a displacement
to the right, illustrating a positive Goos-Héanchen shift.

the particle. In addition, this radiation exhibits a cylindrical symmetry and
creates the well-known Cerenkov cone whose angle 6 is given by

c
cosf = — (5.20)
We re-examine these conclusions here within the specific framework of left-
handed media, where the index of refraction n is negative. The analysis
starts by expressing the current defined by the motion of the charged particle
as (Kong 2000)
J(r,t) = Z2qui(z — vt) 6(x) 6(y), (5.21)
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where ¢ is the charge of the particle that is assumed to move with a speed v
along the Z direction (hence v = 2v), and where ¢ is the Dirac function. The
current density thus defined can be transformed into the frequency domain
and used in the vectorial wave equation for the electric field. The latter is
readily solved using a standard Green’s function technique and the separation
between the variables p and z. In the cylindrical coordinate system, the
equation in p reduces (still in the frequency domain) to the Poisson equation:

5l ot e

where g(p) is yet to be determined and where

2
iy (% B (5.23)
C

k:
P ’U2

Eq. (5.22) admits two solutions that are directly related to the two-dimensional
Green’s function. Since no justification on the choice of the sign of the solution
has been given yet, the two solutions are kept and are written as:

1 . N

D g(p)= H (kep), k= pky+ ke, (5.24a)
i . N

2) glp) =~ Hy (ko). k= —phy+ k.. (5.24b)

As can be seen, the first set of solutions correspond to outgoing waves whereas
the second set correspond to ingoing waves. In order to be able to choose a
particular solution, it is necessary to compute the energy W radiated in both
the p and the 2 directions, keeping in mind that the energy radiated in the p
direction is subject to the Sommerfeld radiation condition.

After some manipulations, one finds that the two directed energies can be
expressed as follows for the first set of solutions (Lu et al. 2003):

0 +oo q2 0o k%
W = /_ s, = g5 /O dw, (5.252)
+oo q2 e} k
W = / dt S.(r,t) = —; / dw-2 (5.25b)
oo 8mepv Jy €
whereas for the second set of solutions:
@ +oo q2 0o ki
W, :[m dt S,(r,t) = 787r2p/0 dw&, (5.26a)
(2) “+o0 q2 [e%¢] kp
= dt t) = dw-L+ .26b
W /m S.(r,1) 8W2pv/0 W', (5.26D)

where S, and S, are the p and 2 components of the Poynting vector, respec-

tively. In a regular medium with € > 0 and g > 0, we see that Wp(l) >0 and
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Figure 5.12 The Cerenkov radiation cone angle is modified for a reversed
phase vector. There is constructive interference for emission only in one di-
rection as the phase of the wavefront emitted by the particle at A, B, and
C has to be identical. The case on the left represents the Cerenkov radia-
tion in a positive medium with positive k, while the case on the right shows
the emission in a medium with negative k. (Reproduced with permission
from (Ramakrishna 2005) (© 2005, Institute of Physics Publishing, U.K.)

WéQ) < 0. Since an energy W, < 0 would violate the Sommerfeld radiation
condition mentioned above, we conclude that in regular media, the first set
of solutions has to be chosen, yielding the Green’s function (i/4)Hél)(kp) as
expected. In addition, this situation corresponds to Wz(l) < 0, so that the
Poynting power and the wave-vector are directed toward the same direction.
In a left-handed medium, the situation is reversed: ¢ < 0 and p < 0 corre-
spond to Wp(l) < 0 and Wp(2) > 0 so that the second set of solutions needs
to be chosen, corresponding to the Green’s function (fi/él)H(()z)(k:p).'H The
energy in the Z direction is in this case negative (WZ(2) < 0), and yields a
Poynting vector in the opposite direction to the wave-vector. The Cerenkov
cone is in this case still defined by the angle of Eq. (5.20) in which the index
of refraction n is negative, as illustrated in Fig. 5.12.

We can attempt to follow the same intuitive approach as in the previous
section for the Doppler shift to explain the Cerenkov radiation. As a matter
of fact, the starting point is very similar in both cases: a source is moving
with a certain velocity and radiates an electromagnetic wave as it progresses.
The major difference of course is that in order to have a Cerenkov radiation,
the source needs to move faster than the speed of light in the medium. Let
us return to Fig. 5.9: it is clear that the source is moving at a velocity slower
than the velocity at which the radii of the wave-fronts increase. It is therefore
not a relativistic situation with consequently no Cerenkov radiation. Let us
then repeat this figure for a source that is moving faster than the rate of

YNote that we still require g < 0 in order to have a real wavenumber and, thus, a propa-
gating electromagnetic radiation.
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(a) Family of wave-fronts at a given time when the phase is
increasing with time (as in a regular medium).

(b) Family of wave-fronts at a given time when the phase is
decreasing with time (as in a left-handed medium).

Figure 5.13 Time history of the wave-front as emitted by a source moving
at a velocity larger than the velocity of light in the medium.

increase of the radii of the wave-front, which yields Fig. 5.13(a) (note that
we also show the wave-fronts at each time step for each discretized position
of the source). A family of wave-fronts at a given time is highlighted with
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darker lines, under the assumption of a positive phase increase as the wave
propagates. It is seen that the wave-fronts define a coherent radiation and
provide a vivid illustration of the Cerenkov cone. In Fig. 5.13(b), we have
repeated the exact same figure as in Fig. 5.13(a) but the family of wave-fronts
is selected this time under the assumption of a backward phase propagation.
It is clearly seen that the cone is reversed but that it otherwise maintains the
same absolute value of its angle. Fig. 5.13 therefore provides a simple and
intuitive illustration of the Cerenkov radiation and its reversal depending on
the background medium.

Next, we need to examine the effect of frequency dispersion, inherent in left-
handed media, on the previous conclusions. Upon examining the spectrum of
frequencies and the regions where n(w)? > 1 (a necessary condition to have
the possibility of Cerenkov radiation), it is an easy exercise to realize that
the previous conclusions indeed hold so that the Cerenkov radiation is indeed
reversed in a left-handed medium, as originally predicted in Veselago (1968).

Finally, it is known that frequency dispersion necessarily implies dissipation
so that these conclusions should be generalized to lossy media as well. A
detailed treatment of the Cerenkov radiation in dispersive and dissipative
regular media can be found in Saffouri (1984), and a similar methodology can
be reproduced in the case of left-handed media. The derivations are left as
an exercise to the interested reader.

5.2.5 Modified Mie scattering

We conclude this section by considering a standard scattering problem gen-
eralized to left-handed media: the scattering of a plane wave by a sphere.
This problem is well known to be analytically solvable by the Mie theory and
has been presented in numerous textbooks (Bohren and Huffman 1983, Kong
2000). The motivation of including it here stems from the necessity of care-
fully re-examining the derivation of the scattering coefficients, which usually
cannot be taken from the standard texts and applied to negative values of
permittivity and permeability.

We therefore consider the standard problem of a sphere of radius a and of
constitutive parameters (g, i1s) illuminated by a plane wave which we write
in the spherical coordinate system as

E = Eoe™™* = $Eoe*" " = £Ey Y (—1)""(2n+1)jin (kr) Pa(cos 6), (5.27)
n=0
where j, is the spherical Bessel function and P, is the Legendre function.

Following the Mie scattering theory, the incident plane wave is further de-
composed into Debye potentials 7, and m,, depending on the polarization
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(TE to r or TM to r) so that

A= fwe, (5.28a)
8 - 8
for TM waves and
Z = ﬁrm, (5.28c¢)
0 ~ 0
E=VXxZ= 951n6‘ 8¢ qﬁa— (5.28d)

for TE waves. The Debye potentials are given by

E (2 1
e = —2 s (b Z o +n1+ ) Oy (kr) Pl (cos 0), (5.29a)
E (2 1
T, = 0 bmd} Z n(n +n1—|— )¢ (kr)PL(cos ), (5.29b)

where v, is the Riccati-Bessel function defined as ¢, (kr) = krjy, (kr).

In order to match the boundary conditions for the tangential electric and
magnetic fields, the internal and scattered fields (denoted by the subscripts ¢
and s, respectively) are expanded in a similar fashion:

= E‘; jf:’ ¢ ; an&n (kr)PL(cos 0) (5.30a)
s Epsin ¢ 1
o= ——0 nz::lbnfn(kr)Pn(cos 9), (5.30b)
- E
L = Z;OS¢ Z o (ksr) P (cos 0), (5.31a)
sT n=1
o B sm(,zS Z dpihn (ksr) Pl (cos 9), (5.31Db)

where the Riccati-Bessel function &, (kr) = krh, (kr). In the above definition
of the potentials, the Hankel function has been used for the scattered field
since the potential has to decay at infinity in order to obey the radiation
condition. In the interior domain of the sphere, however, the potential needs
to be regular at the origin » = 0 so that the Bessel functions are chosen. Note
that the potentials in Eqs. (5.29) are entirely determined since they represent
the incident field which is a known quantity. The potentials of Eqgs. (5.30)
and Eqgs. (5.31), however, are written as function of unknown coefficients

© 2009 by Taylor & Francis Group, LLC



200 Media with e < 0 and p < 0: theory and properties
(an, b, Cn,y dy) that need to be solved for by applying the boundary conditions

for the tangential fields at the boundary of the sphere. Upon doing so, the
coefficients are obtained as (Pacheco, Jr. 2004)

(=1)""(@2n+1) keston(ksa)y(ka) —k €wn(ka)¢’ (k a)

. (5.32a)
n(n + 1) kbé‘gn(kﬂ)w%(kéa) k‘fﬂﬁn(k a)§ (ka)
o (D)@t 1) ikespts (5.32b)
" nn+1) kesupy (ksa)én o (ka) — ksepén(ka)yy, (ksa)
for the TM waves and
b, =\ "D snksa)in (ka) = kspin(ka)in (ksa) oo )
n(n+1) kg, (ka)py (ksa) — kst (ksa)es) (ka)
g )@t s pts (5.33b)

nn+1) kb, (ksa)€S? (ka) — kopn (ka)y!, (ksa)

for the TE waves.

The importance of these expressions is revealed by examining their sym-
metry properties with respect to the sign of ks. Using the properties of the
Riccati-Bessel functions, one can show that

an(—ks) = an(ks), (5.34a)
bn(—ks) = bn(ks), (5.34b)
en(—ks) = (=1)"en(ks) (5.34c)
dn(=ks) = (=1)"dp(ks). (5.34d)

From these relations, it can be seen that the potentials of Eqs. (5.30) and
Eqgs. (5.31) are independent of the sign of ks (use the fact that J,(—z) =
(=1)"J,(x)). Consequently, Eqgs. (5.32)—(5.33) avoid the necessity of choos-
ing a specific sign for ks depending on whether the medium is a regular
medium or a left-handed medium.

Fig. 5.14 illustrates the difference between the Mie scattering from a regular
dielectric sphere and a left-handed medium sphere. Both spheres have the
same radius of 1.5\g where \g is the free-space wavelength, with the respective
relative constitutive parameters equal to (2,1) and (=1, —1). In the case of the
regular dielectric, the pattern shows the well-known strong forward scattering,
illustrating the lensing effect of the sphere. In the case of the left-handed
medium sphere, however, the focus point is seen to lie inside the sphere, due
to the negative refraction of the rays at the interface of the sphere.
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(a) Sphere with parameters (er,pur) = (b) Sphere with parameters (e, p,) =
(271)' (71771)'

Figure 5.14 |E,| of the total field due to the Mie scattering of a plane wave
E = #e'*# by two different spheres. In both cases the sphere has a radius of
1.5)\g, where \g is the wavelength in free-space. Note the forward focusing
with the regular medium and the focusing inside the sphere for the left-handed
medium.

5.3 Anisotropic and chiral media

The topic of anisotropic media has already been approached in Section 5.1.2
while discussing the origins of negative refraction. In the present section, we
want to generalize this discussion, allowing for some or all of the components
of the permittivity and permeability tensors to take negative values. The
media considered are characterized by the following constitutive tensors:

E=10¢g 0], p=10 p 0], (5.35)
00e, 00

where the sign of each component is arbitrary (positive or negative). We
consider in addition that the electric field is polarized along the g direction
and the magnetic field is in the xz plane, so that the only relevant parameters
are €y, lg, and p,, governed by the dispersion relation of Eq. (5.6). The
possibility of having negative constitutive components offers the possibility
of achieving hyperbolic dispersion relations, a unique feature for stationary
media. Due to the fact that these media are described by tensors that are
neither definite positive nor definite negative, they have been termed indefinite
media (Smith and Schurig 2003, Smith et al. 2004a). Some of the unique
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properties that they exhibit are discussed subsequently.

5.3.1 Indefinite media

The refraction of the phase and the power flow at an interface between free-
space and an indefinite medium is obtained in the exact same way as previ-
ously discussed: phase refraction is governed by phase matching whereas the
refraction of the power flow is governed by Viw(k). As usual, it is important
to ascertain whether the iso-frequency contour is expanding or shrinking with
frequency, and which are the proper axes of the medium with respect to the
boundary. Tab. 5.1 summarizes the various cases by providing information
on the shape of the dispersion relation from Eq. (5.6), the axes of the foci
(important in the subsequent considerations), and the sign of the refraction
obtained when the medium boundary coincides with the zy plane. The iso-
frequency contours for the two hyperbolic cases are illustrated in Fig. 5.15. It
is seen that the standard left-handed medium, corresponding to case (viii), is
not the only configuration that yields a negative refraction. Yet, as is seen in
Fig. 5.15, the other situations do not induce a negative refraction of both the
phase and the power, thus emphasizing the uniqueness of left-handed media
in this regard.

Table 5.1 Shapes of iso-frequency curves and
refraction properties of the power for anisotropic
media governed by Eq. (5.6) (Thomas et al. 2005).

Case | €y | iz | 12 Shape Refraction
1 + | + | + elliptical positive
1 + | + | — | z*-hyperbolic | negative
1wt | + | — | + | x-hyperbolic positive
wo |+ | = | = imaginary
v -+ | + imaginary
vl — | + | — | x-hyperbolic | negative
vit | — | — | + | z-hyperbolic positive
vigt | — | — | — elliptic negative

* Indicates the axis on which the foci lie.

Indefinite media are directly realizable using the proper orientation of split
ring resonators and rods, as discussed in Chapter 3, to achieve all the situ-
ations listed in Tab. 5.1. Supposing a direction of propagation along the 2
axis, in the zz plane:

e A negative ¢, can be achieved by introducing a medium of wires along
the ¢ direction and impinging a polarized electric field along ¢ as well.
As described in Chapter 3, the medium of wires can be modeled as an
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k.

A

ky

D= 1)
N

a) x-hyperbolic case with no phase b) z-hyperbolic case with phase
Y y
matched solution. matched solutions at large inci-
dent angles. This case illustrates
the inversion of critical angle dis-
cussed in Section 5.3.3.

(¢) z-hyperbolic case.

Figure 5.15 Iso-frequency contours for z-hyperbolic and z-hyperbolic left-
handed media, corresponding to cases (i, 44, vi, vii) in Tab. 5.1.

effective medium with a frequency dispersive permittivity that obeys
a Drude model. Thus, below the plasma frequency, the dielectric per-
mittivity takes negative values. Note also that it was described in Sec-
tion 2.5.2 how a layered stack of silver and silica (layered along the 2
direction) can produce ¢, < 0 and e, > 0 or g, > 0 and €, < 0 in
different frequency ranges. The magnitudes can be tuned by the layer
thicknesses.
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e A negative u, is achieved by introducing split rings whose axes are
parallel to the Z axis. Chapter 3 described how such a metamaterial can
be equivalently modeled by an effective medium exhibiting a Lorentz
frequency dispersive permeability, yielding a negative p, between the
plasma and resonant frequencies. A proper design for the rod spacing
and the rings needs to be found if the regions of ¢, < 0 and u, < 0 are
expected to overlap.

e A negative p, is achieved in a similar fashion as a negative p, but with
the axis of the rings parallel to the Z axis.

The combination of the three metamaterial elements above yields all the cases
listed in Tab. 5.1. For example, case (iii) is obtained by having one set of
rings only with axis aligned with &, while case (vi) is obtained by combining
wires and rings with axis along 2.

5.3.2 Amphoteric refraction

The previous sections have presented qualitative results on the wave propaga-
tion in indefinite media, which are media whose components in the permittiv-
ity and permeability tensors can take negative values. In the present section,
we are interested in the quantitative study of the same phenomenon, with the
purpose of being able to exactly compute the numerical values of the angles
of refraction of both the phase and the power.

The systematic study of the iso-frequency contours is obtained by studying
the general form of Eq. (5.6) written as

k2 K2
Ellipse: OTZ + ﬁ% =1, (5.36a)
k2 k2
Hyperbola: CTZZ — 57;; =1, (5.36b)
where
o = kgleypa|, 07 = koleynal, (5.37)

the permittivity and the permeabilities being given as relative values. At first,
we assume that k, and k, are aligned with & and 2, which correspond to the
situation where the interface of the metamaterial coincides with the direction
of its lattice. The rotated case is treated subsequently.

In order to obtain the refraction angles of the phase and the power, we
need to generalize Snell’s law to the cases of hyperbolic contours (elliptic
contours share the same refraction laws since the two cases are related by
the transformation 32 — —3?). Using the convention that angles are defined
with respect to the Z axis and are counted positive if the & component of the
wave-vector is positive, one obtains after some simple algebra (Grzegorczyk
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et al. 2005¢):
sin 91'

\/5?4#1 + (1 = p /1) sin” 0;

sin 6, = sin 6 e (5.38b)
\/Ey,uz - (1 - Mw//-jlz) sin” 0; Ha

where 6; is the incident angle, 8y is the refraction angle of the phase obtained
from the phase matching condition, and 6 is the refraction angle of the power,
obtained from the gradient of the iso-frequency contours. Eq. (5.38a) is the
refraction law of the wave-vector for positive (i.e., expanding with frequency)
elliptic and hyperbolic dispersion relations. The angles for the dual cases are
obtained from the transformation 0 (0;) — m—0;(6;). Similarly, Eq. (5.38b) is
the power refraction laws for the positive elliptic and negative hyperbolic cases
while the dual cases are obtained from the transformation 6,(6;) — —65(6;).

sin @y, = (5.38a)

The case of rotated dispersion relations is accounted for by redefining the
permittivity and permeability as

g=T(¢)-

)
N
L
—~
=

(5.39a)
(5.39b)

|
Il
s
=
=i
~
|
S

where ¢ is the rotation angle illustrated in Fig. 5.16 and 7T is the rotation
matrix about the ¢ axis. Under the limitation of studying e, and (fs, ft2),
the rotation leaves the permittivity unchanged (e}, = ¢,) but j loses its di-
agonal property if p, # p,. If the two components of the permeability are
equal (u; = p.), however, the dispersion relation reduces to a circle and the
refraction is obviously not affected by any rotation.

The determination of the refraction laws is a mathematical exercise that
can be approached from various directions, either geometrical or analytical.
The choice of the demonstration method is left to the discretion of the reader,
and the final result is written as (Grzegorczyk et al. 2005¢)

sin @; (pg sin® ¢ + p1, cos? @)

N 4
tan 0 (b2 — pie) sin0; sin p cos ¢ + A/l fiz (5.40a)
o — M)A s —osinb;
tanf, = (o — p2) Sl?‘g COS @ + /i [1 Sin 7 (5.40b)
Az sin® ¢ + 1 cos? @)
A = /eyt sin® ¢ + iz cos? ¢) — sin’ 6. (5.40c)

The numerical computation of the angles depends on their domains of defi-
nition, either [0, 2] or [—m, 7], the latter being chosen here. In addition, the
square roots need to be carefully chosen: like in the case of homogeneous left-
handed media, the square root should be taken in the complex plane and in
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Figure 5.16 Illustration of the iso-frequency contour when it corresponds to
a rotated ellipse by an angle ¢. The two rotation angles of the wave-vector
and of the Poynting vector are identified by 9,(;) and 922), respectively, i = 1, 2.
(From Grzegorczyk et al. (2005¢).(© 2005 IEEE).

particular, /fizfi; yields a negative number if 4, < 0 and p, < 0. Moreover,
one should note that depending on the numerical evaluation of the arctan-
gent function, the numerators and denominators in Egs. (5.40) might have to
be simultaneously multiplied by i or (—1). Despite these numerical adjust-
ments, Egs. (5.40) can be viewed as the generalized Snell’s laws of the phase
and power for the indefinite media and provide the value of the refracted
angles of the phase and of the power, as function of the incident angle and
the material parameters. Consequently, the negative refraction qualitatively
explained previously on the basis of iso-frequency curves is now exactly quan-
tified. Some examples are provided in Fig. 5.17 for elliptic contours and in
Fig. 5.18 for hyperbolic contours. In both cases, it is seen that the phase is al-
ways refracted positively as expected from the iso-frequency arguments (i.e.,
0 is positive/negative when 6; is positive/negative, respectively), whereas
the power may be refracted negatively (i.e., 85 is positive/negative when 0; is
negative/positive, respectively). In particular, all the cases of Tab. 5.1 can be
verified, which is left as an exercise.

We conclude this section by considering a prism configuration, which has
been historically used for the first demonstration of the negative refraction
obtained with metamaterials (Shelby et al. 2001b). The prism configuration
is essentially a two-interface problem: the first interface coincides with the
principal axes of the metamaterial, whereas the second interface is cut at an
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Figure 5.17 Curves of 0;(6;) and 05(6;) for an elliptic contour, either ex-
panding or shrinking. Parameters are: o = 0.5k, 5 = 1.5kq, ¢ = —40°.
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Figure 5.18 Curves of 0;(6;) and 6,(0;) for a hyperbolic contour either ex-
panding or shrinking. Parameters are: o = 0.5k, 5 = 0.5kg, ¢ = 35°.

angle. In terms of iso-frequency contours, this implies no rotation at the first
interface and a rotation at the second (Smith et al. 2004a, Thomas et al.
2005). Nonetheless, this rotation is not arbitrary: by construction, the angle
of incidence of the wave at the second interface is equal to the physical angle
of the prism (see Fig. 5.8), thus exactly opposite to the rotation of the iso-
frequency contour: 6, = 6, = —¢.Il' This very special incidence on the iso-

INote that in Eqgs. (5.40), the incidence is from free-space to the left-handed medium, so
that #; is in free-space, whereas 6 and 65 are inside the left-handed medium. At the
second interface of the prism, however, the incidence is from the left-handed medium into
free-space. The known angles are therefore 6 and 65, whereas 6; (the transmitted angle to
free-space) needs to be solved for.
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frequency contour drastically simplifies the refraction law which becomes

sinf; = £/eyfiz sing, (5.41)

where the + sign refers to expanding and shrinking contours. Eq. (5.41) is
simple enough to be assimilated to a modified Snell’s law with a redefined in-
dex of refraction n = /g, i, Remarkably, the refraction law does not depend
on [i,, which explains the similarity between the results obtained with one-
dimensional and two-dimensional prism configurations. This independence
is directly visible from the iso-frequency contour: the very specific incidence
maps onto the lower point of the hyperbola (a similar argument holds for the
ellipse) which depends on « only, thus on ¢, and p, only.

5.3.3 Reversal of critical angle and Brewster angle

This section focuses on cases (7i¢) and (vé) in Tab. 5.1, where the iso-frequency
curves are hyperbolic with foci on the & axis. Interestingly, the phenomenon
of refraction is inverted compared to standard dielectrics:

1. At small incidences (close to normal), there is no real solution for the
transmitted wave-vector and the field is totally reflected.

2. At high incidences (close to grazing), a phase matched solution exists
and the field is transmitted with a certain refraction angle.

This phenomenon is in drastic contrast with the refraction at interfaces with
standard dielectrics, where the incident field is transmitted into the second
medium for low incidences and may reach a critical angle at higher incidences
beyond which the field is totally reflected. If we think of this latter situation
as a high-angle filter, the former is a low-angle filter.

In addition to the inversion of critical angle, the Brewster angle (corre-
sponding to no reflection) is also inverted: when it exists, it occurs beyond
the critical angle, whereas it occurs of course below the critical angle in stan-
dard dielectrics. This inversion of the critical angle and the Brewster angle
strongly depends on the proper combination of positive and negative signs in
the constitutive tensors.

A quantitative analysis of this phenomenon requires the analytical expres-
sions of the Fresnel reflection (and transmission) coefficients, for example using
the method presented in Section 2.6. In the case of a one-interface problem
(i.e., a half-space problem denoted by the subscript “hs”), these coefficients
are given by Egs. (2.98) on page 63, rewritten here as:

Ry = Fetbez =k o 2Rtz (5.42a)
° kopize + koopn ° koipizo + koopn
272 _ 1.2 w? 2\ Ha2

ko= Vw?/c2— k2, ko= (szeyguzz —k2) e (5.42b)
z2
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Figure 5.19 Absolute value of the Fresnel reflection coefficient at the in-
terface between free-space and two different media defined by Medium I:
(€2y =1, Hog = po, = 0.5) and Medium 2: (e9y = —1, —pioz = po, = —0.5).

where the subscripts “1” and “2” refer to the free-space and the biaxial
medium, respectively. Setting the reflection to 1 or 0 yield the critical an-
gle 6. and the Brewster angle 0y, respectively:

0, = sin~! (, /?Zf) , (5.43a)

6, = sin~ ! [ (/2 zQ(Eyj’“ —ika2) | (5.43b)
e1(p] — Ha2pz2)

When these two angles exist, the analytical formulae confirm their relation-
ship (greater or smaller): 6, > 6, when all the parameters are positive, 6. < 6y
when the appropriate parameters are negative. This inversion is illustrated in
Fig. 5.19. The first medium represented is described by only positive consti-
tutive components, yielding a medium less dense than the incident free-space.
In addition, the parameters have been chosen so that a Brewster angle exists
as well. As can be seen, the Brewster angle occurs for an incidence of about
35.3 degrees, whereas the critical angle occurs beyond, at 45 degrees. The
second medium represented in Fig. 5.19 is an x-hyperbolic medium that is
also less dense than the incident free-space. The Brewster angle is seen to
occur at about 50.8 degrees, whereas the critical angle occurs before, again at
45 degrees.

These considerations can be extended to a slab configuration, which is more
suitable for experimental measurements (the wave does not need to be mea-
sured inside the metamaterial but can be measured outside). The reflection
and transmission coefficients, identified by the subscript “slab,” are given in
this case by

Rhs(GQq) — 1) Rﬁb -1
RE e?® —1 7 RE e?® —1°

where ® = ik,1d. The condition R, = 0 is still fulfilled with Ry, = 0,
indicating that the Brewster angle for the half-space is also a Brewster angle

Tiab = (5.44)

Rslab =
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for the slab. Additional Brewster angles are obtained by letting (e2® —1) = 0,
which produces the family of angles defined by Grzegorczyk et al. (2005d):

2
0, = sin~! <\/€y2uz2 _ pz2 (m7/d) ) 7 (5.45)

€1 Haz (WP/c)ern

where m = 1,2,3,... (note that m = 0 is excluded since it yields the critical
angle). A study of Eq. (5.45) easily reveals that when it exists, 6 occurs
after 6. in the case shown in Fig. 5.15(b).

Note that the experimental verification of the inversion of critical angle can
be performed on a simple metamaterial based on wires to produce €, < 0
and on rings perpendicular to the direction of propagation to produce p, < 0.
As no rings are present along the other direction, the material has a u, > 0.
Experimental results showing the inversion of the critical angle have been
demonstrated, for example, in Grzegorczyk et al. (2005d).

5.3.4 Negative refraction due to bianisotropic effects

As has been seen and demonstrated in the previous sections, the recipe to
obtain a negative refraction of the power is to design a metamaterial whose
dispersion relation presents a proper gradient as function of frequency, within
a certain frequency band. The knowledge of the dispersion relation of a meta-
material is therefore fundamentally important and holds the key to the un-
derstanding of the refraction phenomena.

With this understanding and mathematical tool, let us look back at the
material constituted by the well-known square split ring resonators of Fig. 2.8
on page 66. It has been argued in Chapter 2 that this material can be de-
scribed by bianisotropic constitutive parameters of the form of Egs. (2.101)
on page 64, also repeated here for convenience (Marques et al. 2002):

€200 100

= 1010, = |0pm, 0|, (5.46a)
(0 0e. 001

~Jooo ~ Jooo

£€= 100 o], (= |00i¢ (5.46b)
0 —-i€ 0 000

The dispersion relation inside such medium has been derived as Eq. (2.103)
on page 65 and is written as

2
£, w
f@fzggmyf%f@. (5.47)

€T

This equation is similar to Eq. (5.6) for biaxial media with an additional £ fac-
tor. The discussion on biaxial media can therefore be extended to the present
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case, and the iso-frequency contours are expected to be ellipses or hyperolae as
function of the signs of the various terms. An important difference, however,
is that we need to look at the sign of (e,u, — &?) instead of the sign of e, u,
only as in the biaxial case. It is immediately seen that if the sign of e,p, is
positive, the sign of (e, — €2) is governed by the bianisotropic parameter: a
low bianisotropy does not change the shape of the iso-frequency curve while
a strong bianisotropy does.

This situation is depicted in Fig. 5.20 for a hypothetical case where €, = 1.5,
e, = —1.5, and p,, = —1.5. The cutoff value for ¢ is therefore 2.25. Fig. 5.20(a)
shows the iso-frequency contour when £ = 0, which reduces to the known case
of a biaxial medium. The iso-frequency contour is similar to the cases of
Fig. 5.15(a) and Fig. 5.15(b). Taking an interface along the Z axis, low inci-
dences yield no phase-matched solutions, while high incidences might yield a
solution if the free-space circle is sufficiently large. If, however, the metama-
terial is realized with split rings that exhibit the bianisotropy of Egs. (5.46)
and if this bianisotropy is strong enough, the refraction phenomenon is to-
tally different. Fig. 5.20(b) illustrates the iso-frequency contour for a medium
with the same parameters as before but with £ = 2. The contour is seen to
still be hyperbolic but with its foci along an axis rotated by 7/2 compared
to the other case. This situation corresponds to an always phased-matched
situation, and additionally exhibits a negative refraction that is illustrated in
Fig. 5.21.

The proper characterization of a split-ring resonator in terms of constitutive
tensors is therefore seen to be fundamentally important: failing to realize that
a ring induces a bianisotropic behavior might lead to the expectation that
the behavior will follow Fig. 5.20(a), whereas reality might be governed by
Fig. 5.20(b).

In addition to the bianisotropy of Eqgs. (5.46), chirality has been proposed
as a way of achieving negative refraction (Pendry 2004a). A chiral medium is
a medium that exhibits scalar bianisotropic constitutive parameters, so that
the constitutive relations are written as

D =cE +i¢H, (5.48a)
B= —iE+uH. (5.48b)

This medium supports two circularly polarized waves propagating at different
velocities and can therefore induce the rotation of the wave-vector of an im-
pinging linearly polarized wave. This rotation is referred to as optical activity,
and is reciprocal (unlike the rotation induced by gyrotropic media (Agranovich
et al. 2005), the Faraday rotation, which is non-reciprocal).

The dispersion relation for this material is given by

k= i%(@ig). (5.49)
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Figure 5.20 Iso-frequency contour of a medium governed by Eqs. (5.46)
with relevant parameters being ¢, = 1.5, ¢, = —1.5, u, = —1.5. The first
case (£ = 0) yields no phase matching along an i-directed interface, whereas
the second case (£ = 2) yields an always phased-matched configuration that
also exhibits negative refraction.

Figure 5.21 Illustration of the negative refraction of a Gaussian beam in-
duced by a strong bianisotropy. The iso-frequency contour of the second
medium is identical to Fig. 5.20(b).

For £ = 0, the dispersion relation of course becomes the one of an isotropic
medium so that the effect of & # 0 is to lift the degeneracy and split the
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modes. Fig. 3.27 on page 132 illustrates the band diagram (totally equivalent
to the dispersion relation) of a medium for which the permittivity is frequency
dispersive of the form

w

er=1+ (5.50)

wg —w?’
When ¢ = 0, the wave-number is real and propagating modes are sustained be-
low the resonant frequency and above the plasma frequency (equal to \/iwo).
When £ # 0, however, the modes split and a region of negative group velocity
(negative slope) and positive phase velocity appears, a signature of negative
refraction. The point where k = 0 is particularly interesting on this diagram.
Apart from the trivial solution w = 0, the point & = 0 corresponds to a
situation where the phase velocity is infinite but the group velocity is finite,
which is of particular interest for some antenna applications where multiple
elements must be fed with a similar phase. Note that more details on chiral
metamaterials can also be found in Section 3.4.

5.3.5 Flat lenses with anisotropic negative media

We conclude this section with a discussion on the possibility of realizing a
flat lens using an anisotropic left-handed medium, whereas a more extensive
discussion on the lensing effect using metamaterials is postponed until Chap-
ter 8.

A lens is traditionally thought of as a dielectric device that refracts light and
concentrates beams toward a focal point or plane, providing the well-known
imaging capabilities. Lenses are usually made of glass or other dielectric
materials, and can have various shapes such as biconvex and biconcave, plano-
convex and plano-concave, convex-concave or meniscus. A common feature of
all these configurations is that they all present at least one curved interface,
whereas a lens with two flat interfaces (equivalent to a slab) would have no
focusing effect on the propagating beam.

This was true until the advent of metamaterials and the possibility of achiev-
ing negative constitutive parameters. The negative refraction thus produced
allows a lens to operate in two possible regimes. The first one is standard in
which a beam parallel to the axis of the lens is focused to a point: negative
refraction allows in this case for more design parameters but still requires at
least one curved surface (Greegor et al. 2005). The second regime is proper
to left-handed media lenses, in which a point source located at a distance ¢
from the first interface is refocused at a distance £ + 2d, where d is the thick-
ness of the flat lens. This lens was first proposed in Veselago (1968) where it
was shown that its constitutive parameters have to be exactly anti-matched
to those of the surrounding background in order for the refocusing to occur.
Hence, if the left-handed medium lens is surrounded by free-space character-
ized by the permittivity 9 and the permeability ug, the lens must have a

© 2009 by Taylor & Francis Group, LLC



214 Media with e < 0 and p < 0: theory and properties
permittivity of (—eg) and a permeability of (—pg).** Under this condition,
and provided that the lens is thick enough (the thickness needs to be greater
than the distance between the first interface and the source), all the rays ema-
nating from the point source can be bent with the exact proper angles to form
an image inside as well as an image outside the lens, as shown in Fig. 5.8. Note
that it is assumed that the lens is of infinite extent in the lateral direction, an
assumption that is examined in further detail in Section 8.3.2 on page 305.

The fundamental principle by which the lens proposed in Veselago (1968)
can refocus a point source is the phenomenon of negative refraction. One is
therefore left wondering if other media, which also exhibit a negative refrac-
tion, could be used to realize a flat lens. In particular, Tab. 5.1 has identified
two other metamaterials, anisotropic, that exhibit a negative refraction: when
1> < 0 and all other parameters are positive, and when p, > 0 and all other
parameters are negative. The latter case is immediately excluded because it
presents a cutoff angle below which rays are totally reflected. The former
case, however, does not present such disadvantage and is examined in further
detail subsequently.

The main difference between the isotropic and anisotropic pu, < 0 meta-
materials is the dispersion relation: circular in the first case and obeying the
standard Snell’s law with a negative refractive index, it becomes hyperbolic in
the second case and obeys the generalized Snell’s laws derived in Section 5.3.2.
As much as a circular iso-frequency contour yields exactly matching angles
and refocuses all rays to a single point, a similar phenomenon does not hap-
pen with a hyperbolic contour so that it is expected that the image either
does not exist or is smeared out. In fact, both phenomena can happen, as
function of p,. If u, is too large, the hyperbola becomes too flat and the
negative refraction of the power is not sufficient to fold back the rays onto
themselves. This can be seen by comparing the ray tracing figures as well as
the evolution of 6, between Fig. 5.22 (for the case of u, = —1 also examined
in Smith et al. (2004b)) and Fig. 5.23 (for the case of u, = —2). In the latter
case, 0 is smaller for a similar §; than in the former case and the rays indeed
do not converge to form an image either inside the flat lens or outside. In the
case of u, = —0.5 shown in Fig. 5.24, however, the concavity of the hyper-
bola is much enhanced and a stronger negative refraction is obtained, clearly
refocusing the rays both inside and outside the lens. Note, however, that this
focusing is never perfect and the image formed is seriously aberrated: some

**Variations away from these ideal values directly impact the quality of the refocused image.
In particular, it has been shown in Section 1.3.1 that the causality condition prevents
the constitutive parameters to be negative and purely real, i.e., a left-handed medium is
necessarily lossy. Consequently, a medium with constitutive parameters of (—eg, —po) is
not physical and the metamaterial lens must be intrinsically lossy. Discussion on the impact
of mismatch parameters on the image quality is postponed to Chapter 8.
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Figure 5.22 Top and bottom right: Ray tracing from a point source atop
a flat lens. Bottom left: Relation between the incident angle 6; and the
refracted angles (6, 0s). Flat lens parameters: (€py, thra, thr2) = (1,1, —1). A
small focused image close to the second boundary can be seen.

rays are either not refocused or are not in phase at the expected location of
the image, and the resolution is worsened compared to the isotropic case with
(—e0, —0) (Dumelow et al. 2005, Grzegorczyk et al. 2005b).
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Figure 5.23 Top and bottom right: Ray tracing from a point source atop a
flat lens. Bottom left: Relation between the incident angle 6; and the refracted
angles (0y,60;). Flat lens parameters: (ery, frz, tir-) = (1,1, —2). The rays
are seen not to focus and the flat lens does not produce any image.
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Figure 5.24 Top and bottom right: Ray tracing from a point source atop a
flat lens. Bottom left: Relation between the incident angle 6; and the refracted
angles (0x,0s). Flat lens parameters: (e,y, ltra, ftrz) = (1,1,—0.5). The rays
are seen to focus farther away from the second boundary compared to the
case of Fig. 5.22
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Energy and momentum in negative refractive
index materials

The previous chapter has extensively addressed properties of media exhibiting
a negative permittivity and permeability, and has led us to revisit some of
the most common effects of refraction, radiation, and propagation. In this
chapter, we return to a somewhat more theoretical topic: the propagation
of energy in left-handed media, with its immediate counterpart, the transfer
of momentum from the propagating electromagnetic wave to matter and the
traversal of pulses through such media.

The study of energy propagation is deeply rooted in the study of left-handed
media since negative constitutive parameters can lead to paradoxical conclu-
sions if not considered carefully. Questions such as where does the energy go;
in which direction does the phase propagate; or can a signal propagate in such
media without violating fundamental physical laws were therefore addressed
within the framework of left-handed media and frequency dispersive media in
general.

We start this chapter with a study of energy in frequency dispersive media,
keeping causality in perspective. Upon including losses in the media, we
emphasize that the energy has to be treated with care, since quantities such
as the energy density are not thermodynamically well defined when radiation
interacts with a lossy dissipative medium. The description of energy in such
media therefore either necessitates the specification of the micro-structure of
the medium which implies a model for dispersion of the material response
functions, or the specification of the integrals over the time history of the
interactions. Within this chapter, we specifically focus on the energy dynamics
of radiation in a lossy medium idealized to be an assembly of independent
oscillators, yielding a Lorentz type of dispersion for both the permittivity and
the permeability.

In parallel, the transfer of momentum from an electromagnetic wave to mat-
ter is formulated within the classical framework of the Maxwell stress tensor
and the Lorentz force. Two physical subsystems are considered: the elec-
tromagnetic subsystem constituted by the propagating electric and magnetic
fields governed by the Maxwell equations, and the matter subsystem described
by the type of material the wave is propagating through. We specifically
identify the contribution of the electromagnetic wave and the contribution of
matter to the total momentum, a distinction closely related to the Abraham-
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© 2009 by Taylor & Francis Group, LLC



220 Energy and momentum in negative refractive index materials

Minkowski debate initiated in the 1920s (Minkowski 1908, Abraham 1909).
We finally conclude this discussion by applying the theory again to a medium
governed by a Lorentz dispersion relation.

When considering physical subsystems, one is often interested in knowing
if energy or momentum is conserved. This is not to say, of course, that
energy is not conserved in general, but that it may not be when one restricts
the consideration to specific subsystems. Mathematically, the equations of
conservation of energy and momentum are cast in the most general form as

ow
=  0G
VT4 = (6.1b)

where S and T denote the energy and momentum flow, respectively, while
W and G denote the energy density and momentum density, respectively.
The quantities ¢ and f, if non-zero, imply that the subsystem considered is
open, i.e., that energy and/or momentum is transferred to or from another
subsystem that has not been considered. Hence, writing Eq. (6.1b) with
f # 0 in fact implies that the momentum is not conserved, but part of it is
transmitted to matter in the form of a force able to do work (Gordon July
1973). This is in contrast with other subsystems for which the right-hand side
of Eq. (6.1) is zero. An immediate example in electromagnetics is the well
known charge conservation law
Ip

\Y J+8t—0. (6.2)
In the following sections, we study the propagation of energy in left-handed
media and cast their equations to follow the form of Egs. (6.1).

6.1 Causality and energy density in frequency dispersive
media

6.1.1 Causality in left-handed media

Causality is a simple but very fundamental principle that states that the cause
should precede the effect: a physical quantity may depend on other physical
quantities evaluated in the past but not in the future. A restatement of this
principle within the context of special relativity is that information cannot
travel faster than the speed of light in vacuum (c).

This principle has deep consequences in electromagnetics: apart from the
finiteness of the speed of light, it also implies restrictions on the functions that
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describe the frequency variations of the permittivity and the permeability. It
is indeed well known that there is a non-local connection (in time) between
the electric flux D(¢) and the electric field E(t) (See Eq. (1.5)), where the
Fourier components of these quantities are related by the frequency-dependent
permittivity function (Landau et al. 1984, Jackson 1999). Similar arguments,
of course, hold for the magnetic permeability that relates B(t) and H(t). As a
consequence of this non-instantaneous response and of the causality principle,
the real and the imaginary parts of the permittivity (and of the permeability)
are related by the Kramers-Kronig relations (see also Egs. (1.9a) on page 17)

6/(w)/60:1+iPV e ’eaf )fo (6.3a)
¢ (w)/eo = —%PV/ do /60_1, (6.3b)

where PV denotes the principal value of the integral. Egs. (6.3) are theoret-
ical relations that have an immediate application in practice. For example,
knowledge of the imaginary part of the permittivity from absorption meas-
urements across frequencies allows for the determination of the real part via
Eq. (6.3a), as illustrated in Fig. 1.8 on page 18.

Within the framework of left-handed media, two important consequences
should be mentioned. First, Egs. (6.3) impose restrictions on the models
that are used for e(w) and pu(w). As a matter of fact, one needs to derive or
assume functions that do not violate causality in the relation between D(¢)
and E(t). The Lorentz model, commonly used to model left-handed media
as we have seen in Chapter 1 and to which we shall return in greater length
subsequently in this chapter, is one such example. The second important
consequence of Eq. (6.3) is that lossless left-handed media are unphysical
and are merely a theoretical idealization that should be understood as such
(Eq. (6.3b) indicates that the imaginary part of e(w) cannot be zero if the real
part is non-zero). In particular, the assumption of lossless left-handed media
breaks down at frequencies that are close to the resonance of the permittivity
and of the permeability.

6.1.2 Causality and phase propagation

Let us consider a more intuitive aspect of the causality principle and its con-
sequences on left-handed media: signals carried by an electromagnetic wave
cannot travel faster than the speed of light. This principle was erroneously
used to argue that negative refraction is impossible, with the following argu-
ment (Valanju et al. 2002): consider a plane wave impinging on a boundary
between two semi-infinite media, one being free-space and the other one being
case dependent. When the second medium is a standard dielectric, the phase
fronts of the electric field look like those shown in Fig. 6.1(a). Consider that
there is a time variation (e.g. one period) between points A; and B;, then
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again one period between B; and C;. At a given time step, A; and A, are
on the same phase front, and become B; and B, at the next time step, then
C, and Cy at the following time step. Throughout this process, the phase
front is simple to track and obeys the standard Snell’s refraction law of posi-
tive refraction. The situation of a left-handed medium is somewhat different,
schematically shown in Fig. 6.1(b). The points with subscripts 2 behave un-
ambiguously like in the previous case: As becomes By which in turn becomes
C5 at the next time increment. The points with subscripts 1 are apparently
more problematic: what happens after A; has become B;? In order to be in
phase with By and then Cs, B; needs to become C], thus propagating along
the path B1C1Bj at an infinite velocity. Hence, this argument (again, erro-
neous) apparently indicates that negative refraction violates causality and is
therefore unphysical.

A more striking illustration of an apparent impossibility is provided by
considering the effect of frequency dispersion inherent to left-handed media
on the refraction of a signal composed of the superposition of two incident
waves. Let us consider two 4 polarized (TE) incident waves of the type shown
in Fig. 6.1, with similar incident angle but different frequencies. Upon trans-
mitting into the left-handed medium, each wave is refracted with a different
angle because of the different value of the permittivity at the two respective
frequencies. The electromagnetic fields are simply written as (we assume a
unit amplitude for the two waves):

Eiy[ — eik’mez'—ikizlz + Reeikmgz'—‘rikizez, (64&)
kize /i ik i s
Hiz[ _ iz (elkzgajflk}lzgz o Reelkzgaﬂrlkuzz) , (64b)
We o
ke i ik i s
H. = T (elkleflkhzZZ +Reelkzlﬂ?+lklzlz) , (6.46)
We o
By = Tgelk”zilktﬂz R (64(1)
ktz0 ko i
Hygp = ——— Tyelkern=ibeez (6.4e)
Wefbte
Kot o ke
Hyzp = ——— Tyelternmibeez (6.4f)
Wefbte

where the subscripts ¢ and t denote the incident and transmitted media, re-
spectively, £ = 1, 2 distinguishes the two frequencies, and where R, and T} are
the Fresnel reflection and transmission coeflicients given by (as a special case
of Egs. (2.98) on page 63; see also Appendix A)

 pekize — pokize T 2kizepiee

Ry = , =
peekize + pokize Heekize + pokeze

(6.5)
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(a) Refraction between free-space and a
standard dielectric.

(b) Refraction between free-space and a
medium exhibiting a negative refraction.

Figure 6.1 Wave-fronts illustrating the refraction of a plane wave from free-
space to (a) a standard dielectric and (b) a left-handed medium. The points
A;, B;, Bl, and C; are defined for the purpose of discussion.

The pattern of the electric field is shown in Fig. 6.2. In both media one can
see wave-fronts and an interference pattern. Although the wave-fronts are
refracted negatively, the interference pattern is clearly “refracted” positively.*

‘We subsequently present two arguments to resolve these paradoxes: the first
argument illustrates why causality is not violated in a negative refraction pro-
cess, while the second proves mathematically the subtle fact that interference

*Note that we speak of refraction of an interference pattern, which is only a language
simplification for the purpose of illustration. Rigorously, refraction only occurs for the
phase and the energy.
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Figure 6.2 Electric field from two waves at two frequencies (f; = 10 GHz
and fo = 11 GHz) impinging from free-space onto a left-handed medium. At
the two frequencies, the relative parameters are (e, 1) = (—2.5,—1) and
(€2, p2) = (—1.5,—1). The interference pattern is positively refracted while
the wave-fronts are negatively refracted.

pattern and Poynting vector are not perpendicular to each other.

The paradox presented in Fig. 6.1 is resolved by realizing that a time har-
monic plane wave is a theoretical idealization: it exists everywhere and for all
time in the past and the future. Hence, the point B; does not need to move
infinitely fast to B{: the point C; which is part of the same plane wave and of
the same wave-front (one period away) is the one that propagates to Bj at the
speed of the electromagnetic wave, thus without violation of causality.f Con-
sequently, what has gone astray in the original argument is the assimilation
of phase motion with information transfer.

In addition, for a transient phenomenon, such as a sharp pulse of finite
duration, Fig. 6.1 is not a valid illustration. When the pulse first impinges
on the interface, the negative refraction does not happen instantaneously but
takes time to build up. Eventually, the pulse is negatively refracted, but with
a time delay compared to the same pulse refracted positively by a standard
dielectric (Foteinopoulou et al. 2003, Alu et al. 2006b). Moreover, the problem
of pulse propagation is intrinsically multi-frequency in nature and cannot be
understood properly by considering a single frequency component. The time
required for traversal of pulses is dealt with separately in Section 6.5.2.2 on
page 247.

The seemingly positive refraction of Fig. 6.2 is clarified by realizing that

TOne has to be cautious with the notion of causality and to what it is applied. As a matter
of fact, special relativity only puts restrictions on information carrying signals travelling
faster than the speed of light in vacuum. Hence the notion of signal itself needs to be
properly defined.
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(a) Refraction between free-space and a (b) Refraction between free-space and a
standard dispersive dielectric. medium exhibiting negative refraction.

Figure 6.3 The background shows the & component (along the interface) of
the Poynting vector at a given time from the same two waves as in Fig. 6.2.
Arrows indicate the time average Poynting vector and therefore correspond to
the direction of energy. Black arrows correspond to < S, >> 0 while white
arrows correspond to < S, >< 0.

the interference pattern created in the left-handed medium is due to the two
waves refracting at different angles, and is therefore not a wave-front for the
energy of the total transmitted field (Pacheco, Jr. et al. 2002). In particular,
the interference pattern is not perpendicular to the Poynting vector and there-
fore cannot be used to conclude on the positive refraction of the energy (note
that a time animation of Fig. 6.2 does show the interference pattern seemingly
propagating with a positive refraction — this is just a visual effect due to the
infinite extent of the patterns). A more visual realization of this fact is pro-
posed in Fig. 6.3: Fig. 6.3(a) shows the refraction of the signal composed of
the two waves when the transmitted medium is a frequency dispersive dielec-
tric with a positive permittivity, while Fig. 6.3(b) shows again the case when
the transmitted medium is a left-handed medium. Being a refraction between
two media with positive index of refraction, Fig. 6.3(a) should show a positive
refraction while the interference pattern seems to indicate a negative refrac-
tion. This counter-example therefore proves that the interference pattern does
not provide the necessary information on the refraction of energy. Conversely,
Fig. 6.3(b) shows a positive refraction of the interference pattern, while the
transmitted medium is a left-handed medium and should therefore exhibit a
negative refraction. In order to unambiguously conclude on the propagation
direction of the energy, the time averaged Poynting vectors need to be calcu-
lated. The results are shown in both cases as superposed arrows, and confirm
the positive and negative refractions in Figs. 6.3(a) and 6.3(b), respectively.
A closer examination of the sign of the & component of the Poynting vector
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Figure 6.4 Spectral diagram of Fig. 6.2 to visualize the direction of the
interference pattern.

(not shown) confirms these conclusions (Pacheco, Jr. et al. 2002).

A schematic argument based on the spectral representation of phase match-
ing can also be used to understand the direction of the interference pat-
tern. Taking first the case of refraction in a standard dielectric, we write
the transmitted waves-vectors of the two waves as k; = Tk, + 2k1, and
ko = Zko, + Zko,. Assuming that the transmission coefficient is identical for
the two waves (this is a simplification without quantitative consequence on
the final result if the transmission coefficient is relatively constant between
the two frequencies), the total electric field can be written as

Etot ~ eiklmm+iklzz + eikgmr+ik2zz

= 2¢i(Frothee)e/2 pilkiz4ka2)2/2 (g Mz = k%x + Pz — k. z|  (6.6)

2

The interference pattern is governed by the cosine term and therefore has an
equivalent wave-vector of K = &(k1,+ko, )+2(k1.+k2.), shown in Fig. 6.4. As
can be seen, K points downward (negative & component) and therefore gives
the impression of a negative refraction. The group velocity was incorrectly
defined by Valanju et al. (2002) as the reciprocal of the frequency derivative
of this vector K. However, as already pointed out, K has no relation to the
power direction, which in this case points upward (positive & component).
The case of a refraction into a left-handed medium is very similar, and
is also illustrated in Fig. 6.4. The wave-vectors are denoted with primes:
ki = &k, — 2k1, and k, = &ko, — Zka,. The vector K’ related to the
interference pattern has therefore the same & component as K but an oppo-
site Z component, as seen in Fig. 6.4. The interference pattern is therefore
“refracted” positively (with a positive & component), but again does not cor-
respond to the direction of the power. The use of a beam of light with finite
transverse width is also very illustrative in this case: a simulation using two
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Gaussian beams (Smith et al. 2002b) with slightly differing frequencies clearly
shows that the beams experience negative refraction while the normal to the
interference fronts point in a different direction that would correspond to a
positive angle of refraction. Finally, note that this phenomenon is visible with
any wave packet that is localized in the transverse direction (Lu et al. 2002;
2004) whereas this sideways motion of the interference fringes is not apparent
in the case of plane waves due to their infinite transverse extent.

6.1.3 Energy in dispersive media

We proceed by studying the propagation of energy in frequency dispersive
media from a more fundamental point of view. The permittivity e(w) and
permeability u(w), yet to be related to the time domain electromagnetic fields,
do not assume any specific form (such as Lorentz or Drude forms) but are only
supposed to obey obvious conditions such as causality, reality of the fields, etc.

The propagation of the energy of an electromagnetic wave is given by the
Poynting vector, directly obtained from the Maxwell equations. The latter
are here cast in the Chu form, where the material contributions are clearly
identified by the polarization currents P = D — ¢gE and poM = B — pyoH:

V x H(t) — e 8??) _ %it) = 3.(0), (6.7a)
VxE(t)Jruga}alit(t) = fpoaa—l\t/lza]m(t), (6.7b)
oV -H(t) = — V- poM = pp(t), (6.7¢)
eV -E(t) = —V-P = pu(t). (6.7d)

In this form, the fundamental electromagnetic fields are E(t) and H(¢) and
the electric and magnetic sources in the medium (J, pe), (Jom, pm).F It is
well known that the electromagnetic energy and momentum quantities can
be derived solely for the electromagnetic subsystem without assuming specific
models for P and M, as is the case for lossless frequency dispersive media. For
lossy frequency dispersive media, however, this is not the case and failing to
realize this may lead to unphysical conclusions on negative energy for example.
We address this issue in Section 6.2, on page 230.

The Poynting vector is obtained by combining Eq. (6.7a) and Eq. (6.7b)
dot multiplied by E(¢) and H(t), respectively. After using a standard vector
identity, the law of conservation of energy is cast in the form of Eq. (6.1a)

fNote that the magnetic sources are added purely on a theoretical basis, as a dual of their
electric counterparts.
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where the following terms are defined:

Sen = E x H, (6.8a)
W = %OE E+ %H “H, (6.8b)
ben=Jd. -E+J, -H, (6.8¢)

and where the subscript “eh” is used to specifically denote the electromagnetic
subsystem. This is the well-known Poynting theorem for non-dispersive media.

Note that within this Chu formulation, only E and H are considered fun-
damental electromagnetic quantities, whereas the material is considered to
contribute to sources (as seen from the definitions of the polarization currents
P and M). For this reason, the energy term of Eq. (6.8b) is only proportional
to the free-space permittivity €y and permeability po, while the material con-
tribution is included in ¢q,. Within the more standard Minkowski formulation
where all the fields E, D, H, and B are considered fundamental and where
the sources are either conduction currents or induced currents at boundaries,
the energy is proportional to the material constitutive parameters € and u. In
this case, it is seen that the negative constitutive parameters of left-handed
media would imply a negative stored energy, which is physically unaccept-
able. The correction to this paradox stems from recognizing the fundamental
difference between a monochromatic wave and a quasi-monochromatic wave
propagating through a dispersive medium such as a left-handed medium, and
is considered next.

Let us return to the most general definition of the time domain electric field
E(t) and flux D(t), expressed as a Fourier transformation of their spectral
domain quantities (Landau et al. 1984, Jackson 1999) (see also Chapter 1).
In order to express the electric field energy W, = E(t)-0D(t)/0t (the magnetic
field energy is obtained following similar steps), we write:

+oo
E(t) :/_ dwE(w)e ! (6.9a)
D(t) = /_ o dwD(w)e ! (6.9b)

with the constitutive relation D(w) = ¢(w)E(w). Let us assume that the
electric field is dominated by a narrow range of frequencies, centered at wy,
weighted by a slowly varying envelope E,(¢) (in the limiting case of an in-
finitely narrow band and an infinitely slowly varying envelope, this assumption
reduces to the common plane-wave):

E(t) = E4(t) cos(wot), where E,(t) = Eq cos(at), (6.10a)
so that
E(t) = Eoz(t) (cos [(wo + @)t] + cos [(wo — a)t}) . (6.10b)
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Expressed in terms of its spectral components:

+oo
E(t) = / dw% [6(wo + ) +6(—wo — @) + 8 (wo — @) + 6(—wp + )] e~

The electric displacement is then given by (6.11)
P = / " deB @), (6.12a)
BT -
T2 [6(w0 + a) e iwote)t L g(yy — @) e iwoma)t
+e* (wo + @) etilwota)t | £ (wo — @) 6+i(wU7a)t] ’ (6.12b)

where we have used the condition e(—w) = €*(w) due to the reality of the
fields (and the reality of w since we have not deformed the integration path
in Eq. (6.12a)). The permittivity is subsequently expanded in a Taylor series
about wg:

0
e(wo £ ) = e(wp) = a% +.o (6.13)
w

and similarly for e*(w), where we neglect the higher order terms in «, and
where the second term is a short-hand notation for 858(;) oy Introducing
the permittivity expression:

Eo —i(wo+a)t —i(wp—a)t

D(t) = va [s(wo)e 0 + e(wp) e 1o

+ E*(WO) ei(wo+a)t + E*((U()) ei(wo—a)t:|

Oow ow
e (W) i(wp—a)t :|

+ —« e

Eo {65(@ o—i(wota)t Oe(w) i(wo—a)t
4

85*(“)) ei(wo-l-a)t o
Ow Ow

0’ (wg) OE(t)
ow ot

0e" (wy) OEq(t)

—_— 14
Ew Framie wot, (6.14)

where Eq. (6.10a) has been used as well as some simple trigonometric identi-
ties. In the previous equation, we remind the reader that the primed quantities
denote the real parts whereas the double primed quantities denote the imag-
inary parts (¢'(w) = Re{e(w)} and &’ (w) = Im{e(w)}, and similarly for u).
Taking the derivative with respect to time, multiplying by E(¢), and taking
the time average with respect to wy yields
/ 2
oD, Lo w)|  ABOP L L n e

Bl =5 = 17 5w w0 2

+ e

= &'(wo)Eq (t) cos wot +

(.L)Ot

+ & (wo)Eq (t) sinwot —

(6.15)
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Adding the magnetic counterpart, we finally obtain

®) - P8 m. By~ OV L) < B >
+%w,u”(wo) <[HO?>, (6.16)

where we have omitted the subscript o and wg for convenience and where

1 9(we'(w)) 2y 10(wp'(w)) 2

w= 2w - LS () (6a7)
is the electromagnetic energy in a frequency dispersive medium. It can now
be easily verified that even when £(w) < 0 and p(w) < 0, the energy is positive
provided that the frequency derivatives in the expression are positive.5 The
apparent paradox that a medium without dispersion and withe < 0 and u < 0
would yield a negative energy is easily lifted: such medium cannot exist since
it would violate the causality condition and would therefore not represent a
physical medium.

As we shall see in the next section, however, Eq. (6.17) should be interpreted
carefully within the frame of left-handed media: these media being necessarily
lossy, W does not represent the total energy density. Failing to realize this
leads to erroneous conclusions that the energy can still take negative values
in some frequency ranges.

6.2 Electromagnetic energy in left-handed media

6.2.1 Erroneous concept of negative energy in lossy
dispersive media

The causality conditions require that the constitutive parameters of left-
handed media be both frequency dispersive and lossy. Although Eq. (6.17)
has been derived for a frequency dispersive medium, it fails to give the stored
energy when losses are not negligible. We shall illustrate this point by consid-
ering a medium that exhibits a Lorentz dispersion relation. In order to yield
a positive energy, Eq. (6.17) requires that

D' @) o B (@)

. 1
0 %0 >0 (6.18)

Yet, for non-negligible losses, these relations are not verified around the res-
onance we, (see Egs. (6.26) subsequently): at a frequency slightly beyond

8This result was first obtained by Brillouin (1960).
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resonance, the dispersion is anomalous and both the real part of the permit-
tivity ’(w) and its slope 9¢’(w)/dw are negative, producing a negative energy
as illustrated in Fig. 6.5.

The situation of lossy frequency dispersive media must therefore be consid-
ered with care since it is in general not possible to introduce the concept of
electromagnetic energy density. Mathematically, this comes from the impos-
sibility of uniquely dividing the Poynting theorem into parts corresponding to
the change in energy and parts corresponding to dissipation: it can be found
that both the conductivity (or the imaginary part of the permittivity) and
the permittivity itself may contribute to the stored energy (Agranovich and
Ginzburg 1966, Askne and Lind 1970, Ginzburg 1970). Physically, the impos-
sibility of deriving a closed-form expression of the stored energy in arbitrary
lossy media is due to the fact that two media with identical complex e(w)
and p(w) can store different amounts of energies. One can think of a direct
analogy in circuit theory where a similar phenomenon occurs: it is impossible
to uniquely determine the circuit layout from the sole knowledge of its input
impedance. Indeed, two circuits with identical input impedances at all fre-
quencies may store different energies. In other words, the knowledge of the
input impedance does not provide the knowledge of the micro-structure of
the circuit, from which the stored energy can be calculated (Tretyakov 2005).
One can easily see this by looking at the example in Fig. 6.6 (Ginzburg 1961):
when Ry = Ry = R = /L/C the input impedance of the circuit is Z;, = R,
which conveys no information concerning the energy stored in the circuit,
which is obviously non-zero. The same situation occurs in materials: the sole
knowledge of e(w) and p(w) does not provide the knowledge of the micro-
structure of the medium and therefore the stored energy cannot be predicted.
The unambiguous determination of W in lossy frequency media is therefore
possible only when the explicit functions of the permittivity and permeability
are known as functions of the frequency, the collision frequency, the plasma
frequency, etc. The implication is that the energy density needs to be solved
for every material separately. Alternatively, if one knows the electromagnetic
fields inside the medium at all previous times, one can express the energy den-
sity in terms of integrals over the field quantities at all past times (Glasgow
et al. 2001).

6.2.2 Lossy Lorentz media

In the following, we assume that the lossy dispersive medium can be modeled
as an idealized assembly of independent oscillators where the motion of the
electrons is described by (see also Chapter 1)

dQI‘i dI‘Z’ 2
m(dt2 + il —ﬁ—wiri) = —¢cE, (6.19)

where r; is the displacement vector of the IV electrons and m is their mass.
Defining the polarization vector P = —Ner where —e is the charge of the
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Figure 6.5 Lorentz-like relative permittivity and various energy definitions.
It is seen that it is possible to produce d(we’)/Ow < 0 with a very lossy
Lorentz medium. The values of the Lorentz model in Eq. (6.26a) are we, =
27 x 10 [rad/s], wep = 2m x 15 [rad/s] and the two cases denoted by the
subscripts “1” and “2” correspond to different loss amount: ., = 108 Hz and
Ye, = 10'° Hz. The value of the energy W in both cases is obtained from the
second term of the right-hand side of Eq. (6.21Db).
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L C

Ry Ro

Figure 6.6 Illustration of the fact that the knowledge of the input impedance
Zin at all frequencies does not provide information on the stored energy in
the electrical circuit: by taking Ry = Ry = R = /L/C one finds Z;,, = R
which conveys no information on the stored energy.

electrons, the equation of motion of the electrons under the action of an
electric field can be rewritten as

0*P oP 9

2 +Ye—m 5 +w; P = 50w E, (6.20a)
where wep and we, are the electric plasma and resonant frequencies and where
e is the electric collision frequency responsible for losses in the medium.
Similarly, the magnetization of the medium due to the series of split ring
resonators introduced in Chapter 3 is governed by

9*°M oM

where wy,, and wy,, are the magnetic plasma and resonant frequencies, 7,
is the magnetic collision frequency, and where F' is the filling factor of the
magnetic resonators.

In order to obtain the energy conservation law of the entire system composed
of the electromagnetic wave and of the material, the material contribution
needs to be added to the laws of Egs. (6.8). This is done by dot multiplying
Eq. (6.20a) by 0P/0t and Eq. (6.20b) by 9(oM)/0t which yields a set of
two scalar equations, and adding them to Eq. (6.8a). After rearranging the
terms, we obtain the time domain energy conservation which takes the form
of Eq. (6.1a) with the following definitions:

S=S.;, =ExH, (6.21a)

€0 1o 1 oP 0P 2
= |=E-E+—H-H —_— PP
W= BBty it s <8t ot
2Fuz, ( — 4w, MM ||, (6.21b)

+ ot ot

Ye OP P jigym OM OM (6.21¢)

O= Tonut ot ot arat, ot of
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As expected, the energy flow is entirely defined by the electromagnetic con-
tribution since it is the only cause of energy propagation in the medium.
The energy density W, however, contains the electromagnetic contribution of
Eq. (6.8b) but also the kinetic and potential energy of the electric and mag-
netic dipoles. Under this form, Fig. 6.5 shows that the values of W are positive
across the entire frequency range, and in particular at those frequencies where
Eq. (6.17) produces negative values. Finally, the connection to other subsys-
tems is provided by the losses in the medium, function of ~, and +,,. Hence,
in the limit of a lossless medium, the system composed of the electromagnetic
wave and matter is closed. For lossy media, however, the system is open and
contributes for example to thermodynamic effects (heating).

6.3 Momentum transfer in media with negative material
parameters

The topic of momentum density in left-handed media is related to an im-
portant part of electrodynamics (electro-magneto-dynamics in fact), which
relates electromagnetic effects to forces and motion of matter. The relation
between field and forces is, of course, expressed via the Lorentz force

£ = pe()E(®) + prm(OH(E) + To(t) % poH(E) + I (1) x oE(®).  (6.22)

This force, usually well known on free currents and charges, can be written
in terms of the field quantities only by substituting the expressions of p.(t),
pm(t), Je(t), and J,,(¢) from Egs. (6.7). Upon doing so, one obtains an
equation similar to Eq. (6.1b) where

= 1
Teh = 5 (EoE -E+ ,U,()H . H) — €0EE — ,[L()HI‘I7 (623&)
Geh = Eo,u,oE X H7 (623b)
£, = peE+ ppH+Jo x pioH — Jp x oE, (6.23¢)

where again we have used the subscript “eh” to denote quantities solely related
to the electromagnetic subsystem. In Eqs. (6.23), Tey, is the free-space Maxwell
stress tensor in which the terms EE and HH are dyadic products, Gy, is the
Abraham momentum density, and f.j is the resulting force on the medium.
Like already mentioned in the introduction, the fact of having a non-zero force
implies that the system is open and one might think what other subsystems
must be included (typically the kinematic subsystem) in order to close it.¥

YFor example, one can show that the kinetic and hydrodynamic subsystems are both open
but that combined together, they form a closed system (Penfield and Haus 1967).

© 2009 by Taylor & Francis Group, LLC



6.3 Momentum transfer in media with negative material parameters 235

Like in the case of the energy, the material contribution must be added to
Egs. (6.23) in order to obtain the momentum conservation law for the entire
system formed by the electromagnetic field and matter (Loudon et al. 1997,
Kemp et al. 2007). This is done by dot-multiplying Eq. (6.20a) by —VP and
Eq. (6.20b) by —puoVM (which are dyads) to obtain

VP o’P opP
—E-VP= — — . [ 2 4+, P .24
\Y - <8t2 +7 e + w; ) (6.24a)
VM- (*M . oM
hoH - VM = — S ( S F g F M) (6.24b)

Adding these two relations to the conservation law of Eq. (6.23) and perform-
ing some algebraic manipulations yield a momentum conservation equation
as in Eq. (6.1b) where

T = B(D-E+B-H)JDEBH] + B(P~E+MOM~H)I]

+ {1 (8P~6P—wfoP~P>I_}

2cow2, \ Ot Ot
+ [21«532 (%\f : 88—1;/[ —wfnoM-M) f} , (6.25a)
G=DxB-— €Ow2 ——_VP. a;t’ Fggnp VM - %’I, (6.25b)
f = —Eolegpvp %lt) ;ZJZ)VM~881>/I. (6.25¢)

Unlike the energy case in which the energy flow was unchanged and expressed
by the Poynting vector, we see here that the medium contributes to the mo-
mentum flow with additive terms directly obtained from the polarization vec-
tors P and M. The momentum flow is therefore expressed as the sum of the
momentum in non-dispersive media and a material contribution. Likewise, the
momentum density G contains the Minkowski momentum D x B and terms
due to the dispersion of the material. Finally, the force f is directly due to
losses in the medium via 7, and 7,,, and therefore represents dissipation. All
these terms are expressed as function of the micro-structure of the medium,
where the plasma frequency, the resonance frequency, and the damping rates
appear explicitly.
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6.4 Limit of plane wave and small losses

The previous sections did not suppose a specific form for the electromag-
netic wave, but only a specific form of the medium micro-structure given by
Egs. (6.20). Here, we particularize the previous results to a monochromatic
electromagnetic wave, where field quantities in the frequency domain are re-
lated to the field quantities in the time domain by E = Re{E(t)e“*}, and
similarly for all other quantities. In this regime, we can substitute the opera-
tors 9/0t by —iw and V by ik which yields the specific Lorentz model for the
permittivity and permeability:

2
N . — (6.26a)
e w? — wgo +iwye ’ '
— o [ 1 Py 6.26b
= p9 _wz—w?,w-i-iw%n : (6.26b)

Likewise, the electric and magnetic polarizabilities, as well as their derivatives,
are expressed as

P2 — cwey E! (6.27
P e B 2
Fuw
2 mp 2

M = o e (6.27b)
P

‘8t :w2|P2|, (627C)
oM

o = w?M?|. (6.27d)

6.4.1 Energy

The previous expressions can be directly used in the energy relation Eq. (6.21b).
Upon taking the time average, we obtain

<W> — 570 [1 + (wwgp(wz +W(§o) ] |E|2

2 ER BB

LMo

1
B +

(6.28)

Fw?np(wz _|_w72,w) ‘H|2
IR
which again yields positive energy values across the entire frequency spectrum

of the left-handed medium (Loudon 1970, Cui and Kong 2004, Boardman and
Marinov 2006, Kemp et al. 2007). Although left-handed media cannot be
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6.4 Limit of plane wave and small losses 237

lossless, we can still suppose that in some regions of the frequency dispersion
the real parts of the permittivity and permeability are much larger than their
imaginary counterparts. These regions correspond to transparent regions,
where we can assume the losses to be negligible. Taking the limit of v, — 0
and v, — 0, Eq. (6.28) takes the known form of Eq. (6.17). Note also that
the dissipation rate given by Eq. (6.21c) is directly related to the imaginary
parts of the permittivity and permeability via

¢ = —we|E|> —wp [H?, (6.29)
where (from Egs. (6.26))

2
! w’yewep
e’ =g (@ =2+t (6.30a)
wym Fw2,
T Cmp (6.30D)

1
Hn = Ho .
(w2 - w72n0)2 + Ymw?

Since the time average of the rate of change of energy is zero, the energy
conservation given by Eq. (6.1a) then reads

1
—(V-8S) = [we”\E|2 +wp|H?] (6.31)
which is the complex Poynting theorem with (S) = 1Re{E x H*}.

6.4.2 Momentum

Applying a similar procedure to the momentum density, the time average is
obtained from Eq. (6.25b) as

Eoww2 |
(W = W27 + 2P

1

poFw?,, 2
e nE

In the lossless case, this expression takes the known form (Veselago 1968)

+k (6.32)

kde(w) o, kop(w)
- DxB*+— E — .
(G) = Re[ x B* + 2 9w |E]" + 2 0w ) (6.33)
where we have used
de(w) 20wy,
= .34
Ow =0 (W2 —w2,)?’ (6.342)
op(w) 2wFw?,,
= . 4
Ow Ho (W2 — w2, )2’ (6.:34b)
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Figure 6.7 Index of refraction (real and imaginary part) and sign of n’-G, for
a £ propagating plane wave in a Lorentz medium characterized by Eqs. (6.26)
With Weo = Wimoy Wep = Wimp = 1.5Wep, Ye = Ym = 0.5we,o. It is seen that the
momentum density is not always parallel to the wave-vector in the presence
of losses.

from Eqgs. (6.26). It is important to realize that relation (6.33) is shown here
to be valid in the limit of a lossless medium, while the momentum in lossy
media should be computed from the more general relation (6.32). This has
an important consequence on the collinearity between the momentum density
and the Poynting power flow.

As is apparent from Eq. (6.33), the momentum is obtained from the sum
of three terms: D x B* which is anti-parallel to the vector E x H* and
parallel to the vector k, and two terms proportional to k and to the slope
of the permittivity and of the permeability. In the limit of a lossless Lorentz
medium, these two slopes are always positive and do not affect the direction of
the second and third terms with the effect that the momentum is anti-parallel
to the Poynting power. The lossy situation governed by Eq. (6.32), however, is
different: there exist frequency regions where the momentum and the Poynting
power are parallel to each other, as illustrated in Fig. 6.7. Consequently, the
momentum flow may or may not be anti-parallel to the phase vector or to the
energy flow, depending on the dissipation in the medium (Kemp et al. 2007).

The momentum flow reduces to

(T) = ;Re{;(D-E* +B-H*)I — DE* BH*} (6.35)
since the dispersive terms tend to zero upon time averaging. Similarly to the
energy density, the time average of the rate of change of momentum density
is zero, i.e., (0G/0t) = 0, so that

= 1
—(V.-T) = iRe {we"E x B* —wp"H x D*} | (6.36)

which is recognized to be the force density on free currents J. = we”E (and
similarly for the magnetic part) (Loudon et al. 2005, Kemp et al. 2006).
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6.5 Traversal of pulses in materials with negative
material parameters

The phase velocity of waves in negative refractive index media is negative.
“What then does it imply for the speed of light traveling through the medium?”
is a question that one often encounters from an enthusiastic undergraduate
student. A more experienced graduate student would immediately voice the
often heard response that the phase velocity could be anything, but it is the
group velocity that has information on the rate of motion of light through
the medium. While this is correct to some extent, it does not encompass
the whole truth as simply evidenced by media where the group velocity of
light within some frequency bandwidth could also be negative. Moreover, the
group velocity does not properly account for absorption or gain in a medium.
The absorption or gain can drastically modify the spectrum of a pulse of light
propagating in the medium and the pulse can be enormously reshaped. For
example, a preferential absorption of the leading or trailing edge of a pulse
can make it appear to have an ultra-slow or ultra-fast velocity. If the medium
has rapidly varying material parameters over the bandwidth of the pulse, the
effects on the pulse can be drastic, such as breaking the original pulse into a
number of pulses. Hence a description by the group velocity alone might not
suffice and one might need to study the energy flow in many such cases.

Metamaterials with negative material parameters usually have large disper-
sion in the effective medium parameters, reasonably large levels of dissipation,
and additionally the energy flow represented by the Poynting vector is oppo-
site in direction to the phase vector in isotropic negative refractive index
media. Further, as shown in Section 3.3.2 (see Fig. 3.25), some metamateri-
als can also have a negative group velocity in addition to the negative phase
velocity. There can only be evanescent waves inside media that have only
one of ¢ or u negative. The transport of evanescent pulses is interesting in
its own right (Biittiker and Thomas 1998). Thus metamaterials have all the
ingredients that can make the study of propagation of pulses through them
very interesting.

In this section, we discuss the time taken by a pulse to traverse a medium — a
quantity that encompasses several aspects of pulse propagation in the medium.
The traversal time for a pulse through a dispersive medium is interesting and
important both from a fundamental viewpoint, as well as for technological ap-
plications such as delay lines and systems with enhanced nonlinearities. We
refer the reader to the many sources available in the literature, e.g. Landauer
and Martin (1994) and Chiao and Steinberg (1997), for more detailed discus-
sions of the fundamental importance of this quantity and various aspects of
the traversal time. A related growing topic is the superluminal propagation
of pulses through dispersive media, i.e., a pulse of light apparently traveling
faster than the speed of light in vacuum (Milonni 2005). Although it is almost
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eighty years at the time of this writing since Brillouin and Sommerfeld showed
that information transport represented by a sharp edge (irregularity) in the
wave cannot be superluminal (Brillouin 1960), this topic has held the Physics
community fascinated. The apparent superluminality for smooth pulses can
arise either out of group velocity effects (Wang et al. 2000) or reshaping due to
absorption or gain in the medium (Bolda et al. 1994). We reiterate that any
pulse with a shape described by a holomorphic function of time (i.e., with-
out any discontinuities or singularities) can exhibit superluminal propagation
without violating causality or special relativity. This is because there is no
information in the peak that is not already contained in the leading edge of
the pulse. The peak can, in fact, be obtained by a Taylor series expansion
about any point in the leading edge. Information can only be encoded by a
meromorphic function through singularities in the function itself or in some
higher order derivative of the function. These singularities, however, cannot
propagate faster than the speed of light in vacuum.

In this section, we examine some of the aspects (Nanda et al. 2006, Nanda
and Ramakrishna 2007) of pulse propagation through a medium with negative
material parameters using the Wigner delay time (Wigner 1955), which is
based on an extrapolation of the group velocity, and another quantity that
is based on the flow of energy through a medium (Peatross et al. 2000). To
model causal metamaterials with negative medium parameters, we assume
that the dielectric permittivity is described by that of a plasma (a Drude
model), while the magnetic permeability has a Lorentz-like dispersion around
a resonance frequency (see Fig. 3.21 for the lossless case):

2

(W) =1 “r (6.37a)
ew)=1— —"F—, 37a
w(w + ivp)
(W) =1+ & (6.37b)
o= wa,, — w? —iwy, '
6.5.1 Wigner delay time for pulses in NRM
The Wigner (group) delay times (Wigner 1955) defined as
T = 00w, (6.38)

where ¢, the phase of the wave, has been a popular measure for the time
delay of a pulse with a slowly varying envelope and a well-defined carrier
wave frequency of w. The Wigner delay time is based on tracking a fiducial
point on a wavepacket that moves with the group velocity v, = dw/0k, but
has been generalized to include the phase shifts that arise due to scattering
as well. The Wigner delay time can often unsurprisingly be superluminal or
even negative as there is no causal relationship between the peaks of the input
and output pulses (Martin and Landauer 1992). By a negative delay time, it
is implied that the peak (for example) of the output pulse emerges out of the
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system under consideration even before the peak of the input pulse has entered
the system. Surprising as this is, it should not be a cause for consternation
as the two peaks are not causally connected. In a homogeneous medium, this
arises from the superluminality or negativity of the group velocity (also see

Section 5.3):
ok - c
_ [ 9k I — 6.39
Vs (&u w) n(we) + w g—z (6.39)

where n is the refractive index, w,. is the carrier frequency of the pulse, and
the derivatives are evaluated at the carrier frequency. It is clear that when
g—z |, is large and negative as happens in the case of anomalous dispersion, the
group velocity can be superluminal and even negative. On the other hand,
where this quantity is a large and positive number, the group velocity can
become very small and gives rise to ultra-slow light where the pulse travels at
terrestrial speeds of a few meters per second. It can also be seen that a positive
group velocity is possible for media with n < 0 only when the dispersion in
the refractive index is large enough.

The fact that the Wigner delay time (or the group velocity) can be su-
perluminal or negative has often been used to term the Wigner delay time
(or the group velocity) as physically unimportant. But the group delay time,
superluminal or otherwise, has been shown to well describe the arrival of elec-
tromagnetic pulses across absorptive media (Garrett and McCumber 1970)
and amplifying media (Bolda et al. 1994), particularly for narrow bandwidths
and short propagation distances. In such cases, the apparent superluminal
propagation of the pulse can be explained by a preferential attenuation or
amplification of the trailing or leading edge, respectively. However, the exper-
iments of Wang et al. (2000) on superluminal pulse propagation in an almost
non-absorptive or non-amplifying medium but with highly and anomalously
dispersive refractive index have been a significant achievement in underlining
the importance of the group velocity and the Wigner delay time in describing
pulse propagation.

Let us calculate the Wigner delay time for the transmission of radiation,
incident at some oblique angle, across a slab of material with some arbitrary
material parameters (¢ and p). The transmission coefficient across the slab is
given by

tt/e(ikzgd)

T(w) = 1 — 72¢(2iko2d)

(6.40)
where d represents the slab thickness and ¢, ¢, and r’ represent the Fresnel
coefficients of transmission and reflection relating the magnetic fields across
the slab interfaces and are given by

9k 9 kz2 kzo _ kug

t = €1 t/ — €2 7,,/ _ £2 €3
kzl + k'z2 ’ kz2 + sz ’ kz2 _|_ sz

€1 Eo €2 €3 €2 €3

© 2009 by Taylor & Francis Group, LLC



242 Energy and momentum in negative refractive indexr materials

for P-polarized light. Here the unprimed and primed coefficients stand for
the first and the second boundaries, respectively. For S-polarized light, the
are simply replaced by the corresponding p in the expressions of the Fresnel
coefficients. Also the Fresnel coefficients would then relate the electric fields
across the interface rather than the magnetic fields. The suffix 2 represents
the parameters inside the slab medium while the suffixes 1 and 3, respectively,
represent the parameters on the incident and exit side of the slab, respectively.
We take the media to be the same on both sides of the slab.

The Wigner delay time can be calculated using the phase of the transmission
coefficient given above, and is given by

_9¢  S2tan(k.od) + psec?(k.od) %2d

= — = 6.41
T o 1+ p2 tan® (k.ad) ’ (6.41)
where
1 (kaea  kaoen
= — 6.42
P=3 <kz2€1 * kz152> ( )

for P-polarized radiation, and

1 (Ekape k‘zzm)
= = + 6.43
P=3 (kzzul ko1pto ( )

for S-polarized radiation. It is understood that all quantities in the above are
evaluated at the carrier wave frequency of the pulse. Note that the expressions
for P and S polarized light become identical at normal incidence.

Consider a slab of metamaterial with wom, = 0.3wp, wy = 0.5197w,,, and
Ym = Yp. Our choice of wy,, and wy corresponds to a magnetic plasma fre-
quency of wy, = 0.6w, when ;= 0. We note that ¢ < 0 for w < wp, and p < 0
for wom < w < wy. In Fig. 6.8, we show the Wigner delay times obtained
for transmission across the slab for normally incident radiation in different
frequency bands when the medium has negative refractive index or positive
refractive index, and for non-dissipative and slightly dissipative media. One
can clearly see that the delay times can be large for pulse traversal in the
negative index band (wo,, < w < wyy,). This is actually due to the large values
of v (and correspondingly n) near the magnetic resonance frequency in this
case. The delay time as a function of frequency shows a large number of peaks
that arise due to the slab resonances which are determined by the poles of the
transmission coefficient. In the negative index bandwidth, we appear to have
two sets of resonances — one near the magnetic resonance frequency where the
magnetic permeability has a large magnitude and another near the magnetic
plasma frequency where the magnetic permeability has small magnitude and
is negative. In both cases, the resonances affect the delay times significantly
due to the large impedance mismatch with vacuum. When the dissipation
is small to moderately large (v, = ym ~ 107%w, to 1073w,), one can have
still large values of the delay times although much of the resonant features
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Figure 6.8 Wigner delay times for pulse propagation across a slab for ra-
diation incident at normal incidence. Top left: For a non-dissipative negative
refractive index medium (v, = 7, = 0). Top right: For a non-dissipative
positive refractive index medium. Bottom left: Same as for top left, but with
moderate dissipation 7y, = ¥, = 0.02. Bottom right: Same as for top right,
but with moderate dissipation 7, = v, = 0.02.

due to the slab resonances become negligible. The pole structure for the pos-
itive index frequency band is different. The resonant features that appear are
those due to the slab resonances caused by a small value for € at frequencies
beyond and near the plasma frequency. Similar results have been shown for
metamaterials in the zero dissipation limit in Duttagupta et al. (2004), who
also confirmed these results by numerically propagating pulses with narrow
frequency bandwidths. We conclude that negative index media could have
large group indices due to the resonant nature of the material parameters
and this is not drastically modified by moderate levels of dissipation in the
medium. This has much potential for applications where solid-state large
group index media are required. The only restriction is that the frequency
bandwidth of the pulse should be narrow enough compared to the bandwidth
of the metamaterial resonance.

© 2009 by Taylor & Francis Group, LLC



244 Energy and momentum in negative refractive index materials

15 1

0.75

1 k‘IJ HJLLHL” s SIS B TR BB L B A B EE BB LR LI s T

3 3
g £ o5
05
0.25
0 0
0 1 2 3 4
K /k
IIp

Figure 6.9 Wigner delay times for pulse propagation across a slab of thick-
ness (Ar = \,/5) with moderate dissipation v, = v,, = 0.0lw, and embed-
ded in vacuum as a function of frequency and parallel wave-vector magnitude.
Left: The delay times for P-polarized light. Right: The delay times for S-
polarized light. The grayscale maps predominantly trace out the conditions
for the existence of surface plasmon polariton modes where the delay times
are very large in magnitude.

We next consider the Wigner delay times for the case of oblique incidence of
waves and for evanescent incident waves. We plot the Wigner delay time vs.
both the frequency and the parallel wave-vector in a moderately dissipative
slab (v, = vm = 0.0lw,). In a comparatively uniform landscape of delay
times, the resonant conditions for the slab surface plasmon polaritons (SPPs)
stand out in stark contrast where the magnitude of the delay times are very
large. The entire dispersion of the SPPs can be traced out by the regions of
large magnitude of the Wigner delay times as can be seen in Fig. 6.9. Both
the antisymmetric and symmetric SPP modes of electric nature manifest for
the P-polarized light, while similar SPP modes of magnetic nature manifest
for S-polarized light. More discussion of the nature of these modes and their
dispersion can be found in Chapter 7. The other notable features are the
large negative delay times that occur near the electric (wp) and magnetic (wy,)
plasma frequencies for the P- and S-polarized light, respectively. The other
very large feature in the plots occurs for both polarizations at the magnetic
resonance frequency which is characterized by extremely large magnitudes for
Tw- We conclude that delay times of very large magnitudes are possible for
evanescent waves interacting with the slab due to their coupling with the slab
plasmon polariton modes. This can be an important and interesting manner of
providing for delay times in plasmonic systems and future plasmonic devices.
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6.5.2 Traversal times based on the flow of radiative energy

In this section we discuss a time scale, due to Peatross et al. (2000), that
directly relates to the average flow of electromagnetic energy through the
medium. For pulses, and particularly broadband pulses, the arrival time of a
pulse at a point r can be well described by a time average over the component
of the Poynting vector S normal to a (detector) surface at r as

u- [ S

uf rtdt

{t)y = (6.44)

Here u is taken to be the unit vector along the normal to the given surface.
The time for traverse between two points (r;,rs) is equal to the difference
of the arrival times at the two points, and we call this quantity the traversal
time. This traversal time can be shown analytically (Peatross et al. 2000) to
consist of two parts: a contribution by the spectrally weighted average group
delay at the final point r,

u- [ S(rp,w (8 Rek/@w) - Ar] dw
u- f S(ry,w 7

Atg = (6.45)

and a contribution that can be ascribed to the reshaping of the pulse by
dissipation,

Atr =T [exp(—Imk - Ar)E(r;,w)] — 7 [E(r;,w)], (6.46)

which is calculated with the frequency spectrum of the pulse at the initial
point r;. Here the operator 7 is

u- [ Re {_Z‘W x H*(r,w)| dw
T [B(r,w)] = L (64D

u- [T S(r,w)dw

which represents the arrival time of a pulse at a point r in terms of the
spectral fields and S(r,w) = Re[E(r,w) x H*(r,w)] represents the Poynting
vector. Here we take the real parts of the quadratic terms since we use com-
plex representation for the fields, i.e., e/® =% for a plane wave. The total
traversal time has been shown (Peatross et al. 2000) to remain subluminal
for broadband pulses for traversal across a medium with Lorentz dispersion
for the dielectric permittivity. The most significant aspect of this proposal is
that unlike any description based on the group velocity such as the Wigner
delay time, it does not involve any perturbative expansion of the wave number
around the carrier frequency. Also note that while there are significant diffi-
culties related to the definition of an energy density in a dispersive medium as
discussed earlier in this chapter, there is no such ambiguity about the Poynt-
ing vector or the power flux. This underlines the importance of this traversal
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time which does not depend on the specific details of the model for disper-
sion. The arrival time based on the average of the Poynting vector has also
been shown to be equivalent to the arrival times measured by the average rate
of absorption in an ideal impedance matched detector (Nanda et al. 2006).
In fact, these times have also been experimentally measured for ultrashort
pulses (Talukder et al. 2005) propagating through dispersive media as well as
angularly dispersive systems (Talukder et al. 2007) underlining their impor-
tance as an important quantity to characterize the time spent in a medium by
pulses. Even if the output pulses are badly deformed these delay times have
been shown to experimentally well describe the motion of the centroid of the
pulse (Talukder et al. 2007).

6.5.2.1 Traversal times through negative refractive index media

We discuss subsequently the nature of traversal times for a pulse traversing
across a slab of negative refractive index medium as a function of the carrier
frequency for a pulse with broad bandwidths. We show in Fig. 6.10 the delay
times obtained by Eq. (6.45) and Eq. (6.46) for pulse traversal across a slab
whose material parameters are described by a plasma form for the dielectric
permittivity and a Lorentz form for the magnetic permeability, respectively.
The relevant frequencies have been chosen to be wy 0 = 27 fp 4.0 With fp, fp
and fy taken to be 12 GHz, 6 GHz and 4 GHz, respectively. First, we note
that for ultrashort pulses with large frequency bandwidths compared to the
resonance bandwidths, the resonant features in the graph of the traversal time
such as due to the slab resonances tend to get averaged out. In the presence
of dissipation in the medium (finite width of the resonance), the Wigner delay
time can become superluminal or even negative at frequencies near the reso-
nance frequency due to the anomalous nature of dispersion. However, if the
bandwidth for the pulse is made sufficiently large, the traversal times based
on the energy flow become positive and eventually subluminal (See Fig. 6.10).
Hence the problem of super-luminality is not present with this definition. The
nature of large delay times near the magnetic resonance frequency outside the
region of anomalous dispersion is still retained, although the corresponding
delay times are not as large as in the limit of zero dissipation.

Another important issue is the relative contribution of the group delay time
and the reshaping delay time to the total delay time. In an experiment, one
usually measures the total traversal time. To avoid any resonant features
arising from the slab resonances here, we place the source inside the negative
index medium assumed to be semi-infinitely extended and a distance d away
from the boundary with vacuum. A detector is assumed to be placed imme-
diately outside the boundary as depicted schematically in Fig. 6.10. For a
plane wave pulse propagating normal to the interface, the delay times based
on the energy flow are shown in Fig. 6.10(c). We can immediately conclude
that there is appreciable contribution to the total traversal time from both the
group delay time as well as the reshaping delay time. Particularly, the group
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delay time dominates due to large dispersion near the resonance frequency,
while away from the region of anomalous dispersion near the resonance, the
reshaping delay times contribute very significantly. Hence in the interpreta-
tion of any experiment involving the delay times of pulse through negative
index media such as the one reported by Dolling et al. (2006b), one would
have to carefully sort out the relative contribution of the group delay times
in order to conclude anything about the dispersion in the medium and the
refractive index. As an aside we also note here an unusual result that the re-
shaping delay time for a medium with e(w) = p(w) is identically zero (Nanda
et al. 2006) and only group delay effects are present in such a medium.

6.5.2.2 Traversal times for evanescent waves

We consider in this section the traversal times for pulses composed entirely
of evanescent waves. This is analogous to quantum mechanical tunneling
of a particle under a potential barrier. Such situations arise directly in the
transport of radiation across a metal slab or under conditions of total inter-
nal reflection when the parallel component of the wave-vector becomes larger
than the wave number in the medium. Since the phase vectors for the evanes-
cent waves are imaginary, interesting questions arise regarding their traversal
times (Landauer and Martin 1994). One of the most paradoxical aspects is
the Hartman effect (Hartman 1962), which is the saturation of the Wigner
delay time with the barrier thickness, i.e., the delay time stops increasing with
the thickness of the barrier beyond a certain point. Hence the delay time of
evanescent pulses through sufficiently thick barriers always appears superlu-
minal. We study here the traversal time associated with the energy transport
for a pulse composed predominantly of evanescent modes. It is actually dif-
ficult to envisage the motion of such a pulse. At any point away from the
source, the intensity of such a pulse would simply appear to increase and then
decrease in time. If the source were located in an infinitely extended medium
(of spatial extent large compared to the wavelength of light), then the maxi-
mum of the pulse would always appear to be concentrated at the point of the
source! But that is the nature of the non-radiative near field of a source. The
problems that we consider arise in the detection of such near fields either by
a local absorbing detector or by coupling to propagating modes.
Consider the complex wave-vector in a medium,

K= ep—. (6.48)
In the limit of small imaginary parts of € and u, one can write for the wave-
vector

k. = Re(k) ~ % VErlly — Eifli, (6.49)
w Er i + Eiflbr

ki=Im(k) ¥ — ——————. 6.50

N T (650
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248 Energy and momentum in negative refractive index materials

For propagating waves, the real part of the wave-vector depends primarily on
€, and pu,, while the imaginary part is directly proportional to e; and u; or
the dissipation. This, however, becomes the other way around for evanescent
waves. To make the discussion for evanescent waves clear, we consider an
absorbing electric plasma with €, < 0, ¢; > 0, u = p,, and then

L [

w

kr >~ — —, /&, 6.51
c 2\ e " (6:51)
w

k; ~ = Ver| (6.52)

Thus the real part of the wave-vector depends on the levels of dissipation in
the medium (g;), while the imaginary part of the wave-vector which deter-
mines the decay of the wave depends on |e,.|. This implies, in turn, that the
definitions of the group delay time and the reshaping delay time given by
Eq. (6.45) and Eq. (6.46), respectively, get interchanged for evanescent waves.
This is an important difference for the arrival times of evanescent waves from
that of propagating waves (Ramakrishna and Kumar 2002). This behavior
can also be analytically continued for larger values of the imaginary parts.
This difference arises because the quintessential decay length for evanescent
waves is determined by ¢, and not ¢;.

We consider, first, the time for traversal of an evanescent pulse through
a plasma. There is an inherent negativity associated with the the time of
transport for an evanescent wave in an infinitely extended dissipative medium.
The energy transport for such a wave happens through the phase shift caused
by the imaginary part of the dielectric permittivity (Ramakrishna and Armour
2003). At any point in the medium, the energy flow away from the source
is proportional to the energy dissipated in the entire region of space beyond
that point all the way up to infinity. Thus, it is almost as if the source
has to correctly anticipate the dissipation at regions far away and radiate
accordingly. This is confirmed by calculating the traversal time using the
energy flow at a point in the plasma, a distance d away from the source placed
inside the plasma medium. The total traversal time comes out to be negative
(see Fig. 6.11(a)) and dominated by the reshaping delay time indicating the
dominance of dissipation in the energy transport in this configuration. This
behavior is rather independent of the bandwidth of the pulse. This situation
is, however, unnatural as the detector would have to be placed inside the
plasma medium.

It is better to consider a semi-infinitely extended plasma medium with the
source placed inside the plasma a distance d away from the boundary and the
detector to be in vacuum outside the plasma. A corresponding physical situa-
tion would be an atom or an antenna located within the plasma and emitting
radiation, whose leakage is detected outside the plasma or the metamaterial
with € < 0. For simplicity, consider only waves with zero parallel wave-vector.
This results in the wave not coupling to any surface plasmon modes of the
plasma-vacuum interface (see Chapter 7). Thus our source would be an infi-
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nite plane of current parallel to the interface. In this situation and for small
distances, d ~ ¢/100y and =~ ¢/107, the reshaping delay time is actually
negligibly small compared to the group delay time even for w < w, and the
group delay dominates the total delay time (see Fig. 6.11(b) and (c)). This
important difference from the case of an unbounded plasma results because
of the presence of a reflected evanescent wave from the boundary. Now en-
ergy transport is primarily determined by the phase difference of the incident
evanescent wave and the reflected wave, and not merely by the dissipation
in the medium. Thus the group delay time plays the determining role for
small distances when the effect of the reflected wave can be considerably well
felt. For large distances d ~ ¢/, however, the reshaping delay time (@ < w,)
tends to that of the behavior in an infinite plasma, while the group delay
time strongly moderates this contribution to the total delay, and the total
delay time is positive everywhere, at least asymptotically with increase in the
frequency bandwidth of the pulse.

Another interesting aspect is the presence of a Hartman effect even for the
energy transport of a pulse through the plasma medium. We show here the
traversal time calculated for the detection of an evanescent pulse emitted by a
source placed inside the plasma. The schematic diagram for the arrangement
is shown in Fig. 6.10. Figure 6.11 (d) shows the traversal time for the source
distances of ¢/10007,, ¢/10v, and for ¢/~. We find that over frequency band
of the plasma behavior between 2, and 8y,, there is hardly any appreciable
change in the traversal both with distance and frequency. In fact, hardly
any change in the delay time can be seen when the distance is changed from
d = ¢/(10007,) to ¢/(107,). For large thicknesses, however, the dissipation in
the medium begins to play a greater role and the Hartman effect is lost. The
new feature here is the presence of the Hartman effect for broad-band pulses
as well.

It should be re-emphasized that even superluminal energy transport by a
pulse described by a holomorphic function does not actually violate causality
or special relativity. But the traversal times in such cases reassuringly turn
positive and even sub-luminal whenever the bandwidth of the pulse is made
large enough! Finally, it should be noted that in some of the cases that we
have discussed the amount of energy that is actually transmitted across the
plasma medium via the evanescent waves may be minuscule although large
enough to be detected. But the time at which the pulse arrives and the
amplitude with which the pulse arrives are entirely different matters.
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Figure 6.10 (a) Traversal times for pulse propagation across an NRM slab
of thickness (d = \,/5) for broadband pulses as a function of the carrier
frequency. (b) When there is large dissipation in the medium, v, = 0.1w,.
(¢) Pulse traversal time in a negative index medium showing the relative
contributions of the group delay time and the reshaping delay time in an
NRM. The geometry of the source and detector for case (c¢) is shown. In all
cases here, 7 is the pulse width in time and @ is the carrier frequency.
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Figure 6.11 (a) Traversal time in an infinitely extended dissipative plasma
when the radiation is both emitted and detected a distance d away inside
the plasma. The reshaping delay time is negative and determines the total
traversal time as well. (b) and (c) Traversal times for pulse propagation across
a plasma medium composed of a plasma of thickness for broadband pulses. (d)
Pulse traversal time in a plasma medium showing the Hartman effect for the
traversal time. The traversal time does not change appreciably in magnitude
for over two orders of magnitude change in the distance. In all cases the
traversal time is plotted as a function of the carrier frequency and the plasma
frequency is taken to be wy, = 10,
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Plasmonics of media with negative material
parameters

An important and unique feature of materials with negative material param-
eters is their ability to support a variety of surface electromagnetic modes.
These surface modes have electromagnetic fields that have maximum ampli-
tude at the surface of the medium with negative material parameters and the
fields decay exponentially inside both the bulk of the medium and in vacuum
(or the positive medium) outside. This feature is well known and extensively
studied in the case of metals or plasmas, which have negative dielectric co-
efficients, and the surface modes are called surface plasmon (Ritchie 1957,
Raether 1986). On a metal surface, the surface plasmons are essentially col-
lective excitations of electrons with the charges displaced parallel to the (real
part of the) wave vector on the surface of the metal. The interior of the metal
is, however, shielded from these electromagnetic fields and the wave amplitude
decays into the bulk of the metal as in a regular conducting medium. These
surface plasmon modes have also been termed Zenneck waves or Sommerfeld
waves in the context of the ionosphere. Fig. 7.1 qualitatively represents a
surface plasmon mode on the surface of a metal. These charge density waves
flow on the surface, they scatter off obstacles on the plane, reflect and refract
off interfaces between two surfaces: thus they can literally be considered two-
dimensional entities that exist on the surface. Surface plasmons on a plane
surface cannot directly interact with propagating radiation in vacuum and are
coupled mainly through scattering events (surface roughness, Bragg scatter-
ing in the case of periodic scatterers such as a diffraction grating, etc.). There
are also localized surface plasmons that can be confined to the surface of a
sphere, a cylinder or, in general, any scatterer made of a negative dielectric
medium. These plasmons can be directly excited by an incident plane wave
of light.

The surface plasmons become approximately degenerate for larger wave-
vectors on a metal surface. This is the essential reason why modeling the
interaction of radiation with metallic structures of complex shape is so diffi-
cult — the radiation couples (through scatterers) to the surface plasmons at
all lengthscales near the resonant frequencies. The surface plasmons have a
P-polarized nature (TM polarization) on a metal surface. Apart from sen-
sor applications, the main attraction for studying the properties of propaga-
tion and confinement of plasmons on metallic surfaces is the promise that
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_kx kx

Figure 7.1 Schematic representation of a surface plasmon at an interface be-
tween a negative and a positive dielectric medium, and the associated charge
density fluctuations. The exponential decay of the fields normal to the sur-
face and the propagating nature along the surface are depicted schematically.
(Reproduced with permission from (Ramakrishna 2005). (© 2005, Institute
of Physics Publishing, U.K.)

plasmons hold for miniaturization of all-optical circuits and communication
devices. Photonic components due to photonic bandgap materials or conven-
tional waveguides are just too bulky for integration with nonsecular electronic
components. With surface plasmons, however, the wavelength on the surface
can be much smaller than the wavelength of free radiation. This has implica-
tions for the possible miniaturization of the waveguides, the circuit channels,
etc. required for optical switches and digital logic circuits. There can also be
large local field enhancements due to the excitation of localized resonances,
which implies that nonlinear effects can be made large, thus enabling easy
switching of optical pulses. This has been the main driving force behind basic
research on the control of surface plasmons on a metal surface. For more
detailed discussions of surface plasmon modes on metallic surfaces, we refer
the reader to Maier (2007).

The study of surface plasmons has regained interest and importance with
the realization of metamaterials, in particular due to the possibility of reaching
negative permeabilities. Until now, only P-polarized (TM-modes) surface
plasmons could be excited on a metallic surface due to the necessity of having
a normal component of the electric field. The possibility of having negative
magnetic permeability gives rise to a electromagnetic modes of an alternate
magnetic nature for the S-polarized waves (TE-modes) as well. This can
give rise to new polarization-dependent phenomena in metamaterials shaped
into complex geometrical shapes. In this chapter, we discuss, mainly in the
context of metamaterials, some of the basic aspects of surface plasmon modes,
their dispersion and interaction with radiation, and negative refraction at
the interface between two surfaces. We also explore some sub-wavelength

© 2009 by Taylor & Francis Group, LLC



7.1 Surface electromagnetic modes in negative refractive materials 255

structured conducting films that show plasmonic responses. Surface modes
on nonlinear metamaterials are briefly touched upon toward the end of the
chapter.

7.1 Surface electromagnetic modes in negative refractive
materials

In this section, we primarily focus on the conditions for the existence of surface
plasmon modes and their dispersion in a variety of geometries and materials.
The plasmon modes turn out to be crucial for the performance of a super-lens
that can image the evanescent near-field modes of a source (see Chapter 8).
An understanding of the conditions under which they exist and can be excited
is important. The dispersive properties of the surface plasmons are discussed
assuming a local response for the media concerned whereby the material pa-
rameters such as the dielectric permittivity (¢) and the magnetic permeability
(1) depend only on the frequency w and are not spatially dispersive.

7.1.1 Surface plasmon modes on a plane interface

The dispersive properties of surface plasmon modes on the surface of a semi-
infinitely extended negative refractive index medium have been considered
in Ruppin (2000b). Let us consider the interface (2 = 0 plane) between
two semi-infinitely extended media whose material parameters are given by
(e1,p1) and (e2, o). Consider the time harmonic fields at frequency w in the
two media for P-polarized light (magnetic field along the y axis):

| gHzexpli(kzx + kyy — wt) — K£402], ¥ 2 >0,
H(z,y,2) = {ng expli(kzx + kyy —wt) + K212], V 2 <0, (7.1)
where k2 +k2 —k2) = e1puw?®/c? and k2 +k2 — K2, = eapow?/c?. Note that the
fields decay exponentially away from the interface into the bulk of the media
in either side. The transverse components of both fields are the same due to
the translation invariance along the transverse directions (necessity of phase
matching). The coefficients H; and Hs in the above equations are solved for
by enforcing the conditions of continuity of the tangential magnetic field and
the electric field across the interface:

Rz2 Rz1
Hy +
we2 weq

Hy — Hy, =0,

Hy = 0. (7.2)

This system of homogeneous equations has a non-trivial solution when the

determinant is zero:
Rz1 + K22

=0 7.3
S0, (7.3)
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256 Plasmonics of media with negative material parameters

which is the condition for the existence of the surface modes. It is obvious
that solutions to this equation require that the permittivities of the two media
be of opposite signs.

JFrom the above condition, the dispersion for these surface modes is ob-
tained as

5182(€2M1 - 51#2) 12 w
ky = e - (7.4)
€5 — €7 c

A similar condition for S-polarized light (electric field along the g direction)
can be obtained as

Rz1 + Rz2
H1 M2

which obviously requires only one of the p involved be negative. We can
similarly obtain the dispersion for these surface modes as

=0, (7.5)

1/2

_ [rapa(poer — pe2) |7 w
= 21— ©. (7.6)
M3 — M7 ¢

Note that the P-polarized and S-polarized modes do not coexist at any fre-
quency except where eop0 = 1.

In order to understand the dispersion of these surface modes, it is important
to consider causal, frequency dispersive models for the negative permittivity
and permeability. Let us, as usual, consider a plasma model for the dielectric
permittivity (see Section 3.1),

w2

=1-—2 7.7
R PN 7

where the plasma frequency is w, and a magnetic resonance model for the
magnetic permeability (see Section 3.2) is:

fw?
=1+ - 7.8
H2 ng 2 IW’Ym7 ( )
where the magnetic plasma frequency (when us = 0) is given by w%w =

w?,,/(1— f). While investigating the dispersion of these modes, let us assume
the limit of zero damping v, — 0 and 7,, — 0. Let us take the positive media
to have e; =1, up = 1.

The dispersion for the cases of the P-polarized and the S-polarized sur-
face modes are shown in Fig. 7.2. Note that the surface modes exist only
for frequencies when the waves are evanescent in both media. This requires
k2 > w?/c? and k2 > eyusw?/c®. Tt can be seen from the figure that the P-
and S-polarized modes become degenerate for large wave-vectors k, at the
frequencies w = wo,, w,,/x/i and w = wps = wom/+\/1 — f/2, respectively.
For the parameters associated with the graph on the top panel of Fig. 7.2,
there are two branches of the P-polarized modes: one at low frequencies for
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Figure 7.2 Top panel: Dispersion of the surface plasmon modes for a medium
with the material parameters given by Eqs. (7.7) and (7.8). There are two
branches for the P-polarized modes (with positive slope) and one for the S-
polarized mode (negative slope). The assumed parameters are wo,, = 0.4w,,
f = 0.56. Bottom panel: Dispersion of the surface plasmon modes for a
medium with wp,, = 0.75wp, f = 0.56. Note that when w,, > w, the
dispersion curves for the S- and P-polarized modes change the sign of their
slopes. In both panels, the light line (w = ck,) indicated as “Il” and the curve
ky = e(w)p(w)w?/c* (dashed curve) are indicated in grey. The surface modes
can occur only to the right of these curves. The dielectric surface plasmon
frequency ws; when €5 = —1, the magnetic surface mode frequency w,,s when
e = —1, and the magnetic resonance frequency wy,, are indicated by grey
lines in both panels.

w < wom where g5 < 0 while s > 0 and is large near the resonance, and
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another one for w < wy,. The low frequency P-polarized branch is the only
branch present for an interface between vacuum and a metal with 5 < 0.
Part of the second branch lies in the spectral region where both ps < 0 and
€9 < 0, thus in a region of negative refractive index. This branch essentially
originates on the intersection of the light line in medium 1 (k, = \/E1mw/c)
and the curve k, > \/e3i5w/c. There is, by comparison, only one branch for
the S-polarized mode that lies entirely within the left-handed regime where
€2 < 0 and ps < 0. Note that the locations of the high frequency branch for
the P-polarized mode and the S-polarized mode are interchanged if we choose
Wmp > wp. This is shown in the bottom panel of Fig. 7.2 where wo,, = 0.75w,
and f = 0.56. It can be seen that when the magnetic plasma frequency
Wmp > wp the S-polarized mode has a positive slope while the P-polarized
mode has negative slope. In this case, we also have that both the high fre-
quency S and P modes lie entirely within the region of negative refractive
index, i.e., when €3 < 0 and py < 0. Note that our treatment includes the
surface modes at the interface between the two media if €1 < 0, p; > 0 and
€9 >0, uo < 0, in which case, there are no propagating modes in either of the
two media as k2 > e1pyw?/c? and k2 > eguaw?/c? for all k,, however small.
In the previous discussion, the dissipation in the medium was neglected
while examining the dispersion of the surface plasmon modes. When a finite
imaginary part is introduced into the negative medium parameters, the trans-
verse wave-vector becomes complex. The imaginary part corresponds to the
inverse propagation length on the surface. The surface plasmon amplitude
decays to 1/e of its initial values while propagating over this length. Due
to the algebraic complexity of the expressions, it is fruitful to examine them
separately for different cases.
(i) A negative dielectric metal: For case of a metal with only e2 < 0 and
te = p1 = 1, we can simplify the dispersion equation for the P-polarized

modes to
1/2
£1€2
= (550)
€1+ €2

Noting that &1 = €} + i}, in the limit € <« 5, we obtain

1/2 / 3/2 1"

el w € ey w

ke A 2 Y4 2 2 Y 7.10
(61 +6’2> c +1<51 +6’2> 2(e4)? ¢ ( )

In order to satisfy the conditions for a surface plasmon mode, we require
g9 < 0, and for real k), an additional requirement is |e5| > €;. The propagation
length for the surface plasmon is

: (7.9)

ol &

lsp = {2Im(k,)} 1. (7.11)
For surface plasmons on silver at about 500 nm wavelength radiation, the

propagation length evaluates to about £, ~ 20 pm. Basically as |5 | increases,
the fields penetrate lesser into the metal and the consequent losses are lesser.
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At about 1200 nm wavelength, the surface plasmon propagation length in
comparison comes out to be about 1 mm. To measure £,,, we would need
to inject energy in the surface modes at one point and measure the fields
of the mode some distance away, which can be accomplished by near-field
microscopy techniques (Paesler and Moyer 1996). Another related quantity
that is of interest is the decay time of the surface plasmon which can be probed
by a pulse of light. Upon considering k, to be a real quantity (excitation by a
plane wave), the real and imaginary parts of the complex frequency are given
by

1\ 1/2 " / 1/2
W — i = (kye) (51+52> (k)22 ( £1%2 ) . (112)

/ 2 /
€1€h 2eL” \é1+ ¢y

The imaginary part of the frequency is negative and represents the rate of
dissipation in the medium, whereas the decay time is inversely proportional
to this and ts, = (27)/w”. The spatial decay length on the surface and the
decay time are related by £, = v4ts,, where v, is the group velocity on the
surface.

(ii) Interface between vacuum and a negative refractive index medium: Let
us consider the case when €; = 1 and p; = 1. Then the dispersion reduces to

1/2
52(52 *61) w
_ —. 1
[ e3—1 } c (7.13)

ky =

We can separate the real and imaginary parts of the right-hand side in the limit
of e < &l and pf < pf in a straightforward but slightly tedious calculation
and obtain

1/2
eh(eh — ub) w
ko [ 22252 27 =, 7.14
: [ g el M (r.14
9 1/2

o | e (612M/2 + 2)(5/2 — :u/25/2)1/2 _ UN 5/2 i

N N CAR R N D —m)) | 2
(7.15)

It is clear that the additional possibility of having a negative magnetic
permeability increases the number of possibilities. Given that €5 < 0, we
require for real k!, that

(e — pp)

eh? —1
This implies that the imaginary part of the magnetic permeability can actually
increase the propagation length via a phase shift in the fields compared to
the case when pf = 0. Surprising as this result might seem, one should

> 0.
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Figure 7.3 Schematic representation of the geometry of the slab of a ma-
terial with negative € or pu. The surface plasmons on two interfaces are no
longer independent and get coupled to give rise to coupled slab plasmon po-
lariton excitations. The slab modes can have field distributions that are either
symmetric or anti-symmetric with respect to the center of the slab.

remember that the total dissipation is due to both the electric and magnetic
susceptibilities. We discuss the full implications for the real part of £/, and
the possibility of negative refraction for the surface plasmon in Section 7.3.

The most important aspect about all these modes is that all of them lie
to the right of the dispersion of free light (shown by the dotted curve in the
figures). This implies that propagating modes of light incident on the surface
can never couple to these surface plasmon modes as the phase matching con-
dition can never be satisfied. The surface plasmon modes can, however, be
excited through a periodic structure on the surface where the Bragg scattering
for propagating modes can give the extra wave-vector (momentum) along the
transverse direction. As another example, surface roughness can also accom-
plish the same effect (the surface roughness can be considered to be a “white”
distribution of different frequencies). Alternatively, they can be excited by the
near-field evanescent modes of a source placed very close by. These aspects
have been very thoroughly discussed in Raether (1986) for the case of surface
plasmon modes on a metal surface.

7.1.2 Surface plasmon polariton modes of a slab

The surface plasmon modes in a slab of a medium with negative material
parameters and a finite thickness d are interesting since a slab has two inter-
faces where degenerate surface plasmon modes can be supported (see Fig. 7.3).
Each interface plasmon feels the fields of the surface plasmon on the other in-
terface, and they hybridize to form a pair of non-degenerate slab modes. The
problem is completely analogous to the problem of quantum levels in two
identical potential wells separated by some distance.
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Consider that the slab has a width d, material parameters (g2, u2) given by
Egs. (7.7) and (7.8), and is embedded in a medium whose material parameters
are (e1,11). The conditions for the existence of independent slab modes can
be obtained in a similar manner by matching the tangential components of
the electric and magnetic fields across the two interfaces. Note that the fields
inside the slab can be written as a superposition of an exponentially decaying
and an exponentially amplifying wave along the thickness of the slab. The
conditions for the P-polarized modes come out to be

tanh(k,2d/2) = —%7 (7.16a)
€1Kz2

coth(f,0d/2) = — 22521 (7.16b)
€1Kz22

where k,; = \/k2 —¢;pu;w?/c?. Bach of these conditions corresponds to a
slab mode. The two modes have different symmetries of the fields with

respect to the center of the slab: one has a symmetrical field distribution
(cosh[k.(z — d/2)]) while the other has an anti-symmetric field distribution
(sinh[k,(z — d/2)]) corresponding to the first and the second conditions of
Eq. (7.16), respectively. Thus, the slab develops a gross polarization and
hence these modes are called surface plasmon polariton (SPP) modes. Simi-
larly the conditions for the S-polarized modes are

M2k 21

tanh(k,od/2) = , 7.17a

(w-ad2) = 122 (7172)
M2k 21

coth(k,od/2) = — . 7.17b

(rad2) = ~H22 (r.1m)

The dispersions for the slab plasmon polaritons have to be obtained as the
solution to the above transcendental equations. These dispersion relations
are plotted in Fig. 7.4. In fact, if we calculate the transmission or reflection
coefficients for light incident on the slab, the conditions for the SPP modes
correspond to the poles of the transmission or reflection coefficient. This is
a typical effect whenever a system is excited at resonance — the scattering
coefficients (transmission and reflection coefficients in this case) diverge. We
see that there are six branches in total: four for the P-polarized modes and
two for the S-polarized modes. Basically each surface plasmon branch for the
semi-infinite media splits into two separate branches. The separation of the
branches that have hybridized reduces as the thickness of the slab increases
and the branches merge asymptotically as d — oco. Once again the SPP can
only exist in regions in the (k;, w) plane where k2 > e;ujw?/c® in either of
the two media. The lower two P-polarized branches for w < wg,, occur in the
region e < 0, pg > 0; the two S-polarized branches occur entirely within the
negative refractive index band when ¢ < 0, ps < 0. The higher frequency
P-polarized modes cross over to the region of 2 < 0, g > 0 from the region of
negative refractive index. For large wave-vectors, the slab polariton modes (for
all k,) become degenerate at wp,, for the low frequency P-polarized modes,
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Figure 7.4 Dispersion of the slab plasmon polariton modes for a medium
with the material parameters given by Egs. (7.7) and (7.8). The surface
plasmon branches essentially split into two modes: one symmetric and another
anti-symmetric. The assumed parameters are wg,, = 0.4w,, f = 0.56, and
kpd = 0.3. The light line (w = ck;) and the curve k, = e(w)u(w)w?/c?
(dashed curve) are indicated in grey. The surface modes can occur only to
the right of these curves. The dielectric surface plasmon frequency ws when
€2 = —1, the magnetic surface mode frequency w,,s when po = —1, and the
magnetic resonance frequency wy,, are indicated by grey horizontal lines.

at w = wp/ V2 for the high frequency P-polarized modes, and w = w,y,, where
the p = —1 for the S-polarized modes.

We also note that, for w > wp,,, the branches of the anti-symmetric P-
polarized and S-polarized modes smoothly cross over to the dispersion of
the first-order slab waveguide mode in the negative refractive index medium
when the light is propagating inside the negative refractive index slab (k2 <
Eafiowa/c?) and evanescent outside (k2 > e1p1w?/c?). We discuss waveguide
modes separately in the next section.

In the quasi-static limit of k; > w/c, we can easily obtain an analytic
expression for the dispersion of the SPP modes. In this limit, x,; — k; and
the P-polarized modes becomes independent of y while the S-polarized modes
become independent of €. Note that this does not hold for the P-polarized
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modes when po — 00 as w — wpy,.- One can analytically obtain the dispersion
for the P-polarized modes as

wy = %[1 + exp(—kyd)] /2, (7.18)

where the + sign indicates the frequencies of the two non-degenerate modes.
For the S-polarized modes, with the magnetic resonance model we obtain the

dispersion as
Wom,

T 1 f/2[1 % exp(—k )12

Note that had we used a Lorentz model for the dispersion of us, we would
instead obtain

Wi (7.19)

9 1/2

wy = |wi, + u)—Qb(l + e hed) . (7.20)
These equations illustrate the splitting of the modes and that the symmetric
mode wy has a higher frequency.

One should note that these results in the non-retarded regime should be
treated as only approximate, particularly very close to the surface plasmon
frequency. For example, the dispersions of both the symmetric and the anti-
symmetric modes, at large slab thickness or large k,, have to tend to the
uncoupled plasmon dispersion for a single surface as the two plasmons are
essentially uncoupled. Thus, even the slopes of the dispersion curves should be
the same for large k,. The non-retarded approximation predicts opposite signs
for the group velocity on the surface, (Jw)/(0k,). In reality, however, the two
curves actually tend to the surface plasmon frequency either both from below
(for wmy < wp) or both from above (for wy,, > wy). In the former case, the
upper dispersion curve crosses over to below wy at some point (Ramakrishna
et al. 2002). This can have important physical implications: in the case of the
silver lens discussed in Section 8.2.2, this would imply that the anti-symmetric
mode is always excited.

Consider next the dissipation and the propagation of SPP modes in very
thin slabs of the negative material. For concreteness, we consider the P-
polarized modes only and the case of a metal (uy = 1, e2 < 0). In this case,
several researchers (Kovacs and Scott 1977, Quail et al. 1981, Sarid 1981)
reported both theoretic and experimental results that the damping for the
symmetric mode reduces as the thickness of the metallic film decreases as
much by an order of magnitude while the damping for the anti-symmetric
mode increases by modest amounts. We can easily estimate the thickness
dependence of the imaginary part of k, for very thin films: using tanh(z) ~
for z < 1 in Eq. (7.16), and for the symmetric mode k, = k1 + A where
k1 = e1w?/c? and A < kg, we obtain that

A N 61(61 —52)2(k0d/2)2
wle  2[ed — 3(eq — e2)d?k3]’

(7.21)
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from which we obtain in the limit of small k;d, the imaginary part of the
wave-vector as

L e (kid 2
w7c = 51(5/2 — 61)5/2722 <2> s (722)

which clearly demonstrates that ¢, ~ d—2, i.e. the damping reduces with
reducing thickness of the slab. This property is due to the field structure that
is more spread out in the surrounding medium than inside the slab where
dissipation takes place. It can be similarly shown that the damping actually
increases but more moderately for the anti-symmetric SPP mode. More exact
estimates can of course be obtained by solving Eq. (7.16) numerically for the
real and imaginary parts of the wave-vector (k, = k. +ik!/) and such analyses
indicate that a reduction in k! by one order of magnitude is possible when
the film thickness becomes of the order of 20 nm (Sarid 1981, Raether 1986).
Such SPP modes would have an enhanced range of propagation on the sur-
face and they are, therefore, referred to as long range plasmons (Sarid 1981).
These long range plasmons penetrate highly into the surrounding media, and
their potential for sensor applications at almost single molecule sensitivity
and enhanced nonlinear phenomena has been demonstrated.

Finally, we consider the case when the slab has an asymmetric environ-
ment. This is typical of many applications, say, a silver film (2) deposited
on a quartz substrate (¢;) with vacuum/air (¢g = 1) on the other side. The
dispersion of the SPP modes can be determined by locating the poles of the
transmission or the reflection coefficients (see Appendix C) in the (ky,w)
plane. The condition for P-polarized light is

(HZl + HZQ> (M + I<EZ0>+<HZ1 _ KZQ) <I€Z1 _ M) etrz2d — 0. (723)
€1 €2 €1 €0 €1 €2 €1 €0

For complex €1 and &5, one needs to determine the complex roots k, of this
equation. One tractable way to determine the roots is to scan the (k;,w)
plane and monitor the derivative of the phase of the transmission coefficient.
The phase changes rapidly in the vicinity of a resonance and the derivative
shows a peak at the resonance. The main effects of the asymmetry are to give
rise to a shift in the real part of k. In addition, when the wave can propagate
in the substrate medium, it also gives a contribution to the imaginary part
of k, which corresponds to the energy radiated by the surface plasmon into
the substrate medium. Fig. 7.4 showing the dispersion of the slab plasmon
polariton modes, albeit for a symmetric slab, should be compared to Fig. 6.9
where similar information about the dispersion can be obtained from the
frequency derivative of the phase of the transmission coefficient.
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7.2 Waveguides made of negative index materials

The guidance condition listed in Egs. (7.16) and (7.17) can be studied in a
more systematic manner in order to visualize the evolution of the associated
modes with some typical parameters, such as the frequency and the thick-
ness of the slab. In order to render the equations symmetric and with only
dimensionless quantities, Eqgs. (7.17) are rewritten as

22d
Kad= — m (Kz2d) tanh <M> , (7.24a)
2 2
ford = — L (k.ad) coth ( “Z2d> , (7.24D)
2 2

which correspond to the symmetric and asymmetric modes shown in Fig. 7.3.
In addition, combining the dispersion relations in both regions yields the
condition

(K21d)? — (Kaod)? = (k2 — k3)d>. (7.25)

A mode that simultaneously satisfies Eqgs. (7.24) and (7.25) is therefore a
mode supported by the structure. An intuitive graphical representation of
the solution can be obtained by looking at Fig. 7.5, where the equations have
been represented as a set of curves depending on the ratio (—pi1/p2). The
graphical representation of these modes, in Fig. 7.3, illustrates that one is
symmetric whereas the other one is asymmetric, which refers to the profile of
the electric field. By analogy to regular media where the electric field follows
sine and cosine functions, the electric field in this case follows hyperbolic sine
and cosine functions,* suggesting to term these modes “cosh” and “sinh,” for
the symmetric and asymmetric modes, respectively (Wu et al. 2003).

The existence and characteristics of a mode can be directly obtained from
Fig. 7.5 once the configuration is determined, i.e. once the frequency of op-
eration is known, the slab thickness d, as well as the material parameters
(€1, p1) for the medium surrounding the slab and (g2, p2) for the slab. These
parameters define a value for (k3 — k7)d? that maps onto a horizontal line
in both panels. Note that an increase in frequency or in thickness simply
corresponds to a translation of this line away from the (k3 — k?)d? = 0 line,
in either direction depending on the material parameters. The intersection of
the (k3 — k?)d? line with the guidance condition curves corresponding to the
(—p1/p2) ratio of interest yields the solution(s), if any, that are supported by
the given configuration. It can then immediately be seen for example that
when supported, the cosh modes do not have a cutoff frequency whereas the
sinh modes do. As another example, the perfect lens situation (see Chapter 8)

*The demonstration is straightforward and is left as an exercise to the reader.
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Figure 7.5 Graphical representation of Eqs. (7.24) and (7.25) as function of
ka.d for various values of (—pu1/p2) (indicated as numbers next to the curves).

corresponds to k3 — k? = 0 and —p1/pue = 1.0, for which it is seen that the
intersecting point occurs at infinity.

The region (k3 — k?)d? < 0 can be accessed in two situations. The first
corresponds to k3 < kI, i.e. a slab less dense than the background medium,
supposing that all wavenumbers are real. The second situation, more un-
usual, occurs when the slab is made of a plasma medium, in which case ko is
imaginary and k3 < 0. The existence of hyperbolic modes in this case is well
known (Oliner and Tamir 1962) and it is seen that these modes are identical
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to those supported by a slab of left-handed medium (for which ks is negative)
when |k2| < |k1]. In particular, the specific value of (—p1/pu2 = 1/1.0363) was
pointed out as being a limit above which a single mode propagation occurs
and below which multi-modes are sustained. This conclusion is confirmed
here graphically in Fig. 7.5(a).

The complex modes supported by the slab of left-handed media are therefore
additional modes, which need to be accounted for. In particular, they coexist
with the regular modes obtained when the transverse wavenumber in the slab
is real. The guidance condition for these modes can be written as

az1d = % (kaod) tan (k.ad/2) (7.26a)
2

a1d = % (ksod) cot (kuad/2) , (7.26b)
2

(kasd)? + (cz1d)? = (k2 — k2)d? (7.26¢)

and is illustrated in Fig. 7.6. Since these modes have been extensively studied
in the literature, for example in Collin (1990), we shall not study them in
more detail here.

7.3 Negative refraction of surface plasmons

In analogy with the negative refraction of transverse electromagnetic waves at
the interface between a positive index medium and a negative index medium,
one can wonder whether it is possible to find interfaces between two surfaces
where a surface plasmon wave refracts negatively. We show a schematic pic-
ture of such a process at the interface between the surfaces of two different
media in Fig. 7.7. Since the surface modes are not purely transverse waves
(there is a component of the fields along the wave-vector on the surface),
we cannot examine if the waves are left-handed as for transverse waves in a
three-dimensional negative refractive index medium. This question has been
addressed by Kats et al. (2007) through an analysis of the relative direc-
tions of the energy flow based on the Poynting vector and the phase-vector
k| = &k, + gk, on the surface.

For simplicity of calculations, we assume the zero dissipation limit where
the imaginary parts of the material parameters are § functions at the specified
resonance frequencies, whereas at other frequencies, the media are assumed
non-dissipative. Consider the dispersion for the P-polarized surface plasmon
modes on a surface given by Eq. (7.4)

1/2
jy = |erez(eam —eip) | w
= 2 2 -
€5 — €5 c
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Figure 7.6 Illustration of the guidance condition in a regular waveguide con-
figuration when the transverse wavenumber inside the slab is positive. In both
cases, —pu1/pa = 0.2.

An essential condition for the existence of such modes is €169 < 0. The
time averaged Poynting vector associated with such a mode given by S =
(1/2)Re(E x H*) is oppositely directed in the media on either side’ and decays

TThe demonstration is straightforward.
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Figure 7.7 A schematic picture of surface plasmon modes at the surfaces
of two media (shown by different shades of gray). The surface waves can
undergo negative refraction at the interface between the two surfaces (media)
as shown depending on the material parameters of the two media.

exponentially with distance from the interface

EQE1W

L_|H|? exp(—k,22) V 2> 0.

EQEaw

(7.27)

B { ML H[Zexp(k,12) VY 2<0,

One has to determine the energy flow along the interface associated with this
surface mode. This can be accomplished by integrating the Poynting vector
with respect to the normal z direction. We obtain for the integrated energy
flow K )
e €
W = / Sdz=—1 {1 - —;} H|2. (7.28)
—0 EQWK1€1 &5
Noting that kj > 0, €1 > 0, the condition for the wave-vector and the energy
flow at the surface to be anti-parallel is

€2 > g2, (7.29)

in which case such interfaces can be called negative refractive interfaces.
Note that the interface of an ordinary metal with e; < 0, us = 1, and
vacuum cannot satisfy the above condition as no surface plasmon modes exist
for €1 > |eg|. Consider, however, an interface between vacuum and a medium
with —1 < g2 < 0, pz < 0: a surface plasmon mode on the interface with
oppositely directed wave-vector and energy flow can be excited if e5 — o < 0.
This is the only kind of negative refractive interface possible for P-polarized
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modes when one of the media involved is vacuum. The conditions for the
negative refractive interfaces with different media can be divided into six
cases and the different ranges for €1 /2 and py/ps for which one has negative
refractive interfaces are shown in Fig. 7.8.

The group velocity of the surface waves, vy = (Ow)/(9k), is negative on
the negative refractive interfaces. This reflects the fact that the energy flow is
opposite to the wave-vector on these interfaces. The dispersion curve for the
P-polarized light when wy,;, > w;, shown in Fig. 7.2 clearly has a negative slope.
For kj ~ ko, the group velocity of the surface mode (v, = (0w)/(9k)|w,) can
be expressed in terms of the wave group velocity in the two media. Consider
the Taylor expansion for the dispersion equation &(w)u(w)w?/c?:

ok

w?/Pe(w)pu(w) = k2 + 2k08—\w05w + O(dw)?, (7.30)
w

where we retain only terms linear in the frequency difference, and the disper-
sion equation for the waves in the two media

K2 = ki = er(w)m (w)w?/c?,

K2y = kzﬁ — ea(W)pa(w)w? /.

For k) ~ ko, substituting the expansion above into the right-hand side of the
equation, we obtain
_ v1va (K2 — K)
Vg = ", (7.31)
V1R;1 — V2R
i.e. one can understand the group velocity of the surface mode at an interface
as a weighted average of the group velocities of waves in the two media.
The meaning of this becomes very clear in the case when one medium has
a negative refractive index and the other has a positive refractive index. A
particularly interesting case occurs when €1 = p; = +1 and €2 = o = —1,
which results in a zero group velocity for all surface modes. The surface modes
are completely degenerate at the frequency w = ws = wy,s.- Note that the case
le1/e2] = 1 and |p1/p2] = 1 corresponds to this special point in the case of
(¢) and (f) in Fig. 7.8 where there is no net energy carried by the surface
wave in any direction: as k,; = k.s in the two media, the oppositely oriented
Poynting vectors on either side of the media cause the net energy flow along
the surface to become zero. A more detailed discussion of this effect is offered
in Chapter 8. In other media that do not support propagating modes at all
(for example, metals or purely negative magnetic permeability media), the
meaning of this average for the group velocity becomes less clear and it is
then more meaningful to talk of the energy associated with the surface mode
rather than the group velocities within the individual media.
Consider Fig. 7.7 where we depict the interface (along the y — z plane)
between the two media with different properties which support surface states
in the xy plane. If one surface supports modes with a positive wave-vector
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Figure 7.8 The six cases of negative refractive interfaces that are possible
between media with different € and . The parameter ranges when the in-
terfaces support surface modes and have negative refractive interface (shown
by a — sign) or a positive refractive nature (shown by a + sign) are marked
by different gray shades for P-polarized and S-polarized surface modes. No
surface modes are possible in the white regions. Redrawn based on the data
of Kats et al. (2007).
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Figure 7.9 A schematic picture of the negative refraction of surface plasmon
modes on a metal surface by coupling to the slab modes of a heterostructure.
Negative refraction is enabled when the slab modes, particularly the anti-
symmetric modes, have anti-parallel energy flow and wave-vector (shown on
the right). The heterostructure acts as a flat lens focusing a point source
placed on one side.

while the other surface supports modes with a negative wave-vector, it is clear
that an incident surface wave is going to refract negatively across the interface
between the two surfaces as depicted in the figure. This is in complete anal-
ogy with the negative refraction of transverse electromagnetic waves across
the interface between two media: one positively refracting and one negative
refracting. Note that there is a reflected wave from the interface as well. The
solid arrows depict the energy flow. On one of the two surfaces the wave-
vector on the surface has to be opposite to the energy flow. The reflection
and transmission coeflicients can also be calculated for these surface modes if
one includes the fields of the resonant states at the interface between the two
surfaces.

Another way to accomplish negative refraction of surface plasmon modes is
to use a waveguide structure as shown in Shin and Fan (2006). The central
idea is to couple the surface plasmon modes propagating on the surface into
a waveguide-like structure where the guided modes have an energy flow op-
posite in direction to the wave-vector. This can be done as shown in Fig. 7.9
by using a metal-dielectric-metal structure where the metal is assumed to
have a negative dielectric permittivity. It can be easily seen that the positive
dielectric layer enclosed by the negative dielectric metal supports symmetric
and anti-symmetric combinations of the surface plasmon modes as discussed
earlier. Noting that the Poynting vector is oriented in opposite directions
on either side of the metal-dielectric interface (due to change in the sign of
the permittivity as discussed before), the flow of energy associated with the
waveguide mode can be either parallel or antiparallel depending on whether
the field is more concentrated in the dielectric or extended out to the metallic
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regions. The anti-symmetric mode is seen to extend out in the metallic re-
gions under the appropriate conditions and can have a negative energy flow
associated with it. Hence coupling the surface plasmon waves on the metal
surface to the slab waveguide modes as shown in Fig. 7.9 results in negative
refraction of the energy. The slab waveguide of finite width acts as a flat slab
for surface plasmon waves. The exact conditions for an imaging geometry of a
slab lens can be found in Shin and Fan (2006). Thus, not only surface modes,
but slab modes can also be utilized for such purposes.

7.4 Plasmonic properties of structured metallic surfaces

In recent years, structured metallic surfaces and films have been shown to ex-
hibit a wide variety of interesting plasmonic properties and novel phenomena
[see Maier (2007) for a detailed exposition on this topic]. The prime among
these effects is the extra-ordinary transmission of light through an array of
subwavelength sized holes in a thick metallic film first described in Ebbesen
et al. (1998). The problem of transmission of light through a small hole in
a perfectly conducting surface is one of the few exactly solvable problems in
rigorous diffraction theory (Bethe 1944) and predicts a transmitted intensity
that is proportional to (a/A)* (note that the similarity to the result from
Rayleigh theory). In the experiments of Ebbesen et al. (1998), it was found
that the transmittance through the array of subwavelength sized holes could
be very high (~90% of the incident light at certain resonant frequencies). This
intriguing result of high transmittance was later shown to hold even for single
holes provided the region around the hole had been suitably patterned, for ex-
ample, by having ridges of the metal in concentric circles (Barnes et al. 2003).
The resonant tunneling through single subwavelength holes can be controlled
by any embedded non-linear medium and has also been used to demonstrate
a “photon blockade” effect (Smolyaninov et al. 2002) akin to the Coulomb
blockade effect in mesoscopic quantum dots. The surface plasmon modes on
the metal and the modes in the holes appear to play a crucial role in these
phenomena.

In this section, we discuss a general issue related to structured metallic
surfaces and films including structured perfectly conducting surfaces: i.e. their
ability to support surface modes (Pendry et al. 2004). Note that a plain flat
perfect conductor cannot support any surface modes, so that these plasmon
modes were termed as “spoof” surface plasmon modes in Pendry et al. (2004).
The structuring of the surface, however, appears to bring in an ability to
support surface modes. It turns out that a distinction between these structure-
induced surface modes and true surface plasmon modes on the structured
surface of a metal with negative dielectric permittivity might not even be
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Figure 7.10 A film of a perfect conductor with an array of periodically
placed square holes behaves as a plasma medium and can support surface
plasmons.

possible as the excitations blend into each other. We discuss here only this
general property as proposed in Pendry et al. (2004) while avoiding extended
discussions of the large number of properties of subwavelength structured
metallic films as well any controversies about their explanations in terms of
the surface modes (Lezec and Thio 2004).

Consider a film of a perfectly conducting material containing periodically
placed small holes (assumed square for simplicity) that go through the thick-
ness of the film as shown in Fig. 7.10. Let the thickness of the film be ¢ and
the holes have a side of a placed on a square lattice of period d. Assume that
the conditions for a homogeneous description of the surface are satisfied, i.e.
a < d < A and consider radiation (with the electric field E along the y axis) to
be incident on the film. The fields inside the perfectly conducting regions are
zero and the fields exist only inside the holes. The incident radiation would
primarily couple to the fundamental waveguide mode in the holes as higher
modes decay faster with distance inside the hole. Consequently we can write
the fields inside the holes as

E = §Eysin(nz/a) expli(k.z — wt)], (7.32)

where k, = \/g;u;w2/c2 — (r/a)? and the subscript i refers to the medium
in the interior of the holes. We would like to replace the structured film by
a film of some equivalent material where we have the averaged macroscopic
field

E.., = §E{ expli(k,z + k.2 — wt)]. (7.33)
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Due to the symmetry in the zy plane, we have €, = ¢, and i, = p,. For fields
applied parallel to the axis of the holes (z direction), from the continuity of
the E, and H, fields along the axis of the holes, we obtain that the material
parameters should be the volume weighted average of the permittivities and
permeabilities of the material in the hole and the perfect conductor. Hence
we obtain

€, — 00, b, — 00. (7.34)

This implies that the dispersion in the homogenized film is

k:  k? w? w
Ze M o2 o k=4 e . 7.35
1 + L v 2 2 HaEy c ( )
There is no dispersion of the modes with &, or k, for either polarization.
The average fields in the region of the film can be obtained as a volume
average:

E, [* @ . 2a?
Ey = ?/0 dy/0 dz sin(rz/a) = @Eo (7.36)

Another consistency condition would be that the component of the Poynting
vector normal to the film has to be the same: whether calculated from the
microscopic fields

—k.E2 [ dy [ sin®(7z/a) _ —k.E§ @*

ExH), = = 7.37
(B ). Hopiw d? poptiw 2d?’ (7.37)
or the macroscopic averaged fields
—k. B}’
(Eav X Hav)z = Lioft Z}*« (738)
oMz

Although there are large inhomogeneous microscopic fields at the edges of the
holes, we neglect these fields as they are localized (evanescent) and do not
contribute to the energy flow. From the above two equations, we obtain

8a2
Mo = — 3 i (7.39)

Noting now that k, has to be the same in both cases, we obtain

n2d? n2c?
- 1—— 1, 7.40
VT 82 < £ ; a2w? ) (7.40)

which is similar to the dielectric function of a plasma with a plasma frequency
wp = (mc)/(ay/Eifri). This is actually the value for the lower cutoff frequency
of the waveguide mode in the square hole configuration.

The structured metallic film is equivalent to a homogeneous plasma-like
medium with the specified anisotropic material parameters. This film can
essentially support slab plasmon polariton modes much like a plasma medium.
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In addition, the structure can enable weak coupling to propagating radiation.
In general, the structures on the conducting film need not be holes, but could
be bumps or any other structure that generates scattering modes that can be
localized on the surface. However, the advantage of the hole-based geometry
is to support a strong resonance, yielding a large response.

The homogenization view point is particularly useful for a dense set of
small sized holes. Note that a discussion of the strong localized evanescent
fields that would be present near the edges of the holes would be necessary
for completeness of the description. These evanescent waves would be excited
and would be required to account for the continuity of the fields at the surface
of the conducting film. However, these evanescent modes do not contribute
to the energy flow and can be neglected in the absence of dissipation in the
film.

7.5 Surface waves at the interfaces of nonlinear media

We have seen in Section 3.6 that metamaterials can have nonlinear polarizabil-
ity and magnetization. Thus, an interesting question concerns what happens
to the surface modes at an interface if one or both media in question have non-
linear material parameters. This question assumes larger importance in view
of the large local fields due to the surface states that enhance the nonlinear
effects and drive the system into the nonlinear regime. Although nonlinear po-
larizabilities can be resonantly enhanced, it is advisable to remain reasonably
away from the resonance as the unavoidable dissipation near the resonance it-
self effectively prevents both large local field enhancements and the expression
of the nonlinear behavior. We essentially follow the approach of Shadrivov
et al. (2004) here and present the elementary solutions for nonlinear surface
modes on the interface of nonlinear metamaterials.

We specifically consider the case of third-order nonlinearities: ng) and
Xﬁ;":) for both the electric polarization and the magnetization. For example,
the SRR medium with Kerr nonlinear dielectric in the capacitive gaps has
a Kerr-type nonlinear response at frequencies well away from the resonances
where the system is bistable. In this case, the field at one frequency can act on
itself through the nonlinearity (Boyd 2003) and the equation for the magnetic
field of the P-polarized mode (H(z, z,w) is along § and E(z, z,w) lies in the
xz plane) becomes a nonlinear Schrédinger equation:

2H 2H 2
8ax2y + 882;’ + % [E(w)u(w) + Xg§>e(w)|Hy|2} H,=0. (7.41)

Here the nonlinear polarization in the medium is taken to be

Myy = ,uoxgs)|H(x, z,w)|2Hy(x, zZ,w).
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There is a similar equation for the S-polarized mode, where the nonlinear
electric polarization and the nonlinearity couple to the dispersion in p. It is
straightforward to see that an effective negative permittivity reverses the effect
of self-focusing nonlinearity XSS) > 0 to that of a non-focusing nonlinearity
in a positive medium. Plane wave solutions in the nonlinear media can be

written down by the ansatz:

H(z,z) = &(2) explikz 2], (7.42)
where for localized solutions we have

£(2) = A sech[k,(z — 2)], (7.43)

and 2’ is a variable to be fixed by the boundary conditions. Implementing
this into the nonlinear Schrodinger equation, we have that

K2 = k2 —epw? /2, (7.44)
1/2
2
Xm' €

Thus, we can have solitonic solutions for the surface modes and z’ turns out
to be the center of the soliton.

We can have interfaces between two nonlinear media or between one linear
medium and a nonlinear medium. These have been dealt with comprehen-
sively in Shadrivov et al. (2004). The solutions in different cases are pictorially
shown in Fig. 7.11. Note that nonlinearity can induce surface modes even in
cases where there exist no surface modes in the linear limit: for example,
S-polarized surface modes on the interface between a negative dielectric and
positive dielectric medium. Here we only consider the interface between vac-
uum (¢ =1, g = 1) for z < 0, and a medium with €2 < 0 and p2 < 0 and
nonlinear Kerr-type polarization (ng)) and magnetization (ng)) for z > 0.
Then we have the magnetic fields of the P-polarized modes as:

Hy explikzx] explkz12] ¥V 2 <0,

Hy(z,z) = { ]1/2 (7.46)

es [ 2] explibua] sechlwan(z — 2]V 2 >0

Enforcing the conditions on continuity of the tangential components of the
fields at the interface, we get the conditions

1/2
2
Hy = k49 [(3)] sech|k,2(2")], (7.47a)
Xm €2
—%52 = tanh[k,22'], (7.47b)
22
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\ (1)

Figure 7.11 An interface between two media (1) and (2) can support a
variety of surface waves, which are shown schematically: (a) Both media are
linear. (b) Medium (1) is linear while medium (2) is nonlinear. (¢) Medium
(2) is linear while medium (1) is nonlinear. (d) Both media are nonlinear.
The dashed line corresponds to the continuation of the sech solution into the
other medium and peaks at the location of the displaced center of the solitonic
solution (2').

from which we obtain the equation of dispersion for the nonlinear surface

modes "
(3) H2
Kz1 + fe2 (1 _ Xm 622 0) =0. (7.48)
€2 Ko
A similar equation can be obtained for the S-polarized modes as
®), 2\ "?
ha 22 (1o X B2R0 ) (7.49)
M2 )

Note that the nonlinear contribution to the dispersion is essentially the nonlin-
ear change of the dielectric permittivity or the magnetic permeability arising
due to the particular field strengths. Further, the effect of the nonlinearity is
more effective for smaller wave-vectors k5. Typical numbers for these changes
can be obtained by noting that some of the largest nonlinear coefficients for
non-resonant Kerr processes in conventional nonlinear media are Xff) ~ 10718
SI units. Hence even with surface electric fields of E ~ 10° V/m which occur
in structured metallic surfaces with large local field enhancements, these cor-
rections are of the order of 10~8. However, for resonant processes or photore-
fractive processes, the nonlinear coefficients can be as large as ng) ~ 10712
SI units. In these cases, the corrections become of the order of 1072 to 10~!
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and nonlinearity can have large effects, particularly for small wave-vectors,
and can even actually switch the dispersion of the surface modes from a nega-
tive group velocity to a positive group velocity as detailed in Shadrivov et al.
(2004) if the non-linear terms are large enough. However, the large nonlinear-
ities come at the cost of large time response implying that the large changes
in the surface mode dispersions obtained with such enhanced nonlinear pro-
cesses are probably of scant importance for plasmonic applications where fast
switching speeds are required. However, they may well be important for many
other applications.
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Veselago’s lens is a perfect lens

It was mentioned in Chapter 5 that a slab of negative refractive index material
with n = —1 can have a lens-like action: this slab (of infinite transverse width)
can form the image of a source located on one its side at two locations, one
within itself and another on the opposite side of the source. We call this flat
lens a Veselago lens after its original proposer (Veselago 1968). Its imaging
action arises as a direct consequence of the negative refraction of a ray across
a planar interface between positive and negative index media. An additional
condition for a real image to be formed is that the sum of the distances
from the source to the slab (dy) and the slab to the external image plane
(d2) in the positive medium equals the thickness of the negative index slab
(d = dy + d3) as shown in Fig. 8.1. All this can be deduced with a simple
ray analysis. The Veselago lens is a remarkable device: it maps each point
on the object plane onto a point in the image plane and thus suffers from no
geometrical aberrations. This lens is an example of an Absolute Instrument
in geometric optics, preserves distances and angles in the image, and the
imaging is projective (Caratheodory 1937). The image does, however, suffer
from chromatic aberrations, given that media with negative refractive index
are necessarily dispersive. The lens is also short-sighted and can only form
images of objects placed within a distance d of the slab. The Veselago lens also
accomplishes an image transfer while preserving the transverse translational
symmetry, in contrast to conventional lenses, which have curved surfaces that
enable them to image.

The Veselago lens is, however, much more than just a flat lens. In 2000, a full
wave analysis of the flat lens revealed that, in principle, the image produced
by the slab with ¢ = —1 and g = —1 had an infinite spatial resolution (Pendry
2000). That is to say, the lens can resolve geometrical details in the source
that are much smaller than the imaging wavelength, theoretically without any
limit. This capability of the Veselago lens to give image resolution beyond
the so-called diffraction limit in conventional optics actually derives from the
capacity of negative index materials to support surface states (discussed in
Chapter 7). These surface states interact with and involve the non-radiative
near-field modes of the source in the image formation process. These non-
radiative fields are associated with the spatial features of the source at a
subwavelength length scale and are confined to the immediate vicinity of the
source. Hence their involvement enables image resolution beyond conventional
optics.

281
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Image plane

Object plane

e L L LT T

Figure 8.1 Drawing showing the focusing of rays emitted by a point source
by a slab with refractive index of n = —1. One image is formed on the other
side of the slab while another image is formed inside the slab. The condition
for forming a real image is d = d; + da.

In practice, however, no imaging system can have infinite resolution and
the resolution of the Veselago lens is also limited by other factors such as the
impossibility of having a purely real, negative value for refractive index and
the inherent spatial lengthscales of the metamaterial making up the slab. It
turns out that the restoration of the evanescent components is quite sensitive
to imperfections in the negative refractive index material (NRM) and this
does somewhat curtail the subwavelength focusing capabilities of the lens.
Nonetheless, subwavelength image resolution is possible to quite some extent
even with these imperfect lenses, which we henceforth refer to as super-lenses.

The perfect lens effect (Pendry 2000) has been one of the most celebrated
consequences of media with negative constitutive parameters, and its concept
has been generalized to several configurations of spatially inhomogeneous neg-
ative refractive index media as well (Pendry and Ramakrishna 2003). These
ideas have also given rise to another kind of a hyper-lens (Jacob et al. 2006)
whereby the evanescent non-radiative modes are coupled into propagating
modes in an indefinite medium (see Chapter 5) to be subsequently imaged at
the far end of the medium.
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8.1 Near-field information and diffraction limit

The diffraction limit imposed on the image generated by an optical system is
one of the classic results in Optics: it relates the smallest discernible spatial
features on the image to the wavelength of the illuminating or emitted light.
Let us first re-examine it here. Consider the electromagnetic fields in the zy
plane (called the object plane hereafter), typically emitted by some extended
source. By imaging we usually imply that the intensity in this plane is re-
produced on another parallel plane (called the image plane) at some distance
along the (normal) z axis (called the optical axis hereafter). Conventional
lenses or imaging devices collect radiation from the object plane and repro-
duce them in the image plane. Consider the imaging action of a conventional
convex lens: the lens has more material in its center than at its extremities in
order to compensate for the longer path-lengths in the air of the rays prop-
agating at larger angles. Thus all the waves propagating at different angles
arrive at the image plane with the same phase shift.

Mathematically, the field emitted by the source can be Fourier decomposed
in terms of plane waves propagating in different directions. Hence, for the
electric field E(x,y,0) at the object plane, the Fourier integral can be written
as

1)? .
E(z,y,0;t =0) = <271-) /k /k dk, dky E(ks, ky) exp [i(kzz + kyy)]

(8.1)
where the amplitude of the Fourier components E(k,,k,) is given by the
Fourier transform:

E(ky, ky) = //dx dy E(z,y,0) exp[—i(kzx + kyy)]. (8.2)

Note that k, and k, (spatial frequencies) represent the Fourier components of
the spatial variation in the source in the x and y directions, respectively. The
spatial variation of the fields on the object plane can be thought of as arising
from the superposition of periodic functions with different periodicities. Each
spatial frequency (k) represents a periodicity A, , = 27/k, ,, of variation of
the electromagnetic fields on the source plane. In general, each set of spatial
frequencies (k;,k,) on the source acts as an infinite sheet source emitting
a plane wave along (kg, ky,k,). The electromagnetic fields at any point for
z > 0 can be written as a superposition of these plane waves

1)\? .
E(z,y,21) = <2) / / dk, dky E(ky, ky) exp [i(kex + kyy + k.2 — wt)]
™ ko iy
(8.3)
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m =1 Incident m =1 Incident

Light

Light

m='2 m=2

Figure 8.2 Pictorial representation of diffraction from periodic objects such
as a grating. The object on the left has greater spatial period and the
diffracted beams emerge at smaller angles. The diffracted beam from the
more fine grating on the right has a much larger angle for the same diffracted
order. Higher orders in this case have become evanescent and do not propa-
gate.

where w is the frequency of the radiation. The Maxwell equations impose that

o.}2

ki+k§+k§=c—2:k§ (8.4)
in free space.

A periodic planar object of period A, has a periodic variation of the elec-
tromagnetic fields and acts as a sheet source emitting a plane wave along
k. = 2m/A,. Since we can decompose the fields of an arbitrary source into pe-
riodic variations on the object plane, it is sufficient to consider what happens
to light emitted or scattered by a periodic object. Consider the diffraction of
light from such periodic object (for example, a grating that is periodic along
one dimension) as shown in Fig. 8.2. We assume that there are many periods
involved in the scattering of the plane wave incident at normal incidence. The
parallel component of the wave-vector can change upon scattering by a Bragg
vector G = m.2w/L along the direction of the periodicity (the & direction for
example), where m is an integer and the diffracted beams emerge in a number
of directions (diffraction orders) for the different values of m. If the periodic-
ity of the object is large (L > 1), the diffracted beams scatter through smaller
angles (¢ < ¢). For some maximum value of m, the parallel component of the
wave-vector of the diffracted beam given by k, = mG becomes larger than the
magnitude of the wave-vector (kg = w/c) in the medium (assumed to be air),
yielding an imaginary longitudinal component k, (because of the dispersion
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relation k2 + k2 = k3) and waves evanescent along the 2 direction. These
waves remain in the vicinity of the source, are non-propagating, and have
appreciable amplitudes only over distances lesser than a wavelength near the
source. Consequently, a grating of smaller periodicity shows a smaller num-
ber of diffracted beams as the beams for larger m are all evanescent. For a
periodicity L, < 2m/kg, the beams are evanescent for any non-zero value of
m and no diffracted waves other than the zeroth order wave propagate out.

Returning to the original problem of light emitted or scattered by an arbi-
trary object, the electromagnetic fields vary over multiple lengthscales. The
sources can have intensity or field variations even over arbitrarily small dis-
tances. As an example, consider the case of isolated molecules on a surface
emitting radiation in which case the A, , can literally be on atomic length-
scales. The corresponding transverse wave-vectors k, and k, are very large,
and the waves are highly evanescent. Thus the waves with large k, > k¢ and
ky > ko are evanescent and decay in amplitude exponentially away from
the source z = 0 plane. These near-field modes have a decay length of
1/kgy < A/2m. In conventional imaging systems, these evanescent modes
are never detected because of their minuscule amplitudes at the detectors,
typically located at large distances (on the scale of a wavelength). Hence
the corresponding source information about the fast varying features of the
source is entirely missing. For these reasons, it is often assumed that the
largest propagating wave-vector that contributes to the image is ko (assuming
a unit numerical aperture), yielding the corresponding spatial frequency of
the wavelength A = 27 /kq to be the minimum limit on the spatial resolution
in the image. Thus, even the best made lenses are limited in their resolu-
tion of small details on a lengthscale finer than the wavelength of light at the
operating frequency.

It is worth noting that an image resolution of almost A/2 can nevertheless
be obtained, if one considers light to be incident at almost grazing incidence
with a parallel wave-vector with k, ~ +kq. In this case, light can scatter
via two Bragg wave-vectors and emerge out with a parallel wave-vector of
k. ~ Fko. This is actually used in confocal imaging where one uses a very
large numerical aperture lens to focus light on the source and to collect the
scattered light over a broad cone of angles. Because of this possibility, the
diffraction limit is stated to be A/2 in many references.

In order to obtain an image resolution beyond the diffraction limit, one
has therefore to measure the near-field radiation of a source and use the
information it contains to reconstruct the image. This is the central idea of
optical near-field microscopy where there are a variety of techniques that have
been developed to measure the near-field and image subwavelength features
on the source.” Near-field imaging is predominantly done by either feeding

*This does not violate any fundamental principle such as the Heisenberg uncertainty prin-
ciple. Consider for example the identity for a wave ky - Az ~ 1. In order to resolve features
with Az = A, we can count on kz = 27 /X at most. For smaller A, resolution, larger kg are
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energy into the near-field modes or by coupling out the energy in the near-field
modes via a fine fiber tip tapered down to a few nanometers. The tapered
fiber tip couples the near-field modes of the sample under investigation to the
propagating modes in the fiber thus enabling excitation or detection of the
near-field modes. The drawback is, of course, that the coupling efficiencies can
be very small, typically of the order of 10~8, which limits the measurements
of fine effects. The reader is referred to more comprehensive treatises devoted
to this subject (Paesler and Moyer 1996, Kaupp 2006) for the technical details
of near-field imaging.

8.2 Mathematical demonstration of the perfect lens

Consider a lens as proposed by Veselago (1968) consisting of a slab of NRM of
thickness d with ¢ = —1 and g = —1 and surrounded by a positive dielectric
medium as shown in Fig. 8.3. Let 1 and p4 be the relative dielectric permit-
tivity and the relative magnetic permeability of the positive medium outside.
Similarly, let e_ and p— be the relative dielectric permittivity and the rela-
tive magnetic permeability of the NRM. Consider that we need to calculate
the fields at z = 2d (the image plane) when a source is placed at z = 0 (the
object plane) in the positive medium for which the transmission coefficient
of the slab is required. The latter, along with the reflection coefficient for
completeness, is (see Appendix C)

4n1ng exp(ik.od)
T = - , 8.5
(m —mn2)? — (m + n2)? exp(2ik.2d) (8:5)
R (n? — n3) exp(i2k.2d) (8.6)
(m —n2)% — (m + n2)? exp(2ik.od)’

where 11 = k,1/ey and ny = k,o/e_ for P-polarized incident light and
m = k,1/py and n9 = k,o/u_ for S-polarized incident light. Here k,; =

\/£+u+k‘3 — k2 — k2 and .y = :I:\/e_,u_kg — k2 — k2,
the parallel components of the wave-vector for the incident light. The sign
of k.o should be taken in accordance with the discussion in Section 5.2 for
consistency. However, note that the transmission and reflection coefficients

given above are invariant with respect to a sign change of k5.

where k, and k, are

needed (ks > ko), i.e. evanescent waves. For a perfect resolution, Az — 0 and kz — oco: all
the evanescent waves are needed. Although the transverse image resolution might be very
small the corresponding transverse component of the wave-vector is arbitrarily large, thus
satisfying the wave property kz - Ay ~ 1. The essential higher (> 1) dimensional nature of
the problem makes this possible.
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When the NRM has, for example, e = —e; = —1l and p_ = —pq = —1
(say), we obtain trivially for propagating waves that k,o = —k,1, 71 = 72,
and

T = e~ tk=1d, R=0. (8.7)

Hence we have

E(z = 2d) = exp(ik.1d/2) exp(—ik,1d) exp(ik.1d/2) E(z =0),

= FE(z=0), (8.8)
which clearly shows that the total phase change for propagation from the

object plane (at z = 0) to the image plane (at z = 2d) is zero, thus yielding
the same result as that obtained through an elementary ray analysis.

For evanescent waves with k,; = i\/kfJ +kZ —erppw?/c? = ik, then we

have k.o = k.1 and n; = —ny. The transmission and reflection coefficients for
the slab come out to be

T =etr=d, R=0, (8.9)

i.e. the slab actually increases exponentially the amplitude of the evanescent
waves at the same rate at which they decay in free space. We similarly have

E(z = 2d) = exp(—k,d/2) exp(k.d) exp(—r.d/2) E(z =0),
= FE(z=0). (8.10)

There is no net change in the amplitude of the evanescent waves at the image
plane (at z = 2d) from the object plane at z = 0 and we have an exact com-
pensation for the decay of the evanescent wave in free space (see Fig. 8.3).
Thus, not only does the Veselago lens cancel the phase accumulation for the
propagating waves, but it also restores the amplitudes of the evanescent com-
ponents, bringing them both to a focus at the image plane. Further the
reflection is identically zero for all incident plane waves due to the impedance
matching (71 = n2). The information carried by the evanescent waves, usu-
ally lost because of their exponential decay, is here totally transmitted to the
image plane. As a consequence, all the fine features of the source can be
reproduced and the lens has an infinite resolution in principle. This lens goes
beyond the diffraction limit as it includes all the components of the near-field,
too, and hence it is a perfect lens.

This result was first demonstrated in Pendry (2000) using the transmis-
sion and reflection coefficients of the slab calculated by a multiple scattering
technique. Both methods of calculation obviously yield the same results, but
the multiple scattering technique gives some more insight into the functioning
of the perfect lens and some fundamental aspects of the physics involved in
the problem. Hence we now examine the salient aspects of that solution. In
the multiple scattering method, one decomposes the total transmission and
reflection from the slab into the partial reflections from the interfaces and
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220 z=d/2  z=3d/2 z=2d

Figure 8.3 The perfect lens system consisting of a slab of NRM. The object is
at a distance d/2 from the surface of the NRM and is focused on the other side
of the slab. The restoration of the amplitude of an evanescent component is
depicted schematically. The partial reflection/transmission coefficients across
the boundaries are shown. (Reproduced with permission from Ramakrishna
(2005). (© 2005 Institute of Physics Publishing, U.K.)

sums the contribution from all such infinite number of partial waves as (see
Appendix C)

tortzpelhs2d
T = (8.11)
2ik,od
R— 21 + T32€ (8.12)

1= rigrageibeed’

where ¢, and rj;, are the Fresnel transmission and reflection coefficients across
the interfaces between the different media (see Appendix A). For the config-
uration when e = —ey = —1 and py— = p4 = —1, we obtain trivially for
propagating waves that k.o = —k.1, t;r = 1, and rj; = 0 due to the perfectly
matched impedance across the interfaces. Hence we have T = exp(—ik,d)
and R = 0 as in the other mode of calculation. Now consider the evanescent
waves with k.1 = i\/k2 + k2 — e pw?/c? = ir,. The proper choice of the
wave-vector for evanescent waves in absorbing media implies that k.o = k.1,
and when e = —e; and p— = —pu4 the partial coefficients ¢;, and r;; ac-
tually diverge. However, the total transmission and reflection coefficients for
the slab are still well defined in the limit:

lim T =etr=4, lim R=0. (8.13)
e_——1 e_——1
p_——1 n———1
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This is due to the fact that the partial transmission and reflection Fresnel
coefficients diverge in the same manner (their denominators are identical). An
identical result has been obtained with the previous method, confirming that
the amplitudes of the evanescent waves increase exponentially upon traversal
across the slab.

Note that the total transmission and reflection coefficients are well defined
in spite of being the sum of a geometric series of the partial waves whose
magnitude can be greater than unity, and are actually divergent in the case
of evanescent waves. This is well known and justified on grounds of analytic
continuity and convergence of infinite series: the validity of the sum of an
infinite series transcends the divergence of the individual terms themselves
provided that the sum was carried out to include all such infinite terms and
provided that the series is not truncated at any point.f In fact, we could
have obtained the solution for the evanescent waves directly from that of the
propagating waves by a simple analytic continuation k, — ir,.

The process of restoring the amplitudes of the evanescent components,
henceforth called amplification in this book,* does not really involve any
energy transport, as the Poynting vector associated with purely evanescent
waves in a lossless medium is strictly zero (Ramakrishna and Armour 2003).
These are the steady-state solutions of the Maxwell equations and give the
field distributions essentially at infinite time. The large energy density asso-
ciated with the exponentially enhanced fields in the NRM is obtained from
the source itself and is built up over some time. One can see that in the
region d/2 < z < 3d/2 the individual evanescent waves are required to be
over-amplified in order to compensate for the decay of the fields outside in
3d/2 < z < 2d. In the limit of large wave-vectors (k, — o) the amplification
of these evanescent waves leads to an exponential mathematical divergence in
the electromagnetic energy (Garcia and Nieto-Vesperinas 2002, Gomez-Santos
2003). These over-amplified fields do not correctly represent the fields in the
region before the object plane (z < 0) and represent the price that has to be
paid in order to project out a point source into free space. This is a man-
ifestation of the pathological nature of the perfect lens and arises primarily
from the lack of a large momentum (wave-vector) cutoff (Haldane 2002) in
the problem. In principle, however, with all metamaterials there is always
actually a cutoff for the parallel wave-vector that corresponds to the inverse

TA simple example is provided by the series expansion for

e—t:1_£+ﬁ_ﬁ+...
i 20 3l ’

for t > 1. Ast — oo, each term of the series individually diverges, while the sum monoton-
ically and identically tends to zero. In fact, the sum cannot be obtained by truncating the
series anywhere.

fNote that the solution amplifies with distance and not with time. This amplification is
distinct from the more usual amplification related to laser gain or amplifiers in electronics
where there is an increase of energy with time.
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of the lengthscale of the structure of the metamaterial k. ~ 1/a. Some of the
effects of non-locality are discussed in Section 8.6. The ideal lens conditions
e_ = —1 and p = —1 are very singular. All calculations should be carried
out by adding an infinitesimal imaginary quantity, id, to the frequency w and
the limit § — 0 should be taken to recover the causal solutions. Since € and
1 are dispersive, this implies that calculations must always be made with a
small absorptive imaginary part to € and p. Thus, the unphysical divergences
disappear when one has even a finite level of absorption in the NRM, however
small. Any finite amount of dissipation e = —1+1i§ and py_ = —1 4+ i
essentially sets its own large momentum cutoff. This is investigated in more
detail in Section 8.3. In fact, the absorption in the material limits the ability
to amplify the evanescent waves with a finite flux of energy available from
the source. This limitation becomes particularly acute for the fields associ-
ated with large transverse wave-vectors, and hence affects the high resolution
capabilities of the perfect lens.

The solution for evanescent waves is actually non-trivial and one is puz-
zled about the mechanism of their amplification. In the partial wave picture
where the wave amplitude is decomposed, the proper choice of the sign of the
wave-vector gives a deeper understanding of the process. The divergence of
the scattering coefficients is a generic property of a linear system when the
excitation frequency corresponds to some eigen frequency of the linear sys-
tem. The divergence of the partial scattering coefficients for the evanescent
waves therefore indicates the essential role of some resonances in the process of
restoring the amplitudes for the evanescent waves. We investigate the nature
of the resonance which is due to the surface plasmons in the next section.

The first demonstration of focusing of evanescent waves and subwavelength
imaging was made in Grbic and Eleftheriades (2004), Iyer et al. (2003) using a
slab of two-dimensional transmission line metamaterials (shown in Fig. 1.6) at
microwave frequencies. The measured full width at half maximum (FWHM)
for the image was about A/5, clearly demonstrating the subwavelength image
resolution and a transversally confined image was measured inside the slab as
well.

8.2.1 Role of surface plasmons

In the proposal for the perfect lens (Pendry 2000), it was hinted that the
surface plasmon excitations played a significant role. In the quasi-static limit
of large wave-vectors (k, — 00), e_ = —e are exactly the conditions for the
excitation of the surface plasmons on a metal surface for P-polarized light.
Similarly, u— = —p4 are the conditions for the S-polarized surface modes
of magnetic nature on the surface of a semi-infinite medium. These surface
electromagnetic modes have been studied in Chapter 7. In the special case
when both these conditions are satisfied at a single frequency w, the conditions
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for the surface modes on a semi-infinite NRM,

VE2 —eipiw?/c? N VEZ —e_p_w?/c?

=0, 8.14
- ~ (3.14)
k2 — 2 /-2 k2 — e _w?2/c2
\/ T E4+ 4w /C + \/ T o /C — O, (815)
K+ H—

hold for all k, and all the surface plasmon modes (of both polarizations) be-
come degenerate at w. These dispersionless modes have a zero group velocity
along the interface v = (Ow/0k||) = 0 (see Chapter 7).

For a slab of negative index material, the presence of the other interface
detunes the surface plasmon resonance on each interface. The slab modes have
resonance frequencies which are detuned by an exponentially small amount
exp(—kjd) for large wave-vectors. The dispersion of the slab polaritons for this
case looks alike that obtained in the quasi-static limit of w — 0. The condition
for resonant excitation of a slab plasmon polariton at the frequency when
e_ = —e4 and pu_ = —py becomes k)| — oo. Thus, the action of the perfect
lens crucially depends on not resonantly exciting any slab polariton resonance.
When excited by evanescent waves from a source, these slab plasmon modes
make their contribution to the total electromagnetic field off-resonantly. There
is an increasing contribution from SPP modes with larger parallel wave-vector
because the detuning from the frequency of the exciting radiation becomes
exponentially small. Thus, one can produce exponentially large fields for
the large wave-vectors and the predicted amplification of the electromagnetic
fields results. The perfect lens condition of e = —e4 and pu_ = —puy is very
special because it enables the excitation of the surface plasmon modes to just
the right degree. However, as pointed out before, there is always some large
wave-vector cutoff that prevents physical divergences of the fields or energy
densities. This implies that for such large wave-vectors, our assumption of
local response functions breaks down and the complete degeneracy of the
surface plasmon modes also does not hold. These aspects are investigated in
more detail in later sections of this chapter.

When the perfect lens conditions are satisfied, the total field can be written
as a sum of the fields due to the exciting source, and the fields of the surface
mode excitations on the two surfaces for any wave vector ik, as

E(z) = Ae "1?l 4 Be=r=le=dil 4 Cemr=le=dal (8.16)

where A = 1 is the evanescent field of the source at z = 0, B = —e =%
is the contribution from the surface plasmon at the left surface z = dy, and
C = e "=(42=2d) ig the field of the surface plasmon at the right surface z = ds.}
The field of the surface plasmon on the first interface exactly cancels the
incident field for z > d; leaving behind only the fields of the second surface

8d) = d/2 and dz = 3d/2 in our case. But it is true as long as di 4+ d2 = 2d.
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plasmon in this region. Note that the amplitude C' of this plasmon becomes
exponentially large with k. On the left side of the slab 2z < d;, the fields
of the two surface plasmons exactly cancel (for zero reflectivity) and only the
fields of the exciting source can be felt in this region. Thus, we are able to
understand the exponentially large fields on the far-interface (from the source)
as shown in Fig. 8.3. Contrastingly there are small fields on the near interface
and it appears as if an unphysical anti-surface plasmon mode, with a field
structure exp(+k,|z — di|) that appears to be exponentially growing with
distance on both sides, has been excited at the first interface. This coherent
interaction of the surface plasmons is responsible for the perfect lens action
and renders the image resolution beyond the diffraction limit possible.

Actually the amplification of the evanescent waves is a more general prop-
erty of the Helmholtz equation. For example, we can consider the one-
dimensional time-independent Schrodinger equation (which is a Helmholtz
equation) for a quantum mechanical particle and assume two identical nega-
tive § potentials or two rectangular potential wells separated by some distance
d. Tt is straightforward to show that if the incident energy of an incident quan-
tum particle corresponds to the energy of the bound states in the potential
wells, then the wave increases exponentially in the region of space between
the two potential wells. The solutions are very similar in structure to the
ones presented above. Thus, the crucial element is the presence of a bound
state. The negative refractive index media can support surface plasmon states
at the interfaces by themselves so that we do not require more structure like
the rectangular potential well considered in our previous example. However,
it should be noted that in the case of the quantum wells, we do not have a
degeneracy of bound states for all incident wave-vectors in higher dimensions,
which we do for negative index media. The modes disperse rapidly for larger
wave-vectors which makes it difficult to obtain focusing using electronic waves.
A similar discussion holds for acoustic waves where evanescent waves can be
amplified in a similar manner using two resonant acoustic waveguides in place
of the potential wells.

8.2.2 Quasi-static limit and silver lens

We note that the perfect lens works when the conditions on both the permit-
tivity and the permeability, e = —ey and p_ = —pu4, are satisfied. From
our discussion in Chapter 3, it is clear that generating media with both £ < 0
and u < 0 at the same frequency involves complex designs. Particularly at
optical and ultraviolet frequencies, this problem is more acute due to the
lack of magnetic materials with small enough unit cells. It is at the optical
and ultraviolet frequencies that the prospect of imaging the near-field modes
becomes most exciting, and there is enormous potential requirement for sub-
wavelength imaging techniques. Thus, we would be severely handicapped by
the impossibility of achieving a perfect lens at those frequencies due to the
lack of proper materials.
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An important simplification can be achieved (Pendry 2000) upon consider-
ing the situation when all the lengthscales in the problem such as the sizes of
the objects involved, the distances involved, etc. are much smaller than the
wavelength at the operating frequency. This is the extreme near-field limit
or the quasi-static limit. All the wave-vectors involved are very large and we
have k;, > ko = w/c and k. ~ ik, in both the positive and negative media.
In this limit, the Fresnel coefficients for the S-polarization across an interface
between media j and k become approximately

Mk — 1y b~ 2k
R ST
J

I (8.17)
J

The coefficients are seen to be independent of € of the two media involved.
Similarly the Fresnel coefficients across an interface between media j and k
for P-polarized light become approximately

€j — €k b~ 2¢ep,
’ ik — )
g5+ ek €j + &k

(8.18)

rjk ~

which are independent of the magnetic permeabilities of the two media. In
this extreme near-field limit, the P- and S-polarizations are therefore totally
decoupled and appear like electrostatic and magnetostatic fields, respectively.
Hence a slab with negative dielectric permittivity (¢ = —e ) alone can act as
a near-field lens for the P-polarized light, while a slab with negative magnetic
permeability (u— = —pu+) alone can act as a near-field lens for the S-polarized
light.

As emphasized in Chapter 3, some metals behave as good plasmas at op-
tical and ultraviolet frequencies and have negative dielectric permittivities.
A simple slab of a metal like silver or potassium has the potential to work
as a near-field lens for imaging with P-polarized light at a frequency where
e_ = —1. Noting that dissipation affects the capability to resolve large wave-
vectors, a highly conducting metal such as silver or potassium should be cho-
sen. Alkali metals may be difficult to use due to their high reactivity and
a noble metal like silver or gold would be preferable for direct use in such
imaging applications. In Fig. 8.4, we show the intensities corresponding to
the image of two slits separated by a small distance imaged by a slab of silver.
These calculations have been carried in the near-field approximation and the
subwavelength resolution capabilities are clearly visible. The resolution is,
however, limited by the large levels of dissipation in silver. It actually turns
out that the image intensities are also influenced by retardation effects, which
are discussed in Section 8.3.

It is important to emphasize that these theoretical considerations have been
verified experimentally, and in particular the silver lens has been implemented
in practice. Fig. 1.5 shows its subwavelength imaging capability where sub-
wavelength features on a nanosized object prepared by focused ion beam etch-
ing were reproduced in the near-field image produced by the silver lens. This
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Figure 8.4 A thin film of silver can act as a near-field lens. The configuration
used is shown on the left-hand side. The two slits, placed apart by 100 nm
(subwavelength distance), are clearly resolved by the lens while they cannot
be resolved when at the same distance in vacuum. The calculations have
been carried out in the electrostatic limit and a value of e = —1 +i0.4 has
been used for silver. (Reproduced with permission from Ramakrishna (2005).
(© 2005 Institute of Physics Publishing, U.K.)

image was then used to lithographically etch the nanosized object in a pho-
topolymer demonstrating the potential of this process for subwavelength photo
lithography (Fang et al. 2005). Spatial features as small as 40 nm are clearly
resolved. The silver lens has also been used by Melville and Blaikie (2005) for
nano-lithography, and lithographic etching of periodic features of about A/4
has been demonstrated.

8.2.3 “Near-perfect” lens with an asymmetric slab

The “perfect” lens requires the conditions of

€~ =—¢q, i = —py (8.19)

to be satisfied at both the interfaces of the slab to enable the amplification of
evanescent waves. Nonetheless the restoration of the amplitude for evanese-
cent waves can be accomplished even if these conditions are satisfied at merely
one interface only (Ramakrishna et al. 2002). This affords a considerable flex-
ibility in the design of these lenses for practical applications where it may be
desirable to have different media on either side of the flat lens. For example,
a thin silver film deposited on a dielectric surface like GaAs or silica is much
more mechanically robust than a free-standing thin film of silver in air.
Consider the geometry shown in Fig. 8.5 with the negative medium slab of
thickness d placed between between two positive media of different permit-
tivity and permeability. The transmission coeflicient for the P-polarization is
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Figure 8.5 The asymmetric lens system consists of a slab of NRM with
dielectric media with different ¢ on either side. The figure shows the three

cases of (a) €1 = €3 = —eg — the perfect lens, (b) Matching the perfect lens
conditions on the far-side e3 = —e5 only and (¢) Matching the perfect lens
conditions on the near-side e1 = —ey only. (Reproduced with permission

from Ramakrishna (2005). (© 2005 Institute of Physics Publishing, U.K.)

given by
kz1 k2 :
T, (k) = 472 T2 expl(ikzad)
P x) — . .
(k;zll + kezzg)(k;; 4 k;:) _ (k(;zll _ kszz)(k;; _ k;;)exp(Zlkzgd)

(8.20)
It is sufficient for the amplification of evanescent waves if the plasmon condi-
tions on both € and p are satisfied at either one of the interfaces, i.e. for an
incident evanescent wave if we have

sz + sz -0
€9 £3

on the far surface from the source, or
kzl + kz2 -0
€1 2

on the near surface. In either case, the transmission coefficient reduces to

2(k21/€1)
(kz3/53) + (kzl/gl)

Ty(ks) = exp(—ik.2d),
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which clearly shows the amplification for the evanescent modes by letting
k., — ik,. For propagating waves (real k,), we would have to choose the
negative sign of the wave vector in the negative index medium. Under the
condition of perfect impedance matching at any one interface, we can again
obtain the same result as above which demonstrates the phase reversal for
propagating waves.

Although we can obtain the amplification of the evanescent waves with this
asymmetric configuration, the field strength of a plane wave at the image
plane differs from the object plane by a factor 2(k.1/c1)/[(k.3/e3) + (k21/€1)]
that depends on k.. In the extreme near-field limit (w — 0 and k, — ik,),
this term becomes independent of k, and is given by

2e
Tp(kub) = (51 +3€3> exp(_kxd)'

Thus only the image strength would be changed from that of the source in the
near-field limit. It is also easily verified that wave-vectors with different k,
refocus at slightly different positions except in the quasi-static limit k£, — oc.
There is no unique image plane and the focus of this lens is aberrated. There
is also an impedance mismatch at one interface and the reflection coefficient is
clearly non-zero. Hence, this asymmetric slab has been termed a near-perfect
lens (Ramakrishna et al. 2002). We note that while the transmission is the
same in both cases, the spatial variation of the field is completely different,
depending on which interface the perfect lens conditions are satisfied on, as
shown in Fig. 8.5 for an incident evanescent wave from a source placed in the
object plane. Depending on which surface the perfect lens are satisfied on,
resonant surface plasmons are excited on that surface and these resonances can
contribute to the enhancement of the amplitude of the evanescent waves at the
image plane. The reflection coefficient of the slab in the case of e = —&7 is also
highly amplified. This is due to the resonant excitation of a surface plasmon
field at the near interface. In the case €5 = —e3, we have a field variation
over the distance from the object plane to the image plane in a manner that
is more akin to the case when the perfect lens conditions are satisfied on
both interfaces. In fact, this configuration turns out to give better image
resolution in the presence of dissipation in the negative medium as discussed
in Section 8.3, and is preferable to the first case.

A similar result holds for the S-polarized wave incident on the slab. The
presence of a large reflectivity has serious consequences for the use of a lens for
near-field imaging applications as it would disturb the object field. This aspect
of the reflectivity deteriorating the image formation has been investigated by
some researchers. In spite of these disadvantages, the possibility of using
asymmetric slab structures simplifies the technology of making the lenses by
deposition of thin films, a well-established technology. In some lithographic
situations, it is also imperative to have different materials such as a mask
layer so that the possibility of having asymmetric structures can facilitate the
lithographic processes.
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8.3 Limitations due to real materials and
imperfect NRMs

As we have pointed out in our discussions, the perfect lens with infinite image
resolution would be possible, in principle, only if we could have a medium
with exactly ¢ = 4 = —1 and no dissipation. Further, it should be possible to
regard the medium as homogeneous at all lengthscales, however small. In this
section, we consider the effects of the underlying structure and dissipation in
real materials which limits the image resolution to some finite levels. These
limitations, which always arise in real materials, prevent as an exaggerated
example, the possibility of imaging of atoms at lengthscales of 107'%m using
radio-frequency waves with wavelengths of over 10 m.

It has been emphasized that the infinite image resolution in the perfect lens
arises from the absence of a large momentum cutoff. With all real materi-
als, however, there exists an inherent large momentum (wave-vector) cutoff
and this infinite resolution is actually not possible. In metamaterials, it is
clear that once the radiation can probe the structural details of the meta-
material, effective medium parameters make no sense anymore (see Chap-
ter 2). This already imposes a natural cutoff on the transverse wave-vector
of k, < k. = 27/a, where a is the lengthscale of the periodicity of the meta-
material structures. In the case of metamaterials, the boundaries of the slab
are also indeterminate on the lengthscale of a unit cell, which can also lead
to some extra dispersion on the surface modes thereby causing some degrada-
tion of the image (Feise et al. 2002). Even with metals, the dielectric constant
becomes dependent on the wave-vector for large wave-vectors and is spatially
dispersive. For example, the Lindhard form (Ashcroft and Mermin 1976) for
the dielectric permittivity of a metal at small wave-vectors k < kp where kg is
the wave-vector at the Fermi surface, within the random phase approximation
(for the single particle excitations), yields

wg 1
S w21-3/5(k-vp/w)?’

e(w, k) =1 (8.21)

where vp = hkp/m* is the Fermi velocity (m* being the effective electron
mass). This expression yields a quadratic wavenumber dependence to a first
approximation. The random phase approximation holds until there is suffi-
cient screening and is valid even at lengthscales of a few atomic sizes (~2 nm).
But given the spatial dispersion, we would not aim at resolving atoms or small
molecules with visible or IR light. Some effects of spatial dispersion on the
image resolution are discussed in Section 8.6.

Much before the limits caused by the graininess of the structure of mat-
ter or the metamaterials set in, other mechanisms come into play to limit
the ability of this lens to focus the waves with large transverse wave-vectors,
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and the image resolution. Foremost is the effect of absorption in the meta-
material comprising the lens. As we have seen in earlier chapters, dissipa-
tion always accompanies the large dispersion in metamaterials (due to the
Kramers-Kronig relationship) which gives rise to negative refractive index.
Thus, there would always be some amount of dissipation in the lens medium,
although in principle, it can be made arbitrarily small by using lesser and
lesser dissipative materials in the construction of the metamaterials. The
levels of absorption are maximal in the regions where there are large electro-
magnetic fields present (let us remind ourselves that absorption is proportional
to [Im(e)|E|? +Im(u)|H|?]). The exponential growth of the evanescent waves
results in extremely large fields at the far-side interface. Thus, very large
absorption occurs for the larger wave-vector components, essentially implying
that the source emitting a limited amount of power cannot sustain the amplifi-
cation of these waves with a large transverse wave-vectors.Y By regulating the
energy flow, absorption sets its own large wave-vector cutoff: the larger the
absorption rate, the smaller the corresponding cutoff wave-vector. Thanks to
this limit, the divergence in the region d < z < 3d/2 is avoided (theoretically,
an arbitrarily small amount of dissipation suffices to lift the divergence).
The effects of absorption can be accounted for by including the imaginary
part of e_ and p— in the models. Consider the transmission coefficient for
the P-polarized light across a symmetric slab of a negative refractive index
medium (obtained by setting e5 = €1, u3 = p1, and k.3 = k1 in Eq. (8.20)):

Ty(ks) - 1) () (5.22)
pRRws T (k21 L2 )2 eXp(—ikZQd) - (kil - %)2 eXp(ikz2d). '

E4 € E4 g

For evanescent waves, note that the exponential in the second term decays in
amplitude while the exponential in the first term increases with k;. Under
the perfect lens conditions, the first term in the denominator vanishes for
the evanescent waves and there is no exponential increase of the amplitude.
However, if there is a mismatch of the material parameters (e = —1 + ide
and €4 = +1, say), the first term is no longer zero, and beyond some value of
k., it begins to dominate the behavior of the denominator due to the growing
exponential term. When this happens, the transmission coefficient begins to
decay exponentially. Thus, the wave-vector for which the two coefficients are
approximately equal sets a cutoff for k, beyond which the evanescent waves
are no longer effectively amplified across the slab. In the quasi-static limit
(ky > w/c), we find that the two terms in the denominator are approximately
equal when

kyd = —1n|de/2|, (8.23)

which can be adopted as being the largest wave-vector for which there is an
effective amplification.

YINote that the Poynting vector is zero for purely evanescent waves in a non-dissipative
medium. The dissipation causes a phase shift that now drives an energy flow.
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Upon defining the subwavelength resolution as the ratio of the optical wave-
length to the linear size (Ampin) of the smallest resolved feature, we obtain
A —In|de/2[ A

- - 8.24
T A o d (8.24)

Thus, the resolution depends logarithmically on the deviations of the material
parameters and inversely on the width of the slab, implying that the perfect
lens effect is indeed very sensitive to the material imperfections.

For the silver slab lens with a thickness of one tenth the wavelength of
radiation, this expression yields a minimum resolved feature of about \/2.5.
In the case of the asymmetric lens, we note that the resolution becomes

1!

res = Ao/ Amin = —% (8.25)
(assuming e3 > ¢} and €3 > 1) in the favorable case of low reflection when
€9 ~ —e3. In the limit of large e3, the resolution is actually enhanced (Ra-
makrishna et al. 2002). Note that the enhancement in the image resolution
obtained by increasing €3 results from a smaller percentage mismatch in the
material parameters arising from a given value of the imaginary part of € or p.
It does not arise from the fact that waves with larger transverse wave-vectors
propagate in the high index medium as in an oil-immersion lens.

Due to dispersion in the material parameters, in practice, one can also end
up with deviations in the real parts of € and g due to a mismatch in the
choice of the operating frequency. In general, the perfect lens effect turns out
to be rather sensitive to any deviations from the lens conditions e_ = —e4
and p_ = —p4 (Shamonina et al. 2001, Ramakrishna et al. 2002, Shen and
Platzman 2002, Fang and Zhang 2003, Smith et al. 2003, Merlin 2004). The
deviation considered above, de, could be in the real part of e_ and the same
expression given by Eq. (8.24) would be obtained for the image resolution.
The fields at the image plane for a point source in the limit of small de
has been analytically obtained in Merlin (2004) and it has been shown that
the transverse width of the image is effectively given by the same number
predicted above. A similar result holds for the limit on image resolution
caused by the deviation in du from the ideal conditions for S-polarized light.
A detailed analysis of this condition for deviations in the real parts of the
material parameters is given in Section 8.3.1.

Actually the image formed by using P(S)-polarized radiation is more severely
affected by deviations in e_ (p—) than deviations in p_ (e_) from their ideal
theoretical values. This is a true reflection of the electric nature of P-polarized
light compared to the magnetic nature of S-polarized light. However, a devi-
ation in p_ from the ideal conditions would also set an ultimate limit on the
image resolution possible for P-polarized light even if e = —e, in an ideal
manner and with no dissipation. Even in the limit of large k,,, the image reso-
lution would be limited via retardation effects — the surface plasmons on both
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sides of the slab just cannot keep pace with each other. For example, let us
examine the transmission coefficient for P-polarized light through a slab with
€. = —ey, but with u_ = py = p, which is a rather large deviation in the
magnetic permeability from the ideal conditions. Let us determine the value
of k, for which the two terms in the denominator become approximately equal
in Eq. (8.22). As we expect this to happen at reasonably large values of the
wave-vectors, let us approximate the normal components of the wave-vector
in the two media by

. w? w?
kzi =1 kat - [,Lé‘iciz >~ l(k’x — ij:w)7 (826)

i.e. we only retain terms to first order in k;!. In this case, we obtain the
corresponding condition on the wave-vector in the form of a transcendental
equation
- ko

kyd ~ —1In <|Eiu|2kg> , (8.27)
where kg = w/c as usual. For a lossless medium with ¢ = +1, 4 = 1, and
slab thickness of kgd = 0.35, we can estimate the cutoff wave-vector to be
k, ~ 18.7, which agrees very well with the transmission function plotted in
Fig. 8.6 (curve (1) in the left panel). Thus we find that the effects of even
such a large mismatch in the y is rather limited compared to the effects of a
mismatch in € when imaging with P-polarized light. However, for very thin
slabs the limit obtained here due to the retardation effects eventually makes
the amplification ineffective for larger wave-vectors and sets a fundamental
limit on the process.

The limit on image resolution caused by deviations in the real parts of
the material parameters essentially arises from the finite detuning from the
resonance frequency for off-resonantly exciting the slab plasmon polaritons.
For the perfect lens the detuning becomes exponentially small for large wave
vectors in comparison. Thus, the slab plasmon polaritons for large transverse
wave-vectors (k, — o00) cannot be excited sufficiently strongly in this case
and the exponential enhancement of the electromagnetic fields required for
the large wave-vectors cannot occur. For any small amount of deviation in the
real parts of the parameters, slab plasmon polaritons are, instead, resonantly
excited at certain wave-vectors as evidenced in Fig. 8.6. These resonant exci-
tations of the slab would imply a very large transmission at the corresponding
wave vector (for evanescent waves 7" > 1 is allowed). The direct excitation
of these slab modes for imaging applications is undesirable, as the fields due
to these resonances are disproportionately represented in the image. Yet, the
existence of these resonances is essential, since the recovery of the evanescent
modes can be seen as the result of driving the surface plasmons off-resonance.

The absorption mainly causes an exponentially decaying transmission for
large wave-vectors. Absorption actually damps these transmission resonances
and makes possible the very lensing action with some subwavelength resolution
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Figure 8.6 Absolute value of the transmitted field at the image plane
|T exp(ikél)d)\, for the P-polarization as a function of k,, showing the trans-
mission resonances caused by the resonant excitations of the slab plasmon
polaritons. On the left panel, p = +1 and (1) ¢ = —1 4 i0.0, kod = 0.35;
(2) e = —1 +1i0.01, kod = 0.35; (3) ¢ = —0.9 +i0.01, kod = 0.35; (4)
e = —0.9 +1i0.01, kod = 0.5, and (5) ¢ = —1.1 +1i0.01, kod = 0.35. On
the right panel, (1) Res = —1 and (1) Im(e) = 0, p = —1.1, kod = 0.35; (2)
Im(e) = 0.01, g = —1.1, kod = 0.35; (3) Im(e) = 0.01, p = —1.1, kod = 0.5;
(4) ITm(e) =0, p = —2, kod = 0.35. The absorption broadens and softens the
resonances. Deviation in ¢ affects the P-polarization more than the devia-
tions in u. (Reproduced with permission from Ramakrishna (2005). © 2005,
Institute of Physics Publishing, U.K.)

capabilities in the case of the silver lens with gy = 4+1. Although the limitation
they impose on the resolution is similar, the detailed effects of absorption and
the deviations in the real part of the p or € which introduce retardation effects
are quite different. The perfect lens solution in the absence of losses is very
special, and can lead to paradoxical interpretations. The Poynting vector at
the location of a point focus is strictly ill-defined. However, the presence of
a small and finite absorption makes the focus a small blob instead and the
Poynting vector also becomes well defined everywhere.

8.3.1 Analysis of the lens transfer function for mismatched
material parameters

It has already been discussed above that the mismatch in the constitutive
parameters between the lens material (e_, u—) and its surrounding medium
(e4+,p4) is a key factor in deteriorating the performance. The inherently
dispersive and dissipative nature of left-handed media implies that both e_
and p_ cannot be purely real. An additional reason, less fundamental but
important in practice, is that exactly achieving a value of (—1) for both the
permittivity and the permeability simultaneously is quite difficult in practice.
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Consequently, the previous section has examined the importance of the impact
of small deviations from the perfect case (e_, u—) = (=1, —1) on the resolution
of the lens. We have already analyzed the addition of losses so that we shall
focus here on a more analytical treatment of the mismatch in the real parts.
Note that in order to keep the effects separate, we suppose here that the
imaginary parts are zero, and study the effect of a mismatch in the real part
only.

The configuration is the symmetric one shown in Fig. 8.3: a slab of left-
handed medium, characterized by constitutive parameters (e_, pu_), is sur-
rounded by free-space, whose constitutive parameters are denoted by (e, pi1).
Since the problem is effectively two-dimensional, we shall use a two-dimensional
source in the form of a line source expressed by

I(r) = §I5(2)8(2). (8.28)

For a S-polarized incidence, the field in the three regions (regions 1 and 3
being to the left and to the right of the lens, region 2 being the lens itself)
can be expressed in integral form as

“+o0

Eyl :/ dk’w (elkz1z+Re—1kzlz) EZ elkmx’ (829&)
+oo . . )

Ey2 :/ dk?w (A elk‘ZQZ + Be—lk‘zgz) EZ elkmr7 (829b)

Eys = / dk, Te*=12 By e'=*. (8.29¢)
—00

In the previous equations, k, is the phase-matched transverse wave-vector
component and is the same in all three media, k,; and k.o are the longi-
tudinal components of the wave-vector in regions 1 and 2, respectively (the
longitudinal component in the third region is equal to the one in the first
region). In addition, the reflection and transmission coefficients (R and T)
as well as the coeflicients of the left-propagating and right-propagating waves
inside the slab are obtained in the usual fashion by matching the boundary
conditions, and are given by (see Appendix C)

2ik.od
R = ciked/2 121 FT32€7

1+ 7’217"3262ik22d ’
4 ei(kz2_kzl)d

T = . 8.30b
(1 4+ p21)(1 + p32) (1 + ro1739e2ik=2d) ( )

2 e*i(k&Q*k)zl)d/Q

A= . 8.30
(1 +p21)(1+7"217"32€2‘kz2d) ( C)

i(kzz—kz1)d/2 2ik223d/2

(8.30a)

B— 2r3ge”
(L4 par) (1 + rograge?ikezd)

, (8.30d)
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where
D21 :erzz ; p32 =1/pa1, (8.31a)
M*kzl
_ko — uik,
T91 _Hoa T A a2 32 = —T21. (8.31b)

//['—k'zl + ﬂ'-‘rsz ’

Finally, the term E, represents the spectral kernel of a line source and is given
by
7WM0M+I
Ark,
Consequently, it can be seen for example that in the case of no reflection,
R = 0 and the expression of E;, reduces to the integral representation of a
Hankel function, which is what we expect from an infinitesimal source in two
dimensions (the electric field is in this case directly analogous to the Green’s
function in two dimensions).

E, = (8.32)

From the previous expressions, it can be seen that all field components
contain a similar term in their denominator, 1 — r2; e?*-2¢. When this term
is zero, for specific values of k.o, the electric fields in all three regions diverge,
i.e. we have a mathematical pole. The location of this pole usually needs to be
determined numerically but the analysis can be carried out analytically in the
following situation: let us introduce a mismatch 6 > 0 (6 is thus real) in the
constitutive parameters of the slab while keeping the wave-number constant
so that (Lu et al. 2005a)

1

po=-(+0),  e=-17.

(8.33)
and take (e4,p4) = (1,1). Since all the wave-numbers have the same magni-
tude, k, is identical in all three regions and k, = —ko, (although the solution
is independent of the choice of the sign of k.3). Under these circumstances,
the reflection coefficient Ryo simply becomes Ris = §/(2+ ) and the electric
field in the third region (where we expect the image of the line source to be
formed) is written as

2wp_pol 1+06 /OC 1 elk=12
0

m (2+0)? ka1 2ika1d _ (L
243

By =

5 cos(kyx) dk, , (8.34)

where we have folded the integration from [—o0, +00] to [0, +00] by symmetry.
The poles of the integrand are obtained by letting the denominator go to zero,
which trivially yields

mm i 249

where m is an arbitrary integer and where we find again a logarithmic depen-
dency as in Eq. (8.24). In order to understand the influence of this pole on the
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value of the electric field, we need to transform the previous integral from the
k. plane to the k. plane. This is immediately done using the dispersion rela-
tion which reveals that values of k, € [0,w/c] map onto values of k, € [w/¢, 0],
whereas k, > w/c map onto the imaginary axis k, € [i0, +icc]. We therefore
see that the pole corresponding to m = 0 in Eq. (8.35) falls exactly onto
the integration path, which therefore needs to be deformed in the complex
k. plane. In addition, this pole is representative of the surface plasmon ex-
cited at the boundary between the free-space and the medium characterized
by (e—, p—).

Upon transforming the integration from the k, plane to the k, plane, the
path needs to be deformed in order to avoid the pole. Nonetheless, the kernel
of the integrand is increasing up to the value of the pole, making the numeri-
cal evaluation of the integral potentially challenging. In particular, when the
parameters of the slab approach those required by the perfect lens condition
(e—,p—) — (—=1,-1), 6 decreases, the pole moves away toward infinity, and
the integral becomes increasingly difficult to evaluate, being divergent in the
limit of § = 0. Note that the numerical integration of Eq. (8.34) is very much
akin to the numerical integration of Sommerfeld integrals and similar tech-
niques can be used such as the weighted average algorithm (Michalski 1998),
an adaptive Simpson’s rule or a Romberg’s rule on a modified integration
path (Chew 1990).

It is important to repeat the previous analysis in the case when _ and
[— are positive, in order to verify that a similar mode is not sustained by
this configuration. Upon doing so, we find that the poles are given by the

condition ) o s
mm 1 +

which clearly shows that the imaginary part of k. is negative in this case and
therefore that the pole does not influence the spectral integration of the elec-
tric field which extends over the positive imaginary axis only. In other words,
no surface plasmon is supported at the interface between the two positive
index media, as expected.

As we have mentioned previously, the pole is directly related to the surface
plasmon excited at the interface between the two media (for a symmetric
configuration like here, a surface plasmon is excited at each interface). Since
the pole has a longitudinal wave-vector (obtained for m = 0)

) _ 1, (249
k dln( : (8.37)

the wavelength of the surface mode along the ¢ direction (/\g(f) = 27r/k§o)) can
be directly computed and yields

2
Al©) = T . (8.38)

T /e + A (22)
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It is seen that as the configuration approaches the perfect lens, 6 — 0 and
Ay — 0, indicating that the lens is able to discern finer and finer details.
When Aj = 0, the lens is perfect.

Interestingly, this argument is very much akin to the principle of uncertainty
of quantum mechanics. If we write it as Ak, Ay < 27, then it is clear that in
order to have Ay — 0, we must make sure that Ak, — oo, which corresponds
to a pole that moves to infinity. As a direct consequence, we see that a perfect
resolution is achieved only when all the evanescent waves are included in the
spectrum (in addition to the propagating waves of course), which can only
be achieved by a perfect lens with (e_, u_) = (—1,—1) and of infinite lateral
extent.

8.3.2 Focussing properties of a finite slab of NRM

The previous discussion on the perfect lens has highlighted a few unphysical
assumptions necessary for the achievement of perfect resolution. The most
obvious one, discussed at length, is the requirement of a lossless medium per-
fectly matched to its surrounding, i.e. of constitutive parameters (—eg, — o) in
the case of a free-space background. The degradation of the image resolution
as function of deviations from this ideal situation have been studied and have
led to the more physical concept of super-lenses. In this section, we examine
the second most stringent assumption of the perfect lens, namely, its infinite
extent along the transverse direction. Being impractical, this theoretical ide-
alization naturally breaks down when physical systems are realized, and it
appears important to provide a methodology for the study of the resolution
degradation as function of the finite transverse extent of the lens.

Results of numerical calculations based on the Finite Element Method for
the imaging of two line sources through a finite slab of about 0.8\ width and
¢ =—14+i10"%, and u = —1 are shown in Fig. 8.7. At the image plane, the
images of the two line sources placed about 0.2\ apart are clearly resolved
although the slab itself is of subwavelength size. The field profile along the
imaging direction clearly reflects the excitation of an anti-symmetric plasmon,
although this can differ depending on the overall size of the slab and the rel-
ative transverse placement of the sources. Overall, while some information is
lost due to the loss of some propagating modes, much of the near-field informa-
tion is still preserved. Effectively the slab of finite transverse extent appears
to also have the effect of an aperture whereby propagating waves incident at
large angles from a localized source are lost. But the transport of evanescent
components does not appear to be substantially affected and they appear to
be able to contribute to image formation effectively. Similar calculations re-
veal that unless the transverse size becomes comparable to the size of the
objects imaged, it does not significantly affect the image. It is also seen that
large surface plasmon excitations form standing waves along the length of the
slab. The finite levels of dissipation quickly damp out the surface plasmon
excitations with large wave-vectors while allowing the excitation of surface
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Figure 8.7 Images obtained by FEM calculations for a slab lens of finite
transverse extent and ¢ = —1 + 41074, u = —1. The images of the two line
sources placed at a subwavelength distance apart (0.2)) are clearly resolved
in the image plane although the slab itself is subwavelength in size (0.8)).
The object plane is at z = —0.2, the image plane is at z = 0.2, while the lens
occupies the region —0.1 < z < 0.1 and —0.4 < = < 0.4. Top: Gray-scale
plot of the electric field. The outer lines show the boundaries for the FEM
calculations where Perfectly Matched Layers (PML) are imposed to have no
reflections. Bottom left: The fields at the object and image planes. Bottom
right: The field pattern along the imaging direction shows the excitation of
an antisymmetric slab plasmon. The Z axis runs through one of the sources.

plasmons of smaller wave-vectors. The image resolution in these calculations
is also constrained by the levels of dissipation. The fact that the slab lens can
be finite and actually even smaller than the wavelength is very significant for
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imaging and lithographic applications.

While the above numerical example shows that subwavelength resolution
is possible with a slab of finite transverse width, it does not offer much in-
sight into the physics of the perfect imaging process and its degradation. In
addition, since some numerical techniques are prone to errors when applied
to the case of the perfect lens (see Section 8.4), they should be taken cau-
tiously, merely providing a ground of comparison and cross validation with
more analytical approaches.

We have shown in Section 8.3.1 that the resolution of a left-handed medium
lens is directly related to a pole in the complex k, plane, which sets a cutoff
point: the evanescent waves below it are amplified and their information is
used in the image reconstruction whereas the evanescent waves above it are
practically lost. This defines the spectrum of the lens (a broader spectrum
implies a better the resolution), which is a good metric to quantify the quality
of the lens. In the extreme case of a perfect lens, the spectrum is infinitely
broad and all the evanescent waves are reconstructed. The purpose of this
section is therefore to examine the influence of the finite transverse extent of
the lens on its spectrum.

The configuration of the problem is similar to Fig. 8.3 except that the length
in the & direction is finite and denoted by L. Although analytical solutions
to the Maxwell equations exist in the case of some canonical geometries such
as sphere, cylinders, spheroids, etc., it is not the case for a finite length slab
so that we have to resort to some well-justified approximations.

We approach the problem from the Huygens’ equivalence principle, by which
the fields at the second boundary, denoted by z = ds for the sake of generality,
can be replaced by radiating currents, which in turn can be used to obtain
the field in the transmitting region at z > ds, where we expect an image
point to be formed. The problem is therefore reduced to the deduction of the
equivalent currents at the second boundary and asserting their similarities
and differences between configurations with finite and infinite boundaries.

Let us first consider the situation of an infinite slab. The electric field in
the region beyond the second boundary is given by Eq. (8.29¢), whereas the
magnetic field is directly obtained from the Maxwell equations (we assume

py = —p— =1):

o T(k.) ,
Ey(x,z=dy) = — % / dkx% eik=dz gikoa (8.39a)
1 [ , .
Hy(w,z=d) =— / dk,T(k.) ei*=d2 gifee (8.39b)
™ — 00

where we have supposed that I = 1 without loss of generality. The field
beyond the slab boundary is obtained from the Huygens’ principle written in
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the Stratton-Chu form as
E(z,2) = / dz’ {iwpo [ x H(r')] g(r,r") + [2 - E(x')] V'g(r, 1)
’ + A x E({@)] x Vg(r,r') } (8.40)

where the surface can be taken over a line only due to the translational invari-
ance of the problem in the ¢ direction, g(r,r’) is the two-dimensional Green’s
function given by g(r,r’) = i/4 Hél)(ko\p — /¢']), and where 7 is the normal
to the boundary. Introducing Egs. (8.39) into Eq. (8.40) yields two terms for
the electric field:

W +°° +oo o
By(@.2) = 3o / Ak, T(kz) €= o HY (/{0 = 27)2 + 22)

+oo 400
_ 1“}“0 / / dk T 1kzzeikzx %
167w

(1
wH ) (k/ (@ (z — 2)2)|sr—as. (8.41)
Upon using the integral representation of the Hankel function, it can be shown
that the terms are equal, indicating that the contribution from the electric
current sheet is identical to the contribution from the magnetic current sheet.
The electric field in the spectral domain is therefore given by

WMO 621kz (d2—d1)

(8.42)
where T'(k,) is the transmission coefficient of the slab. ;jFrom these equations,
we see that the spectrum of the image is composed of the spectrum of the line
source multiplied by the transmission coefficient (Chen et al. 2006¢).

This approach, developed for an infinite slab, can be approximately ex-
tended to the slab of finite transverse width. As a matter of fact, we assume
that the electric field can be written as in Eq. (8.39a) but weighted by a spa-
tial window function (we reiterate that this is only an approximation and it
is not the exact solution):

oo T(ks) ;
Ey(z,z=ds) = Badal (z)/ dkxﬁ elk=dz gikem (8.43)
dr oo k.
where the functions f, still to be determined, is the window function. Follow-
ing the same procedure as previously, it can be shown that the spectrum of

the image is given by

Wiy €2ik=(d2=d)

Eka) ~ = 47 k

T(k.) ® F(k.)], (8.44)

where the ® symbol represents the convolution operator and F' is the Fourier
transform of f. Consequently, the spectrum of the image due to a finite-size
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Figure 8.8 Comparison between the electric fields at the image plane ob-
tained from an infinite and a finite slab. The top plots represent the am-
plitudes whereas the bottom plots represent the phases. (Reproduced with
permission from Chen et al. (2006c). (©2006 by The American Physical
Society.)

width is approximately given by the spectrum of the source itself multiplied
by the convolution of the transmission coefficient and the Fourier transform
of the window function f. In this way, the finite size of the slab explicitly
appears in the image spectrum and is thus directly related to the resolution
of the lens.

Let us work out an example in order to illustrate how the methodology just
presented can be applied to the study of the resolution of a finite width slab
of thickness d = 0.2\ and of transverse dimension L = 2\, where A is the free-
space wavelength. The above dimensions are chosen to typically represent the
ratio of most of the experiments realized to date.

Fig. 8.8 represents the fields at the second boundary of both the finite and
the infinite lens, where the first ones have been obtained using the FDTD and
the second ones have been obtained using Eq. (8.39a), i.e. from the Huygens
principle and the infinite current sheet. Note that the constitutive parame-
ters of the finite lens studied by the FDTD have been chosen with a slight
deviation from the ideal situation of (_, u_) = (=1, —1) in order to account
for the discretization error in the FDTD (a discussion on this issue is offered
in Section 8.4).

Comparing the fields, it is seen that the phases are very similar within
the region —L/2 < x < L/2. This result is very significant since it allows
us to immediately conclude that the resolutions of the finite and the infinite
lens are comparable in the case studied. As a matter of fact, the phase
similarity indicates that the fields at the second boundary are dominated by
the surface plasmon related to the pole in the complex k, plane, in both the
finite and infinite lens cases, in turn indicating that the spectra of the two
lenses present a similar cutoff and therefore that the lenses present a similar
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Figure 8.9 Comparison between the spectra of the electric field at the image
plane as produced by an infinite slab and a slab of length 2. In both cases the
thickness of the slab is 0.2\ and the spectrum is normalized to the line-source
spectrum. (Reproduced from Chen et al. (2006¢). (© 2006 The American
Physical Society.)
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Figure 8.10 Amplitude (top) and phase (bottom) of the window function f.
The exact value has been obtained using the FDTD whereas the approximate
function is chosen to have a truncated Gaussian shape. (Reproduced with
permission from Chen et al. (2006¢). (© by The American Physical Society.)

resolution (see Section 8.3.1). It should be mentioned that a corroborating
conclusion was also reported in Lagarkov and Kissel (2004), although using
different arguments. This conclusion is also confirmed in Fig. 8.9, which
compares the two spectra and clearly shows the similar cutoffs. This similarity
suggests that the surface plasmon is only weakly perturbed by the finite extent
of the lens, at least for the aspect ratio of the example.
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Although it is out of the scope of this chapter to present an exhaustive
study of the impact of lens size on the resolution, we still want to propose a
fast methodology for doing so. Indeed, both Fig. 8.8 and Fig. 8.9 present im-
portant discrepancies which may become important as the lateral dimension
of the lens is reduced. In Fig. 8.8 for example, it is seen that the ampli-
tude of the fields tapers off much faster in the finite lens case, whereas in
Fig. 8.9, spectral oscillations are seen that are not reproduced by the infinite
lens approximation. Both effects are in fact related to the aperture function
f which still needs to be determined and imposed. Fig. 8.10 shows the ratio
of the fields of Fig. 8.8 and reveals that f could be a real function with a
Gaussian tapered amplitude exp(—22/g?) truncated at the aperture of the
lens. The shape of the function f is shown as the dashed line in Fig. 8.10
and resolves both issues mentioned above: the field amplitude now naturally
tapers off at the edge of the lens and the spectrum presents the oscillatory
behavior obtained from the FDTD (not shown but easily verified). Conse-
quently, the simple method that consists of tapering the current distribution
obtained from an infinite boundary is seen to yield very similar characteristics
to those obtained from a full-wave numerical study of a real finite lens, and
can therefore be used for a more systematic study of various lens widths.

8.4 Issues with numerical simulations and time evolution

Soon after the demonstration of the perfect lens effect (Pendry 2000) there
were several attempts to model this effect numerically. Some calculations
obtained focusing (Paul et al. 2001, Kolinko and Smith 2003), while some
others (Ziolkowski and Heyman 2001) did not show any steady focusing at
all, while yet others obtained focusing, but not subwavelength image resolu-
tion (Karkkainen and Maslovski 2002, Loschialpo et al. 2003). In view of the
controversy surrounding the effect at that time, it was felt that some degree
of numerical verification based on exact simulations of the Maxwell equations
was necessary. On afterthought though, it is realized that one was attempt-
ing to verify an exact analytical solution with numerical simulations that are
necessarily approximate due to the finite differencing.

It was first pointed out in Cummer (2003) that the discrete fields on a lattice
do not obey the same dispersion relations as the continuous fields do and that
many of the discrepancies noted are an artifact due to this fact. To understand
the sensitivity of the solutions to numerical errors and excitation of spurious
resonances, consider the dispersion of the finite difference equations used for
a spectral method (for a specified w) on a simple cubic lattice in media with
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spatially constant material parameters (Pendry 1994):

2

2 &
k) =
wik) =

4s1n2(1/m) ~ i/ﬁ {1 - 1(ka)2] (8.45)

2 T ep 12 ’ '
where a is the numerical grid size. This evidently tends to the dispersion-
Maxwell equations for the continuum Maxwell equations only when ka < 1,
or particularly, for very small ¢ when we consider subwavelength wave-vectors.
We can rewrite the above dispersion as

k*=¢ W 1+i(k )2 (8.46)
T 12V | :

where the second term can be effectively regarded as arising from a deviation,
Op (or a deviation de in €) from the ideal case of ¢ = y = 1. For S-polarized
light, this deviation,
pk?a?
op = ,
F="1

in the real part of u gives rise to a resonant excitation on a slab of NRM of
thickness d with a parallel wave-vector (k,) given by Eq. (8.24),

o k2a?
= — _— = — x .4
kd In ( 5 ) In ( o1 ) (8.48)

in the limit of large parallel wave-vector k, > kg. In the limit k,a < 1, the
parallel wave-vector for this spurious resonance induced by the discretization
is k; ~ (a large number)/d. In the ideal continuum limit of a — 0, we have
k, — oo as expected from the continuum equations. Thus, at any level of
discretization, one always excites a spurious resonance of the system for some

)

(8.47)

finite k; in a numerical calculation. The value of the parallel wave-vector kg(f
for the spurious resonance gives the range of k, significantly smaller than kS
for which the calculations would have converged.

Thus, any discrete method has a wavenumber dependence and an inbuilt
higher momentum cutoff depending on the level of discretization that auto-
matically precludes the perfect focus with infinite image resolution. In the
case of the perfect lens, as it has been pointed out, the focusing is very sen-
sitive to meeting the prescribed conditions on ¢ = —1 and u = —1. The
different dispersion for the discrete fields is equivalent to having slightly dif-
ferent material parameters, which thus lead to quite imperfect focusing as
some investigators reported. Particularly for large wave-vectors, the different
dispersion is acutely felt and it was found to be only remedied by resorting to
a much larger degree of discretization (Pendry and Ramakrishna 2003). The
level of subwavelength focusing that can be obtained by a numerical calcula-
tion is a function of the finiteness of the differencing scheme even under the
perfect conditions of zero dissipation.
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For the FDTD technique, the dispersion for the finite difference equations
on a cubic lattice would be given similarly by

12_2w5t 12,21%595 12,2k:y6y
() o (27) = (&) o (597) + (5) o ()
1\> (k. 6z
+ ((52> sin <2>, (8.49)

where §t is the time step involved while dx, dy, and dz are the sizes of the
numerical grid used to represent the fields. Similar problems to the ones out-
lined for the spectral calculations would result in FDTD calculations as well
due to the difference in the dispersion for the discrete equations. Cummer
(2003) also pointed out that the resonant surface plasmon modes at the in-
terfaces for n = —1 are always excited by any causal incident wave or pulse
with a finite bandwidth even when the perfect lens conditions are satisfied
at the carrier frequency. In a FDTD calculation, these resonances with large
electromagnetic fields at the two interfaces would ring indefinitely and dissipa-
tion is always introduced into the material parameters in any such calculation
to reach a steady state in a reasonable amount of time. This probably ex-
plains the results of some research reports, such as in Ziolkowski and Heyman
(2001), where it was found that the FDTD simulations never reached a steady
behavior for non-lossy NRM. The loss also damps out the amplification for
large wave-vectors and the image resolution has been shown to be consistent
with the estimate in the previous section. These conclusions have also been
confirmed by FDTD calculations (Li et al. 2003b, Rao and Ong 2003) where
different boundary conditions were used to simulate evanescent waves.

For example, the discretized Drude model over an FDTD mesh yields a
relative permittivity expressed as

(.02

r=1- 4sin2(wAt72) J(A0)2 (8.50)

which clearly converges to the continuous form ¢, = 1 — wf, Jw? when At —

0. However, at the theoretical value of w = w,/ V2 where the continuous
permittivity is equal to (—1), the discrete value of Eq. (8.50) presents a slight
variation from (—1) as soon as At # 0. For example, a value of about —1.0003
is obtained for the typical grid size of A/100 [where the grid size and time step
are related by the Courant condition (Taflove and Hagness 2005)]. This small
perturbation has almost no effect on the propagating waves, but it has a
critical impact on the amplification of the evanescent waves, which require an
exact matching between the lens and its surrounding medium. Consequently,
even in the hypothetical situation of a lossless lens, the resolution obtained
from a method such as FDTD is inherently limited because of the method
itself. It is important to realize, however, that this is merely a numerical
artifact and not a physical limitation of the configuration.

© 2009 by Taylor & Francis Group, LLC



314 Veselago’s lens is a perfect lens

2 z
=*=-0.2A FDTD
v ®-0.1L FDTD
£ 1.5 ! —0.2A\ Analyt%c i
g ' [7=-0.1A Analytic
8 1
a v
g 1 H
-E 1
= 1
g S
= A}
= 0.5 §
A
A
s b, 00009
K 5 10 15 20 25
kx/k0

Figure 8.11 Comparison between the spectra obtained with FDTD and us-
ing an analytical calculation for two slab thicknesses. The FDTD simulation
was run in both cases with a step size of A/100. (Reproduced with permission
from Chen et al. (2005b). (© 2005 Optical Society of America.)

An illustration of this phenomenon is provided in Fig. 8.11, where the spec-
tra of the electric fields computed both analytically and numerically at the
image plane are shown for two slab thicknesses. The numerical results have
been obtained using a modified FDTD implementation as suggested in Chen
et al. (2005b), whereas the analytical results have been obtained as described
previously but on slightly mismatched constitutive parameters in order to
match the discrete values inherently obtained by the FDTD (the values of
both the permittivity and the permeability are set to —1.000297). The ex-
cellent agreement between the two spectra, as well as the large variations of
the spectra between the two slab thicknesses (and thus the different resolu-
tions obtained), prove that the analytical results based on the mismatched
constitutive parameters indeed match those obtained numerically, although
the later ones have been originally designed to reproduce the perfect lens con-
figuration (which is obviously not reproduced since the spectra are cut off and
the resolution is not infinite).

Consequently, it is important to keep in mind the inherent numerical lim-
itations of discrete methods such as the FDTD in simulating a highly ideal-
ized and theoretical configuration as the perfect lens. Usually, the deviation
between the two solutions (discrete and continuous) can be minimized and
neglected, but the ideal situation of the perfect lens is so stringent that nu-
merical deviations may yield inaccurate results nonetheless. Losing this from
sight presents the danger of attributing to physics what in fact comes from
mere numerical artifacts.
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8.4.1 Temporal evolution of the focus

As briefly noted before, the temporal evolution of the perfect focus is inter-
esting as the focus refines in time, and under the ideal conditions, refines to a
point focus at infinite time which is what we obtain with the time-harmonic
solutions. A calculation based on Laplace transform methods (Smith et al.
2003) indicated that for a source that is sharply switched on at ¢t = 0, the lens
forms a steady image only at times that are of the order of the absorption
time (¢t ~ 1/Im(ep)w).

It was pointed out in Gomez-Santos (2003) that the resonant excitation of
the plasmons on the two surfaces is identical to the problem of two coupled,
identical oscillators when one of the oscillators is forced by an external force.
The equations of motion for such a system of oscillators are

@) + ydwia + kewy = f(1), (8.51)
Ty + ’Vx.rw?)xr + kcxp =0, (852)

where z; and x, are the amplitudes for the left and right oscillators and k. is
the coupling between them. First note that forcing the system at wy with no
damping makes only z, non-zero in the steady state. The left oscillator does
not move at all, and all the excitation energy is passed on the right oscillator.
This corresponds to the zero reflection in the case of the perfect lens and all
the electromagnetic energy seems to be concentrated at the interface far from
the source. In the steady state, the solutions for a time-harmonic excitation
foexp(—iwt) are

(w§ — w? +iyw) fo —kZ fo

R O R M (- B e ey 7y

(8.53)

and it can be seen for the case of non-zero dissipation at resonance, the left
oscillator is also excited. For large dissipation, the right oscillator is no longer
excited, which corresponds to the non-effective amplification in the case of the
NRM slab. From this model we can further consider the temporal evolution
of the imaging process by considering the rate at which energy is transferred
between the two surfaces. Note that the slab plasmon polariton modes are
decoupled from the single plasmon frequency. However, a source with a sharp
onset has a frequency finite bandwidth and would excite them. The trans-
mitted field across the lossless slab then has an amplitude (Gomez-Santos
2003)

E.(t) = O(t) A(t) exp(—iwot) exp(k.d), (8.54)

where ©(t) is the Heaviside step function. In the quasi-static limit, A(t) ~
1/2(Awg,t)? where Awy, is the frequency spacing between the two slab plas-
mon polariton modes at a wave-vector k,. As pointed out before, the spacing
between the slab plasmon modes monotonically decreases and is exponentially
small at k,. Thus the large wave-vector components are very small at short
times and a cutoff time can be defined by Awyytr, ~ 1 for every wave-vector
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k., before it does not appreciably contribute to the image formation. Thus
the image initially is ill-defined and increasingly improves with the passage of
time until it reaches the optimal resolution that is possible given the levels of
absorption in the system. Also note that without absorption, the slab plas-
mon polariton modes would ring indefinitely, never allowing the formation of
a steady image. Thus, absorption is essential to the very process of the image
formation with the perfect lens.

8.5 Negative stream of energy in the perfect lens
geometry

Let us return to the perfect lens configuration and examine more precisely the
energy distribution at the second interface. Upon taking a point source or a
line source in two dimensions, it has been reported that a peculiar phenomenon
occurs by which negative time average energy stream can be witnessed at the
second boundary (Chen et al. 2004b). By “negative energy stream,” it is
meant here that the energy propagates backward toward the source: for a
point source at z = 0 and a slab between z = dy and z = dy > dy, it
is found that the z component of the Poynting vector S, can take negative
values beyond the second boundary. In general, this situation is perfectly
acceptable when scatterers are present: in the first region for example, for
0 < z < dy, the first boundary of the slab reflects the wave so that some
energy is returned to the source, after propagating away from it. Beyond the
second boundary, however, for z > 2d, no such scatterer is present since the
medium is semi-infinite, so that the phenomenon of negative energy flow is at
first unexpected.

It is important to realize that when a single plane wave impinges onto the
slab, no negative energy stream is witnessed, i.e. all the energy propagates
away from the source.!l This suggests that the latter effect is due to the inter-
action between multiple waves, as originating from the line source.*™ Let us
therefore consider these interactions. Three situations need to be examined,
all present under a line source excitation: the interaction between two propa-
gating waves, between two evanescent waves, and between a propagating and
an evanescent wave (Chen et al. 2006¢).

IThere has been some debate about a source-sink-source solution to the perfect lens con-
figuration, whereby the image inside the slab acts as a sink and the image outside the slab
acts as a second source. Such a solution seems physically unsatisfactory and we therefore
do not pursue it here. Note, however, that the concept of negative energy stream would
not be clearly defined in this case.

**We remind the reader that the spectrum of a line source can be expressed as a continuous
superposition of weighted plane waves.
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For the first situation, we consider the two normalized electric fields ex-
pressed by
B yik®
Bl = s uHikDz, (8.55)

2
where ¢ = {1,2} identifies the two plane waves, and where £O? = EOT 4

2
kg) = w25+u+ / ¢2, for which both kzg) and kzg) are real. A straightforward
calculation of the time average Poynting power yields the Z component as

1

(5:) = g
where Ak, = kY — £ and Ak, = Y — k2. In the third medium, the z
components of the wave-vector are all positive, as well as the permeability, so
that (S,) is always positive and hence the interaction between propagating
waves always yields a positive longitudinal power. This explains for example
why, when only propagating waves are taken in the spectrum of the line source,
no negative energy stream is witnessed, as seen by some authors.

In the second situation, we need to compute the interaction between two
evanescent waves expressed as

ik ) —_a®
El =l oz (8.57)

—— (k) + EPY[1 4 cos(Akpz 4+ Ak, 2)], (8.56)

/ 2
where a( )=k — kg(f) . In such case, the time average z component of the
Poynting vector becomes

1

(5) = Doy
As can be seen, this time average power flow has a sine form along the &
direction, yielding positive and negative values and apparently offering a pos-
sible explanation for the negative energy stream. The case of a line source,
however, is more complex than the simple interaction of two evanescent waves
and therefore requires a more careful examination. As a matter of fact, the
spectrum of a line source is composed of evanescent waves that need to be all
included by carrying out the integration shown in Eq. (8.39a). Upon doing so,
we see that we are integrating an odd function of (1@9) — kzg)) over the entire
spectrum with symmetric amplitude distribution, effectively yielding no real
power. Consequently, for a line source, the interaction between the evanescent
waves does not offer the explanation on the negative energy stream observed
at the second interface.

Finally, the third situation we shall examine concerns the interaction be-
tween evanescent and propagating waves. The power along the & direction is
found in this case to be

(S.) = {k(l) + kWM e o cos[Akza: — kW]

(@) — a®@) sin(Ak,z) e~ (@ Tz (8.58)

QW M+
{—|—a§2) et sin[Ak,x + kjgl)z]} ) (8.59)
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Figure 8.12 Poynting power in various configurations and from various
wave interactions. Results are taken from Chen et al. (2006¢). (©2006 by The
American Physical Society.)

which is no longer an odd function of (k‘a(cl) — k‘g)) as in the previous case.

Moreover, (S.) can take negative values if the e~V term is compensated by
the amplitude of the evanescent wave. Such amplification, or growth, is pre-
cisely one of the key properties of left-handed media, whereas it is not achieved
with conventional media. Consequently, a slab of left-handed medium ampli-
fies the evanescent waves to a degree enough that it perturbs the near-field
energy distribution at the second boundary of the perfect lens configuration
and the perturbation is so important that it is responsible for the negative
energy stream. The amplification of the evanescent waves being so crucial, it
is also clear why this effect had not been observed in configuration involving
standard media.

As a consequence, we see that the negative energy stream observed at the
second interface of the perfect lens has a simple explanation based on simple
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electromagnetic properties of wave interaction, and is not due to numerical
artifacts or cavity effects. A vivid illustration of the interactions between prop-
agating and evanescent waves is provided in Fig. 8.12, where we include the
case of a lens of finite transverse extent for the sake of comparison. Fig. 8.12(a)
shows the total (S,) component at the image plane and illustrates that (S.,)
can take negative values despite the absence of scatterers beyond the image
plane. Fig. 8.12(b) shows the separate contributions of the three interactions
studied above. It it seen that the interaction between propagating waves yields
a positive (S,) only, that the interaction between evanescent waves yields no
real power flow as expected, and that most of the power flow comes from the
interaction between propagating and evanescent waves, which is also seen to
be the only mechanism responsible for a negative (S,). These conclusions can
be generalized to the case of a finite lens case as well as shown in Fig. 8.12(c)
(see Section 8.3.2), except for the evanescent waves that start to diffract from
the edge of the lens and can yield a real power, including negative values as
well (Chen et al. 2006c¢).

8.6 Effects of spatial dispersion

We now briefly approach the problem of spatial dispersion in the material pa-
rameters and its effects on the imaging process of the flat lens. As mentioned
earlier in this chapter, once the graininess of the material (or the metama-
terial) begins to get probed by the electromagnetic fields, the response is no
longer isotropic and, more importantly, is also no longer local. That is to
say, the electric field applied elsewhere begins to make a contribution to the
polarization in the medium at a given point. The charge distributions are
not properly screened out and this can give rise to spatial dispersion. The in-
adequate screening causes the material parameters to also become functions
of the wave-vector k to a first approximation. Here we assume that only
the absolute distance between the given point and the point where the field
is applied is important and that there is no preferred point in the medium.
This can be rarely violated in some metamaterials where there may be very
special points of symmetry. The material parameters are now functions of
both the frequency and the wavenumber: e(w, k) and pu(w, k), when the wave-
vector becomes a significant fraction of 27/l5 where I, is a typical screening
length below which the presence of individual constituents (whether atoms
and molecules or metamaterial units) becomes felt by the radiation. It must
be said here that non-local effects in metamaterials have not yet been well
studied.

Let us now consider the effects of spatial dispersion on the silver lens. It
has been shown for example (Ruppin 2005) that spatial dispersion can actu-
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Figure 8.13 Left: Dispersion of surface plasmon modes at the interface of
a semi-infinite plasma with vacuum. Right: Dispersion of the slab plasmon
polaritons on a slab of thickness k,d = 0.5. In both cases, the solid lines show
the dispersion for the non-local Lindhardt form of € while the dotted curves
show the dispersion for a local plasma. (Taken with permission from Ruppin
(2005). (© 2005 Institute of Physics Publishing, U.K.)

ally improve the image resolution at intermediate lengthscales while setting
an ultimate limit on the resolution at smaller lengthscales. First consider
Eq. (8.21) which gives the wave number dependence of the dielectric permit-
tivity of a metal. As a direct consequence, the bulk plasmon in the system
become dispersive with a dispersion given by (¢ = 0 being the condition)

W2 (k) = wh + %k%%. (8.60)
The dispersive nature of the bulk plasmons now renders it possible to ex-
cite the standing bulk plasmons in thin films of metals using radiation of the
appropriate frequency. The reflection and transmission of light from the sur-
face of such a non-local medium has been calculated (Melnyk and Harrison
1970) by including the excitation of a third longitudinal component, which
showed that there were small differences in the reflectivity from that of a local
medium. The dispersion of surface plasmons on the interface of a non-local
metal with vacuum as well as the slab plasmon polaritons in a thin film of
a non-local metal has been calculated in Ruppin (2005) and the results are
presented in Fig. 8.13: it can be seen that while there are no substantial
differences from that of a local medium at small wave numbers, the salient
effect of the spatial dispersion is that the SPP modes disperse linearly at large
wave-vectors. They are not degenerate at the surface plasmon frequency for
large wave numbers as in a local medium. Since the perfect lens focusing
action requires an exponentially small detuning from the conditions of reso-
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nance for SPP modes at larger wave-vectors (see Section 8.2.1), detuning the
dispersion at large wave-vectors affects the image resolution at subwavelength
lengthscales. At any frequency of operation, the detuning of the SPP modes
begins to increase beyond some wave-vector, setting a large wave-vector cutoff
beyond which the amplification of evanescent waves ceases to be effective. By
choosing an appropriate frequency near w,/ V2, however, it might be possible
to enhance the image resolution from that of the local medium due to a better
overlap with the SPP modes at intermediate wave-vectors. Fig. 8.14 shows
the image resolution offered by a local medium and a non-local medium for
a slab of thickness of about 50 nm where it is clear that the non-local metal
slab offers far better image resolution. Thus non-locality might actually be
utilized to improve image resolution and may explain the experimental image
resolution of almost A/6 obtained by Fang et al. (2005) whereas one would
predict only about A/3 for a local medium.

Among other non-local effects, one is that the assumption of a sudden
change in the charge density at the interfaces of the lens breaks down. One
can incorporate a non-abrupt change in the electron density for the plasma
by assuming an extra surface charge layer at the boundary with different
charge density than the bulk one. Bratkovsky et al. (2005) have attempted
to incorporate such boundary layers with different ¢ and p at the bound-
aries of metamaterials and shown that its presence usually lowers the image
resolution. There are no universal non-local models for the material parame-
ters of metamaterials, such as the local Lorentz model, with which one could
study non-local effects in the imaging process. But to a first approximation,
non-local contributions have a quadratic dependence on the wave number in
general, and the validity of the above study can be extended to imaging using
non-local negative index media as well. The signs of the non-local contribu-
tions can, of course, be different for different metamaterial designs.
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Figure 8.14 Images of two slits placed at subwavelength distance of about
100 nm obtained by a thin film of silver with a thickness of 50 nm at an
operating frequency corresponding to 3.68eV when silver approximately has a
dielectric constant of about —14¢0.4. The solid curves are for the calculations
that incorporate non-local effects while the dotted curves assume a local model
for e. (Taken with permission from Ruppin (2005). (© 2005 Institute of
Physics Publishing, U.K.)
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Designing super-lenses

The previous chapter focused on the essential ideas of the Perfect Lens. The
perfect lens is an ideal imaging device that requires ideal materials with ¢ =
u = —1 for image resolution without limit. It was shown that very small
deviations of the material parameters from these ideal conditions could lead
to the excitation of resonances that cause deterioration of the performance of
the lens. In addition, finite amounts of dissipation and other imperfections
that occur in actual materials have been shown to also limit the resolution
of this device. Substantial subwavelength resolution is, however, possible in
spite of dissipation, and the lenses exhibiting some degree of subwavelength
image resolution capabilities have been termed Super-Lenses.

It turns out that the Veselago lens is only one of a whole class of perfect
lenses or super-lenses that are possible. Negative refractive media (NRM)
with (¢ < 0, ¢ < 0) are the optical analogue of anti-matter, in the sense
that the effects on radiation (amplitude and phase change) upon passage
through negative refractive index media nullifies the effects (amplitude and
phase change) of passing through an equal thickness of positive media with
the same magnitudes of ¢ and p (Pendry and Ramakrishna 2003). This con-
cept of complementarity has lead to the generalization of the Veselago lens to
slab pairs of complementary optical media (Pendry and Ramakrishna 2003)
as well as to other geometries via a geometric transformation technique (Ward
and Pendry 1996). One can also achieve magnification of the near-field im-
ages in the cylindrical (Pendry and Ramakrishna 2002, Pendry 2003) and
spherical (Ramakrishna and Pendry 2004) geometries. In addition, super-lens
behavior is also exhibited in structures involving sharp corners and wedges of
negative refractive index media.

Another interesting class of imaging devices are based on anisotropic media
where some components of the material tensors such as € and i are negative
while others are positive — the so-called indefinite media (see Section 5.3.1).
Waves that are evanescent in ordinary media would become propagating inside
such media due to the hyperbolic nature of their dispersion. Thus one can
project out the evanescent waves from a source across large thicknesses of these
media and even outcouple the near-field information to the far-field. Such a
super-lens has been called a Hyperlens (Jacob et al. 2006), after the hyperbolic
nature of the dispersion that makes its functioning possible. The hyperlens,
which outcouples to the far field, has enormous potential applications in near-
field imaging and has already been demonstrated experimentally (Liu et al.
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2007).

In this chapter, we discuss a variety of super-lenses with different geome-
tries, and with an intention to reduce the deteriorating effects of dissipation
and imperfections in the materials used in the construction of such super-
lenses. We note that any deviations from the ideal conditions for perfect
lensing leads to a drastic reduction in the possible subwavelength resolution
of the super-lens. In fact, it is absorption that is the main culprit responsible
for reducing the resolution. In the case of the silver lens, one merely manages
to obtain some subwavelength image information. Minimizing the effects of
absorption is therefore crucial in order to make these imaging devices work.
Restructuring the lens to reduce these effects is possible to some extent and
we first discuss some such strategies. Eventually it does, however, appear that
the composite structures would need to incorporate media with active gain
(as in a laser) in order to counter dissipation (Tretyakov 2001, Ramakrishna
and Pendry 2003, Pendry and Smith 2004).

9.1 Overcoming the limitations of real materials

Real materials with negative real parts of € and p pose several challenges
for the implementation of super-lenses. Of course, it is imperative to ensure
that the materials practically have excellent chemical composition and smooth
surfaces, so that the metamaterials have as few imperfections as possible,
and also meet the perfect lens conditions for the real parts of the material
parameters as accurately as possible at the operating frequency. In particular,
the main restriction for obtaining high levels of image resolution with most
metamaterials or metals is the presence of large levels of dissipation. Given
the fact that materials with negative material parameters usually depend
on a resonance for their property, there is necessarily at least some level
of absorption near the resonance.* Hence if the level of absorption in the
metamaterial cannot itself be reduced, the principal task at hand is to see how
to reduce the effects of absorption that degrade the image quality. Potentially
a different geometry or frequency could enhance the image resolution. For
example, in Section 8.2.3, we could increase the resolution of the slab lens
just by choosing the asymmetric configuration with a large dielectric constant
on the far side of the slab. It has also been shown that in the asymmetric
lens, one could obtain a better image resolution at a slightly lower frequency
than when e5 = —e3 because then the frequency w = w,/+/1 + €3 comes into

*The Kramers-Kronig (see Egs. (1.9)) relations which relate the real and imaginary parts
of the material parameters impose that the imaginary part would be large at frequencies
near the resonance where the real part disperses violently and can be negative.
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better overlap with the resonant excitations of the surface plasmon dispersion
curve at larger transverse wave-vectors (Ramakrishna et al. 2002).

9.1.1 Layering the lens

One possibility to reduce the effects of absorption is to decrease the slab thick-
ness since the evanescent fields amplify in magnitude to much smaller levels
in thinner slabs. As absorption is maximal in regions of large electromagnetic
fields, the total absorption immediately reduces as a consequence of smaller
electromagnetic fields. Larger wave-vectors can then contribute to the image
thereby enhancing the image resolution. Note that it is the ratio A\/d (wave-
length to slab thickness) that dominates the resolution, the logarithm term
being a relatively weakly varying function (see Eq. (8.24)). For example, if
A/d = 3, we find that de must be no greater than about ~107!! to achieve
a resolution factor of 10. Comparatively, de can be as large as ~0.002 for
A/d = 10 while still achieving the same resolution. In this case, however, the
actual distance over which the image is transferred becomes smaller. Hence
just making the slab thinner is not a satisfactory solution in most cases.

With ideal lossless negative index media satisfying the perfect lens condi-
tions, we could just take the original thick slab, divide it into thin layers,
and redistribute the layers alternatively between the source and the image
planes without affecting the result of perfect imaging thanks to the perfect
impedance matching (Shamonina et al. 2001, Ramakrishna et al. 2003). The
evanescent fields alternatively grow within the NRM layers and decay in the
positive layers as shown in Fig. 9.1. This rearrangement, however, makes
an enormous difference to the dissipation in the system. As the fields do
not amplify to the same extent as they would have to in the single slab, the
associated dissipation is significantly decreased. However, we note that the
(object plane — lens-edge) and the (lens-edge — image plane) distances have
reduced considerably. In the limit of very small layer thicknesses, these dis-
tances become extremely small and the layered system merely transfers the
image of the source from one edge to the other in the manner of an optical
fiber bundle. Note, however, that the image transfer here involves both the
near-field and the radiative modes.

While the idea of layering the lens is straightforward for negative index
media, it is not absolutely clear if this configuration works in the case of the
silver lens (see Section 8.2.2) where there is a finite impedance mismatch at
the boundaries. Admittedly in the limit of small lengthscales (quasi-static
limit), the near-field solutions for the silver lens should appear to be similar
to the negative index medium. In Fig. 9.2, the transfer function for the inten-
sity from the object plane to the image plane for P-polarized light has been
plotted as a function of the parallel component of the wave-vector. Since only
the relative material parameters are relevant for the single frequency problem,
we assume without loss of generality that the positive medium has e, =1
and gy = 1. In the case of a hypothetical negative dielectric medium with no
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Figure 9.1 Chopping the slab of NRM into thin slices and distributing them
around does not affect the image. The field distributions for a system of five
such pieces is depicted schematically. The evanescent fields amplify along
the direction normal to the layers (%) within the negative index slabs and
decay exponentially along Z in the normal media. The rays corresponding to
the propagating waves that undergo negative refraction at each interface and
come to a focus at the image plane.

losses (e = —1, p = +1), we see that the transmittance is nearly unity for
a significant interval of the subwavelength wave-vectors and is dominated by
the presence of a series of resonances at subwavelength wave-vectors. These
are due to the hybridized resonances of the layered stack that arise from the
coupling of the surface plasmons on the individual interfaces. In the limit
of a periodic layered medium, these would give rise to continuous bands for
the surface plasmons in the system. Because the individual layer thickness is
very small, these coupled excitations have large wave-vectors for w = w,/ V2
as they are detuned only slightly from the surface plasmon frequency of the
semi-infinite negative medium. The cutoff wave-vector is large for the imag-
ing process and only depends on the thickness of the individual layers. The
cutoff wave-vector is given by the value of k, for the intersection between the
w = wp/ V2 line and the most detuned asymmetric stack plasmon branch.
This turns out to be slightly larger than the limit given in Section 8.3 for a
given thickness of the individual negative dielectric layers with 4 = 1. Thus,
the idea of layering up the silver lens gets us closer to the electrostatic limit
where p becomes irrelevant for the P-polarized light. In the presence of dis-
sipation, however, these modes are damped and the resonances broaden out.
Absorption causes deterioration of the image resolution and then the layered
stack yields an image resolution far worse than the limit set by retardation for
the individual thin layers (see Eq. (8.27)). Nonetheless, the transfer function
shows that much higher image resolution can be obtained by using such a
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Figure 9.2 Modulus of the transmitted fields for P-polarized light at the
image plane for a stack of alternating equally thick layers of a negative di-
electric medium (silver) and a positive dielectric medium of equal thickness.
The total distance from the object plane to the image plane is 100 nm. The
other distances are (i) for a single slab of silver, layer thickness = 50 nm; (ii)
for 5 layers of silver in-between, the layer thickness is 10 nm; and (iii) for 10
layers of silver in-between, the layer thickness is 5 nm. Left: The fields at the
image plane for hypothetical lossless negative medium with ¢ = —1. Right:
The fields at the image plane for silver layers with ¢ = —1+10.4. The positive
media are assumed to have ¢ = 41 in both cases. The wavelength assumed is
358 nm about where Re(e) = —1 for silver.

layered stack than the single slab lens in spite of dissipation in the medium.
Experiments have indicated that while the image resolution is better for a
double layer than for a single layer lens, the image fidelity suffers due to en-
hanced surface roughness in the experimental implementation of the bi-layer
lens (Melville and Blaikie 2006). Clearly, surface roughness and evenness of
the layers become important technological issues that need to be resolved for
the multilayer lens.

9.1.2 A layered stack to direct radiation

When the thickness § of the individual layers becomes very small compared
to the wavelength, it is fruitful to think of the layered stack as a slab of
effective medium (Fig. 9.3). The effective response of a layered medium has
been considered in Section 2.5 and has been shown to be anisotropic. For
the response of a layered stack of a medium with equal layer thickness of the
negative permittivity medium and the positive medium, one obtains

£y = (EJr —;E*)7 (91)
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Figure 9.3 Left: Layered medium consisting of alternately negative and
positive dielectric layers of equal thickness §/2. The layered stack behaves as
a slab of an effective medium in the limit of very small layer thickness. Right:
The picture schematically depicts how the anisotropic medium is equivalent
to the electrostatic case of the two ends of the slab being connected point by
point with perfectly conducting wires going through an insulating medium.

if the electric field is applied parallel to the layers and the tangential com-
ponent of the E field is continuous across the layer boundaries. Similarly,
considering the response to an electric field applied normal to the layers, we
obtain

: 92)

€, = ———, .
G

where the continuity of the normal component of the D field is implied. Under
the perfect lens conditions, we have the effective medium dielectric permittiv-
ity components

ez — 0, E, — OO, (9.3)

and the layered stack acts as a slab of an unusual anisotropic medium. Similar
relations can be derived for the magnetic permeability using the continuity of
H” and BJ_.

The wave propagation for the P-polarized radiation in such an uniaxially
anisotropic medium has the dispersion similar to the S-polarization given by
Eq. (5.6),

LI

- + o= Py g (9.4)
where we assume k, = 0 without loss of generality. In the limit of the perfect
lens conditions, €, — 0 and £, — 0o, we have k, = 0 as the only solution to the
dispersion equation. Thus, every wave passes through this anisotropic mate-
rial slab without any change in amplitude or phase (Ramakrishna et al. 2003).
In the static limit and no dissipation, the situation corresponds to infinitely
thin and perfectly conducting wires embedded in an insulating medium with
¢ = 0, and running down the slab connecting the two end-faces of the slab
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of the effective medium point to point as depicted schematically in Fig. 9.3.
Thus, the potential on one face is just directly transferred onto the other face
and the layered stack acts as an optical fiber bundle, although it also transmits
the near-field information (unlike a conventional optical fiber bundle). When
there is dissipation, the wires acquire a finite thickness and consequently give
a finite image resolution.

Having shown that the layered stack is equivalent to a slab of an unusual
anisotropic effective medium, we now investigate the robustness against dis-
sipation of the image resolution obtained by this slab. Since the dissipa-
tion mainly comes in via the negative dielectric medium, we consider the

case e = —e4 + ide for the negative dielectric layers. Hence we have
the different components of the effective permittivity as e, = i de/2 and
€, = —2ie;(—e4 +1 de)/(0€). The transmission coefficient for P-polarized

light across the anisotropic slab of thickness d is given by (see Appendix B
for a more general bianisotropic case)

1

T, = : , 9.5
P cos(kad) — 4 (K + %) sin(k.od) (9:5)

where K = k.o/(e2k21), k.o is the wave-vector in the slab, and k.1 is the wave-
vector in the medium (with ) outside the slab. Substituting for the wave-
vectors in the quasi-static limit of w — 0 or k, — 0o, we obtain k,; — ik,,
k.o — i(d€)/(2e4) ks, and K = 1/(iey). Hence the transmission coefficient in
this limit becomes (Ramakrishna et al. 2003)

0€ i 1 de -1
T, = |cosh(——d) + = (er — — | sinh(——d)| . 9.6
= [eon) 4 g (22— L s a) (9.6)
For the case when ¢y = 1 as for vacuum, we have T, = sech(de k,d/2). It
is easy to see that the transmittance is of the order of unity for de k,d ~ 1,
and hence that the resolution only depends inversely on the dissipation in the
medium

A
27 d de’
This should be compared to the slowly varying logarithmic dependence on the
dissipation in the case of the single negative refractive index slab Eq. (8.25).
The scope for improvement in the image resolution by making the metama-
terials less dissipative is much higher in this case of the anisotropic layered
medium. One should note that Wiltshire et al. (2003b) have experimentally
obtained a similar imaging for S-polarized radio frequency waves at about
21 MHz using Swiss roll cylindrical metamaterials with the cylinders aligned
along the imaging axis, which give a large value of p, near the resonance
frequency and p, = 1. It was found that the resolution is limited to 10 mm,
approximately equal to the diameter of the individual Swiss rolls.
Actually the wave dispersion in such anisotropic media can be utilized much
more creatively. Indefinite media with different signs for the components of

res =

(9.7)
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the material parameter tensors were discussed in Section 5.3.1 and it was
shown that negative refraction is possible at the interface of such media. It
was pointed out in (Smith and Schurig 2003) that the hyperbolic nature of the
dispersion in certain indefinite media could imply that evanescent waves in
vacuum could become propagating inside these media. As an example, let us
rewrite the dispersion for the z-component of the wave-vector for P-polarized
waves given by Eq. (9.4) as

(.02

g
k2 = Sally g ~ Eikf; (9.8)

where k, is determined by the incident radiation. It is immediately clear that
if expy > 0 and e,/e, < 0, there are no evanescent waves in this medium
(z-hyperbolic dispersion of Section 5.3.1). It was shown how to obtain an
indefinite anisotropic medium by using alternating layers of a metal and di-
electric with suitable volume fractions in Section 2.5. A look at Fig. 2.5 reveals
that while p, =1, e, < 0, and €, > 0 at smaller frequencies in such media.
In such a metamaterial, there is a cutoff wave-vector below which the waves
in the effective medium are evanescent and above which waves are propa-
gating (z-hyperbolic dispersion of Section 5.3.1). Incident evanescent waves
with large parallel component of the wave-vector would couple to propagating
modes in this medium. In the quasi-static limit, one can write

= k. (9.9)
The waves with large k, have almost a specific direction of propagation in
the anisotropic medium along the angle § = +tan~!(y/¢./e,) to the 2-axis,
which is the directional property of the anisotropic medium.

Theoretical studies on such slabs have been reported (Wood et al. 2006)
where it has been shown that the location of the image moves outward in the
transverse direction due to this preferred direction of propagation for large
k., and can also get periodically repeated due to multiple reflections in the
slab. Very good subwavelength image resolution of about A/10 was shown
to be obtainable with thin layers of silver (about few nanometers thick) and
in spite of the large levels of dissipation in silver (Im(e) ~ 0.4). Resonant
modes corresponding to the slab resonances of the anisotropic slab were ex-
cited by incident evanescent waves and measured in experiments (Wiltshire
et al. 2003b) with Swiss-roll slabs of u, < 0, p; = 1. The resonances essen-
tially occurred at values of k,d/\/j1; = mm where m is an integer and d is the
thickness of the slab. Of course, there would be a cutoff limit on the largest
k. that can be transported in this manner. This would either again be limited
by spatial lengthscales of the underlying metamaterial units. It has pointed
out in Wood et al. (2006) that for a periodic layered medium with period 4,
a bandgap would essentially develop once the k, in the medium became large
enough, i.e., of the order 27 /4 which sets a cutoff for the parallel wave-vector
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as there would not be any propagating modes for larger wave-vectors at the
given frequency. Indefinite media represent an interesting opportunity for
subwavelength imaging as they are not as susceptible to dissipation since the
electromagnetic fields have been distributed around more uniformly in space
in comparison to the perfect lens.

9.1.3 Use of amplifying media to reduce dissipation

Although the image resolution of the layered lens is less susceptible to dissi-
pation, the latter still plays a fundamental role in defining the performance
of all the imaging devices. Since most metamaterials have appreciable levels
of dissipation, we need to consider whether there is some way by which the
energy lost by absorption can be reintroduced into the system. One intuitive
idea would be to use optical amplification for this purpose (Ramakrishna and
Pendry 2003).

Let us note that the dissipation in materials with negative material param-
eters actually represents a mismatch in the perfect lens conditions. One way
to view it would be to regard the perfect lens conditions as conditions on the
complex material parameters:

ep =g, —iel], e_ = —¢ +ie, (9.10a)

oy = ply — i, - = —ply +ipl, (9.10b)
where the quantities p/{ > 0 and &’/ > 0. We note that Im(e;) < 0 and
Im(py) < 0 correspond to amplifying media. Consequently, the use of ampli-
fying media to counter absorption using stimulated emission is implied in the
perfect lens conditions itself.

In principle, surface plasmon excitations can be sustained across such an
interface of a positive and amplifying medium with a negative and absorbing
medium and have an interesting aspect to them: there is a continuous flow
of electromagnetic energy from the amplifying medium into the absorbing
medium that serves as a sink for the energy. Reduction in the damping for
the surface plasmons propagating on the interface of silver and a laser pumped
organic dye (Rhodamine 101 or Cresyl violet) solution has been reported (Sei-
del et al. 2005). The actual reason that amplification can compensate for the
loss of information via absorption is because both absorption and stimulated
emission are coherent processes. In the limit of large intensities (photon num-
bers), operation by the (quantum) annihilation operator does not alter the
phase of a coherent photon state. There is, of course, some generation of noise
via the spontaneous emission, which is an expression of the non-commutativity
of the creation and annihilation operators. But as long as the amplification
does not lead to self-sustaining oscillations of some modes in the lens struc-
ture, the amplification in one region can compensate for the absorption in
another region of space. If self-sustaining oscillations occur, however, one is
only amplifying the spontaneously generated photons, which swamp out all
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the image information. The amplification levels are also likely to get satu-
rated in the presence of intense field enhancements that are expected in the
presence of surface plasmon resonances. The largest field enhancements oc-
curs for the largest transverse wave-vectors. If we make the layers very thin,
the local field enhancements are not as intense and it is likely that the gain
will not get completely bleached.

More realistically, we can have optical amplification primarily for the elec-
tric dipole transitions. The incorporation of gain through the magnetic per-
meability would necessarily be through electronic amplifiers in the meta-
materials for the microwave and radio frequencies. Let us consider here the
case of alternating thin layers of silver with positive amplifying dielectric me-
dia layers of the same thickness in-between. Since only thin layers are being
considered, we shall concentrate on the P-polarized light for which the nega-
tive dielectric permittivity is sufficient to make a super-lens in the quasi-static
limit. Note that g = 1 in all such cases and the requirements for resonant
surface plasmon excitations are met only in the quasi-static limit. Hence the
incorporation of positive media with gain would be mainly for the situations
where the quasi-static approximation works well, for example, in the layered
lens rather the single slab lens. An implementation could be to use a semi-
conductor laser material such as GaN or AlGaAs for the positive medium and
silver for the negative medium. Using blue/ultraviolet (UV) light to pump
the AlGaAs,! one can make the AlGaAs optically amplifying in the red region
of the spectrum, where one can satisfy the perfect lens condition for the real
parts of the dielectric permittivity. Alternatively one could also use other
high gain processes such as Raman gain for this purpose.

As a proof of principle, the transmission function for the layered silver lens,
with and without amplification to exactly compensate for the losses, and the
images of two closely spaced sources as resolved by the respective lenses is
shown in Fig. 9.4. For comparison, we also show the case of the original single
slab of silver as the lens (solid line and §/2 = 40 nm) and a layered, but
gain-less system. The two peaks in the image for the single slab can hardly
be resolved, while they are clearly resolved in the case of the layered system
with no gain. The improvement in the image resolution for the layered system
with gain over the corresponding gain-less systems is obvious with the sharp
edges of the slits becoming visible. The transmittance of the layered lens with
gain does not decay rapidly with the increase in the number of layers, even
when the total stack thickness is about a few wavelengths (Ramakrishna and
Pendry 2003). Although the transmission function is not constant with the
wave-vector due to the excitation of the layer plasmon resonances, it should be
emphasized that the high spatial frequency components are efficiently trans-
ferred across. Knowledge of the transfer function of the lens would therefore
enable one to computationally recover a clean image from the observed image.

TThe layers of silver will be transparent to UV radiation.
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Figure 9.4 Transmission function (left) and electromagnetic field intensity
at the image plane (right) obtained (a) with a single slab of silver of 40 nm
thickness; (b) when the slab is split into 8 thin layers of §/2 = 5 nm thick-
nesses; (¢) layered silver-dielectric stack with optical gain and §/2 = 5 nm
and (d) layered silver-dielectric stack with optical gain and §/2 = 10 nm.
€ = +£1F104 in (c) and (d). (Reproduced with permission from Ramakr-
ishna (2005). (© 2005, Institute of Physics Publishing, U.K.)

The levels of gain to exactly compensate for the absorption in the metal
are extremely large, and perhaps can just be achieved in some very high gain
physical systems. But the incorporation of even some lower levels of gain in
the positive parts of the lens will certainly lead to some enhancement of the
image resolution. With the single slab super-lens, the enhancement in image
resolution due to incomplete compensation of absorption can be marginal as
the resolution depends logarithmically on the deviations from the perfect lens
conditions. Nevertheless, for the layered lens with very thin layers and the
lenses based on indefinite media where the image resolution depends inversely
on the dissipation, even a partial compensation of the absorption by gain can
lead to large improvements in the image resolution.

9.2 Generalized perfect lens theorem

The perfect slab lens as well as the layered lenses that we have previously
described have a translational invariance along the transverse directions. It
is this translational invariance that ensures that the image is identical in size
to the source. In the case of the finite transverse lens, we broke the trans-
lational invariance and found that cavity-like effects can become important.
We therefore ask ourselves whether the translation invariance in the trans-
verse directions is essential to the functioning of the lens. It turns out that
the translational invariance can be broken, the material parameters can have
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Figure 9.5 A flat slab of n = —1 of thickness d along with a slab of vacuum
of thickness d is a special case of optical complementary media. A pair of
complementary media nullifies the effects of each other for the passage of
light. The gray scales for figure on the right suggests a possible scale for the
refractive indices. The paths for the propagating modes in the media are not
straight lines in general.

an arbitrary variation along the transverse direction, and yet we can have
perfect focusing if certain conditions are satisfied.

Let us consider the region 0 < z < d to be filled by a medium of one kind
and the region d < z < 2d to be filled with a second medium. It has been
shown in Pendry and Ramakrishna (2003) that the electromagnetic fields on
the z = 0 object plane are reproduced at the image plane at z = 2d, if the
perfect lens conditions are generalized to

e1 = +e(z,y), w = +p(z,y), vV 0<z<d, (9.11a)

g9 = —&(x,y), w2 = —u(z,y), vV d<z<2d, (9.11b)
where (z,y) and p(z,y) are some arbitrary functions of x and y and can take
positive or negative values (See Fig. 9.5 [right] for a schematic picture). We
term such media Complementary Media. The Veselago lens shown on the left
is only a special case of complementary media with no transverse variation.
Upon transport through a pair of complementary media of equal thickness,
radiation undergoes no change in phase or amplitude. Thus, to the world on
the right side of the complementary media pair, all sources on the left side of
the lens just appear transposed by a distance 2d forward. The presence of the
complementary media pair is not felt at all and corresponds to zero optical
thickness. This gives an alternative and fruitful physical picture of negative
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0

Figure 9.6 A pair of complementary media nullifies the effects of each other
for the passage of light. The complementary media sum to an optical null
pairwise if the system has a mirror antisymmetry about the central plane,
and the entire system sums to a null. The same gray scale as in Fig. 9.5 is
used to indicate the refractive indices of different regions.

refractive index media: negative refractive index media are the equivalent of
“optical anti-matter” which nullify the effects of normal media on radiation.
Note that we have not defined the media outside the region 0 < z < 2d as
that is immaterial to the imaging process. Also note that the path of light
in these media is not along straight lines as in homogeneous media and is
schematically depicted in the figure. Effectively, this theorem states that the
variation in the transverse directions is immaterial as long as the same sense
of variation is present in the complementary slab.

In fact, if the media on either side of the z = d plane also had material
parameters that depend on z, the focusing would still be obtainable if the z =
d plane were a plane of anti-symmetry along the Z direction. In other words, if
the system is anti-symmetric about the z = d plane, the complementary media
can be eliminated to a null in a pairwise fashion as shown in Fig. 9.6, where
the meaning of this theorem is expressed pictorially for piecewise continuous
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media. In general, if
52($ay,2d*2) = 761(1‘7yaz)7 H2(I7y72d*2) :7ﬂ1(x7yaz)7 (912)

then also the two regions behave as optically complementary and have no
total effect on radiation that passes through them.

We now prove the above theorem for the general case of anisotropic dielec-
tric and magnetic complementary media. In general, we have for the region-1,

Elzx 51my Elxz ,ulmr ,Uflxy ,ulzz
€1 = Elyx €lyy €lyz 5 H = Hlyz Hlyy Hiyz . (913)
€lzx €lzy €lzz Mize Mlzy Hlzz

Similarly, for the region-2 (d < z < 2d),

E2zx 52xy E2x2 /1421x /14293y ,U/2mz
&g = E2yx E2yy €2yz 3 2 = M2yx H2yy H2yz . (914)
E2zx €22y €22z M2z H2zy HM2zz

Note that the tensorial components are specified functions of the transverse
coordinates (x,y). The electromagnetic fields have to satisfy the Maxwell
equations:

VXE=iwupH, V xH=—iweé E. (9.15)
Decomposing the fields into the Fourier components in the two slabs,
Elw(ka:a ku)
Ei(z,y,2) = exp(iki.2) Z expli(kzz + kyy)| | Ery(kz, ky) |, (9.16a)
ko Ky B (ks ky)
E2z(kxa ky)
E(7,y,2) = exp(ika:2) Y expli(ka + kyy)] | Eay(karky) |, (9.16b)
EQZ(kaH ky)

K,k
where the Bloch conditions can be assumed. Substi uting these fields into the
Maxwell equations and separating out the components, we have

kyElz(k17 ku) - klely(kwa ky) = —WHo Z [lew(kxv kya klxa k;)Hlx(k;a k;)
ki, ks,

+ pray (ka, kys Koy k) Huy (KL, K)) 4 pags (ke kys K, kL) Hy s (K, K],

Yy x) Yy xr Vy y7x7y xr Vy

(9.17a)
klelm(k$7 ky) - kxElz(kwa ky) = —WHo Z [ Mlyw(kan ky; k;y k;)le(k;a k;)
ki kY,

+M1yy(kr,k s ke k/)Hly(k/ k/)—’_ﬂlyz(kxak k., k/)le(k/ k/)]v

Y Vo vy x> Yy Yy oy vy x Vy

(9.17D)
krEly(ka:a ky) - kyEl:v(kzv ky) = _w,U/O Z [Mlzm(kra ky; klzv k;)Hll‘(k;/tﬂ k/y)
k! k!

+ pinzy (ks Ky Ko, By Hay (Ko, ) + e (ko Rys Ky, ) Ho (K Ky ),

z vy z vy zs vy xr Yy

(9.17¢)
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and

kyH. (ks ky) — k12Hiy(ks, ky) = weg Z (€100 (ku, ky; Koy KDY By (KL KL)

Yy s My z) Vy
k7K,
+ Elzy(km, klﬂ klxv kgl;)Ely(klza k;) + Elmz(km; ky, k/r’ kly)Elz(k;, ké)],
(9.18a)
k1 Hog (e, ky) — ko1 (ke ky) = Wweo Z [Elyr(kas, ky; k;» k;)Elz(k;» kz//)
k7, K,
+ e1yy(ka, kys Ky, k) Bry (K, k) + e1yz (K, kys K by ) B (K, k)
(9.18b)
kaly(kIa ky) - kyle(kma ky) = W&o Z [€1Z$(kz, ky; k;, k;)Elx(k;, kly)
K/, K,
+ 1oy (ko kys KL, K Ery (KL, K)) + €122 (Ko, Ky K, ) Bz (KL K.
(9.18¢)
Now consider the substitutions for the field quantities:
Ezw(kl‘7 ky) = El:z:(kz7 ky)a (919&)
EQZ(kxv ky) = _Elz(kxa ky), (9.19C)
Hoy (ks ky) = Hip(kyy ky), (9.19d)
sz(kzvky) = Hly(kzvky)7 (9196)
HQZ(kma ky) = 7H1z(kxa ky); (glgf)
k2z = _klzy (919g)

and for the material parameters, the substitutions

So (ks kys Koy KD) =

Yoy gy vy
_Elxx(kwaky;k;ak;) _glxy(kmaky;k;ak;> +51xz(kx7ky;k;7k;)
*51yz(kz,ky§k;,k;) *51yy(kmaky;k;7k;) +€1yz(km7ky§k;7k;> s
+51zm(kxaky3k;7k;) +Elzy(kmaky;ké»k;) _Elzz(kmaky;k;mk;)
(9.20a)

*,Uflx:c(kmky;kécvk;;) - Hlxy(kmky;kémk;) +Hlxz(kzvky;k%mk;/)

_,Ullym(k:mky;k;lmk?) - ley(kaz;kyak%;k}g) +,U/1yz(k:mkyak;mkly)

+N1zm(l€waky§kwaky) +M1zy(kw7ky;kz7ky) - Mlzz(kkay;kzvky)
(9.20b)

These fields resolve the Maxwell equations in region-2 for the new material
parameter tensors and the boundary conditions on the continuity of the elec-
tromagnetic fields across the interface of the slabs at z = d are also satisfied.
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Hence we have the field
E(z,y,z =2d) = E(z,y,z = d) exp(—ik.d) = E(z,y,z = 0), (9.21)

i.e., the fields at z = 0 are reproduced at z = 2d. The fields are exactly re-
peated in region-2 but in the opposite order along 2. For an arbitrary source
in general, we have a sum over the wave-vector k,. Since the theorem holds
individually for each k., it also holds for the sum. This completes the proof
of this theorem that generalizes the perfect lens effect to spatially varying
complementary media. Thus the sufficient condition for the optical comple-
mentarity is that the material parameters for the second complementarity slab
should be related to the first by

—€lze —€ley 1T€lez —Mizz —Hizy THizz
&g = —E1lyx —Elyy +51yz 3 ﬂg = —Hiyz —Hiyy +,U1yz s (922)
€1z +€1zy —E€1zz +U1za +ley —HU1zz

where all the tensorial components are arbitrary well-behaved functions of the
transverse coordinates. Numerical simulations have confirmed the focusing for
complementary media with transverse spatial variation up to the accuracy of
the calculations (Pendry and Ramakrishna 2003).

9.2.1 Proof based on the symmetries of the Maxwell
equations

A simple and elegant proof for the generalized perfect lens theorem with
anisotropic media can be deduced from the symmetry of the Maxwell equa-
tions. Consider the Maxwell equations

V x E = iwB, (9.23a)
V x (17 'B) = —iweE, (9.23b)
where by € and p we imply the actual permittivity and actual magnetic per-

meability and not the relative ones (for use in this proof alone). Some trans-
formations that leave these equations invariant are:

Sl: E— AE,B - UB,p ! — Au~tAL e —» AeA™L, where A is invert-
ible and an element of GL3(R) (the group of 3 x 3 linear operators).
... Generalized conformal invariance.

S22 E— —¢'B,B— uE,orE — ;7 'B,B — —¢E (iff u = ¢) ... Generalized
duality.

S3:  u— au,e — ¢/a where « is a non-zero scalar.
S4: r — —r,wherer = [z,y, 2], E - —E (B is a pseudo vector) . .. Inversion.

S5:  Any additional space-time symmetries such as translational invariance
etc.
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The combination of any of these symmetries is again a symmetry of the system
of equations. Then we can assert that if the fields in a particular region
of space can be mapped onto another region of space through the symmetry
transformations S1 — S5, while preserving the respective boundary conditions,
then the transformed fields solve the field equations whenever the original fields
do.

The boundary conditions here include, of course, the conditions of continu-
ity of the tangential components of E and the normal component of B across
any charge free and current free boundaries.

Let us apply these transformations to our slab in the region —d < z < 0
with dielectric permittivity and magnetic permeability tensors

Exx Exy €z Mra Hzy Mz
€1 = | €yz Eyy Eyz |, 1 = | Hyz Hyy Hyz | - (924)
Ezx Ezy €22 Pz Pzy Hzz

For propagation along the z direction and origin at the interface, let us use the
symmetry operations of a reflection S4 (z — —z) and S3 (o = —1), followed
by S1 (A) with

-100
A= o0 -10]. (9.25)
0 01

We call this sequence of operations a mirror operation. This choice of A
preserves the continuity of E| and B, across the z = 0 interface. Then the
resulting complementary medium on the right for 0 < z < d is obtained as

B —Exx _Emy +€wz B —HMzx —Hzy +,U/xz
2= | —Cyx —Eyy TE€yz |, H2= | —Hyx —Hyy Tlhyz | (926)
+€zm +€zy —Ezz +,Ufzr +,uzy *,Ufzz

which is the result we obtained before.

9.2.2 Contradictions between the ray picture and the full
wave solutions

The generalized perfect lens theorem is a very powerful statement about the
behavior of electromagnetic fields in complementary media. It is actually
counter-intuitive in many ways and, interestingly, contradicts the results of a
ray analysis in many cases. For example, consider the rays that are incident
on a pair of slabs of complementary media shown in Fig. 9.7. The first one on
the left consists of alternating rectangular regions of n = +1. The rays can be
seen to either transmit through or retro-reflect depending on the point and on
the angle at which they are incident. The generalized lens theorem, however,
predicts only one thing: the complementary slab pair has a transmission co-
efficient of unity for all plane waves regardless of their direction of incidence.
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Figure 9.7 Left: Pair of complementary media slabs of thickness d each.
The refractive index takes the values n = +1 and n = —1 periodically along
the transverse axis (effectively part of a rectangular checkerboard) with a
period of L/2. Rays can be seen to be either transmitted or retro-reflected.
Right: Extreme example of a complementary media slab pair where each slab
consists of alternating equilateral triangular regions with n = +1 and n = —1,
which can be seen to reflect all rays incident upon them. Invariance along the
axis normal to the plane of the figure is assumed in both cases.

Rl
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The second example on the right of Fig. 9.7 shows a complementary medium
slab pair composed of alternating equilateral triangular regions with n = +1
and the invariance assumed in the direction normal to the plane is more ex-
treme. The ray analysis reveals that every ray incident on the slab should be
reflected, regardless of the direction and the point (x) on the slab at which it
is incident. We do neglect here the points of singularities such as the corners
for the ray analysis. The generalized lens theorem, however, predicts a perfect
transmission for every wave. Thus, there is a total contradiction between the
predictions of the ray picture and that of the generalized lens theorem that is
based on the full solutions to the Maxwell equations. Another case consisting
of a spherical cavity in an otherwise homogeneous slab of n = +1 and its
complementary slab has also been pointed out (Pendry 2004b).

The contradiction between the generalized lens theorem and the ray anal-
yses can be worrisome at first sight. However, one has to bear in mind that
the ray picture stems from a high frequency approximation of the Maxwell
equations, based on the Eikonal equation (Born and Wolf 1999), while the
generalized lens theorem is an exact statement. In fact, there are other in-
stances in Optics where the ray analysis is known to fail. For example, in
order to explain the case of complete reflection of light incident at an angle
on a stratified medium with slowly and monotonically decreasing refractive
index, one has to invoke either the total internal reflection (which involves
evanescent waves for which we have no corresponding ray) or the curvature
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of the wave-front associated with the wave, which again is not considered in
the ray approximation.

The properties of complementary media strongly depend on the resonant
surface plasmon states on the interfaces and on their interactions, whereas
these localized resonances are not accounted for in the ray picture. The
strange transmittive power of the piecewise continuous complementary media
presented here can be traced to the propagation of surface plasmons on their
interfaces and the scattering of these interface states from the corners. These
are another instance of extraordinary transmission that is possible with meta-
materials and which holds for all incident waves — propagating and evanes-
cent. The mechanism of plasmonic guidance involved here via the interfaces
between positive and negative index media differs substantially from the ex-
traordinary transmission through subwavelength holes in thick metallic films
that have become so popular in recent times (Ebbesen et al. 1998, Barnes
et al. 2003).

Given the simplicity of the ray picture compared to full wave calculations,
one is likely to be tempted to use the ray analysis as the first line of attack.
In many cases the ray picture does yield some useful information about the
modes of the system. However, we have seen that the ray analysis of situations
involving localized resonances can lead to incorrect conclusions. Hence, any
prediction based on the ray analysis in the case of complementary media has
to be carefully checked by a full wave analysis.

9.3 The perfect lens in other geometries

Beyond a point, the planar geometry of the slab lens and the layered lens
can be quite constraining. For example, the size of the image is bound to
be the same as the object, and the system cannot focus a beam of light into
a tight spot. Lenses in Optics are used for a multitude of effects and most
importantly to magnify or demagnify the image of a source. In the slab
lens the unit magnification comes about primarily due to the translational
invariance along the transverse directions due to which the parallel wave-
vector components (kg,k,) are conserved. That is why traditional Optical
lenses have curved surfaces — the translational invariance is broken, and the
distribution of parallel wave-vectors can be changed. Then the image can
have a different transverse size than the source.

Obtaining super-lenses with curved surfaces is not straightforward. The
performance and subwavelength image resolution of a super-lens is directly
related to the near-degeneracy of the surface plasmons on the interfaces of the
super-lens. In general, curved surfaces have a very different surface plasmon
spectrum than the flat surfaces discussed so far. The only known exception
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y

Line charges Image charges

Figure 9.8 Left: Imaging by a slab lens of a set of periodically placed charges
at u = u, and v = 2mm in the 2’ plane. Right: Upon a conformal mapping
z' = Inz, the parallel lines go into concentric circles and the periodically
placed charges map into one charge. The image of the charge is formed outside
the cylindrical annulus of negative dielectric permittivity indicated by a gray
shadow.

is approximate: a cylindrical surface with negative, homogeneous dielectric
permittivity has a nearly degenerate plasmon dispersion in the quasi-static
limit, i.e., when the cylinder is very thin compared to the wavelength. It
has been shown (Pendry and Ramakrishna 2002) that a cylindrical shell of
negative dielectric permittivity (¢ = —1) can act as a super-lens in the quasi-
static limit for TM polarization whereby it transfers inside (outside) the image
of a line charge placed outside (inside) it. The proof of this is most easily given
by utilizing a conformal map

2 =Ing, (9.27)

where z = z + iy and 2’ = u + iv for the solutions of the Laplace equation
(extreme near-field limit) for the slab geometry. Here in the z’-plane, u is the
optical axis of the slab lens and v is the transverse direction. The transfor-
mation maps lines parallel to the v axis into concentric circles in the z plane,
hence mapping a set of periodic line charges along the line u = ug into a single
charge of the same magnitude. The positions of the source, image, and the
radii of the cylindrical shell are given by

U, =Inr,, w; =Ina;, us=Inas, wu;=Inr;, (9.28)

as shown in Fig. 9.8. This lens can also be shown to have a spatial magnifi-
cation of the near-field image by a factor of (ag/a;)?.

While the Laplace equation is invariant under a conformal mapping and
the solutions so obtained are valid in the extreme near-field approximation,
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the Maxwell equations and the Helmholtz equations are notinvariant under
a conformal map. However, we can utilize the known solutions in one ge-
ometry such as the slab geometry and map them to another geometry in
a similar manner using a coordinate transformation. In the remainder of
this chapter, we discuss the possibility of obtaining focusing with cylindri-
cal lenses (Pendry 2003), spherical lenses (Pendry and Ramakrishna 2003,
Ramakrishna and Pendry 2004), two-dimensional sharp corners (Pendry and
Ramakrishna 2003), checkerboards and three-dimensional corners (Guenneau
et al. 2005b).

9.3.1 A transformation technique

We should note that a geometric mapping via a coordinate transformation
would distort space, inducing a change in the material tensors € and p in the
transformed geometry.! Thus, the material parameters in the transformed ge-
ometry would be spatially varying (heterogeneous) and anisotropic in general.

Consider a general transformation of the coordinates from the Cartesian
coordinates:

q1 = Q1(177y72), q2 = q2(x7yaz)7 q3 = Q3(xay7z)' (929)

A cube in the new coordinate system would appear highly distorted in the
Cartesian coordinate system. In the new coordinate system, Maxwell equa-
tions have been shown to take the form (Ward and Pendry 1996)

Vg % E = iwpofiH, (9.30a)
Vg x H = —iwe(éE, (9.30b)

where £ and 1 are, in general, some (frequency-dependent) tensors, and E and
H are renormalized fields. The Maxwell equations hence preserve their form
in terms of these new renormalized quantities. If (¢1, g2, g3) are assumed to be
orthogonal, then the renormalized € and ji, and fields in the new coordinate
system are related to the actual material parameters and fields by

€ = EingQ‘g’ [ = ingQ?’, (9.31a)
E; = Q.E;, H; = Q;H, (9.31b)

where

oz \ 2 oy 2 0z \?
Qf:(aqi) +(8q¢) +(8qi) . (9.32)

fThe same principle can be used to cloak regions of spaces from external electromagnetic
radiation and achieve electromagnetic invisibility, as discussed in Chapter 10.
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The essential idea is to map new geometries into geometries where we know
the solutions, for example, the Veselago slab lens. We can then use the known
solutions of the fields to recover the fields in the new geometries as well as to
define the actual inhomogeneous and anisotropic material parameter tensors
in the new geometries. The essential condition for this procedure to work
is, of course, that the transformation should be invertible. Since we have
already assumed that we only transform to orthogonal coordinate systems,
the boundary conditions on the fields are satisfied in both geometries.

In the remainder of this section, we use this coordinate transformation
technique to generate super-lenses in new geometrical configurations.

9.3.2 Perfect lenses in curved geometries: cylindrical and
spherical lenses

Cylindrical lenses:

To generate cylindrical lenses, let us make a transformation from the Carte-
sian to cylindrical coordinates:

z = roe'’% cos ¢, y = roe’/ sin ¢, =27, (9.33)

where 7 = roef/% and rg, £y are some scaling parameters. We obtain

Qe = 7“706@/@07 (9.34a)
Lo

Qp = roe/’, (9.34D)

Rz =1 (9.34c)

for the transformation. Hence the renormalized material parameters come out
to be

1 ré 20
&p = boey, €y =Ly €, 7= zexp|— )&, (9.35a)
I Lo
. - _ - rd 20
e = EO/J/L /,L¢, = ZO 1M¢7 Hz = g—g exp <€0) Mz (935b)
0

Choosing the scale factor £y = 1 and explicitly defining the material parame-
ters in the cylindrical geometry as

Er = My = +1,

€6 = ¢ = +1, YV or<as, (9.36a)
€z = Hz = +1/T2,

Er = flr = —1,

€p = oy = —1, YV oay <r<ag, (9.36b)

ex = p. = —1/1%,
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Er = pp = +1,
€¢ = by = +1, YV oas <, (9.36¢)
ex = ps = +1/1%,

we obtain that

é@ = ,l][ = +1a

Ep = fig = +1, YV €< lyln(ay/ro), (9.37a)
€, = i = +1,

€0 = laf = _17

545 = /1¢ =—-1, vV £y ln(al/ro) <l <y 11’1(@2/7’0), (937b)
€, = ﬁZ = -1,

é@ = /]'Z = +17

§¢ = ﬂ,qg =41, vV £ ln(ag/’l“o) </ (9370)
6~~z = [jJZ = +15

in the ¢, ¢, Z coordinates. The renormalized material parameters satisfy the
same conditions as the slab perfect lens in Cartesian coordinates. Hence
we have actually specified a perfect lens in the cylindrical geometry through
our choice of the material parameters. Note that our choice of the spatial
dependence of the material parameters was done so as to obtain homogeneous
renormalized € and fi. Note that the z-components of the material parameter
tensors are inhomogeneous and have 1/r? dependence.

The new system with the specified parameters must accordingly act as
a cylindrical super-lens, and transfer images in and out of the cylindrical
annulus. Let us suppose that the line source is located at (r,, ¢,) inside the
cylindrical annulus (see Fig. 9.8). The location of the image can be obtained
from the condition

(U — L) — (bi—la) = (b — 1) = ri=ro(az/a1)? ¢ = ¢o. (9.38)

All lengthscales on the image are magnified (angular magnification A¢) by a

factor of )
M = (“2) , (9.39)

a1

which is the magnification of this system. Note that the magnification or de-
magnification of the image holds for the near-field image as well. For example,
if the fast-varying features are not amenable to interrogation by a scanning
near-field microscope due to resolution limitations, one could instead try to
image these fast-varying features in the magnified image. Another possibility
is if r; = a1 and r, = a3, then the magnification of the image could allow
coupling to the propagating modes in the region r > a5 and hence allow us to
project out the near-field. Another important point is that the demagnified
images inside the cylindrical annulus would be more intense: this has poten-
tial consequences when we want to concentrate weak incident fields. Note
that these cylindrical lens are also short-sighted in the same manner as the
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Figure 9.9 A spherical shell with negative e_(r) ~ —1/r and p_(r) ~
—1/r images a source located inside the shell into the external region. The
media outside have positive refractive index, but e, (r) ~ 1/r and pu4(r) ~
1/r. The amplification inside the spherical shell of the otherwise decaying
field is schematically shown. (Reproduced with permission from Ramakrishna
(2005). © 2005, Institute of Physics Publishing, U.K.)

slab lens is: they can only focus sources from inside to the outside only when
a?/ay < r < ay, and the other way around from outside to the inner world
when the source is located in ay < 7 < a3/a;. Furthermore, note that for
the optical axis along the ¢ direction, the generalized lens theorem predicts
that the variations in the transverse ¢, Z directions are irrelevant. Hence the
medium parameters, in general, could also be arbitrary functions of ¢ and Z.

Spherical lenses:

In an analogous manner to the cylindrical lens, we can show that a spherical
shell of negative index media can also act as a super-lens. Consider a shell
of negative refractive index material embedded in a positive index medium as
shown in Fig. 9.9. Transforming to the spherical geometry from the Cartesian
geometry:

z =roe'’% sind cosg, y = roe’/? sinf sin ¢, z = roe'’* cos,
(9.40)
where £ is oriented along the radial direction, r = roe/%, and rq, £y are some
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scaling parameters as before. We obtain

O = 0et/to. (9.41a)
4y
Qp = roct!, (9.41b)
Qg = roe’/" sing (9.41c)
for the transformation. Hence the renormalized material parameters are

& = roloe/* 0 sin 6 g, €9 = Lsee/éo sin 0 9, €0 = Z))Z:j; =4
(9.42a)

e = roloet’ % sin 0 g, fio = %e”fﬂ sinf g, fip = Z))Zi/f; M-
(9.42b)

Note that the imaging direction that we seek is along the radial (¢) direction.
Choosing the scale factor £y = 1, we explicitly define the material parameters
in the spherical geometry as

g1 =cg =€y =ce b = 5%0 (9.43a)
_ To
pe = o = pg = pe” 0 = p—. (9.43b)

Then we obtain renormalized material parameters that have no ¢ dependence:

€¢ = +ergsing, Ep=+ergsinf, 4= —’—,67‘0, (9.44a)
sin 6
flg = +prosing,  jig = +urosing,  fiy = l@o. (9.44b)
sin

If the quantities € and p take the values +1 in the the regions £ < ¢y In(ay/ro)
and foln(az/ro) < £, and the value —1 for £yIn(ai/ro) < £ < €yln(az/r0),
then the renormalized material parameters have the required complementary
behavior with no variation along the radial (imaging) direction and only a
variation along the transverse () direction. Hence we conclude that this sys-
tem, which has isotropic but inhomogeneous (~ 1/r) material parameters,
acts as a spherical super-lens. Note here that it is the generalized lens the-
orem for complementary media with transverse variation that allows us to
make this conclusion. Once again it is straightforward to show that the image
of a source located at (r,,0,, ®,) appears at (r;,0;, ¢;) where

ri =r1o(az/a1)?,  0; =0, ¢ = bo, (9.45)

2
and that the system has a magnification given by M = (Z—f) .
Actually this result can also be obtained by a more conventional but tedious

calculation. In order to convince the reader of the considerable simplicity and
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power of the transformation technique, we present this more conventional
calculation (Ramakrishna and Pendry 2004) here which confirms our earlier
result for the spherical shell. We consider a spherical system whose € and p
have a variation of 1/r along the radial direction. Under the circumstances of
spherical symmetry, it is sufficient to specify the quantities (r-E) and (r-H),
which constitutes a full solution to the problem.

Consider the TM polarized modes r- H = 0, in which case only the electric
fields have a radial component E,.. Operating on the Maxwell equation by V,

VXV xE=iwuV x [u(r)H],

= %zu(r)e(r)E +iw VM‘ES) XV x E, (9.46)
and we have
V-D=V:[e(r)E]=Ve(r)-E+e(r)V-E=0. (9.47)

If we assume e(r) = e(r) and p(r) = p(r), we have

vE--U g 20 g (9.48)

where the prime indicates the derivative with respect to the argument shown
in the parenthesis. We note the following two useful identities for subsequent

use:
VxVxE=V(V-E)-V’E, (9.49)

and
Vi(r-E)=r-V?E+2V-E. (9.50)

Noting that € only depends on 7, we obtain that

r-V(V-E)= —% <EI(T) (rET)> + (i((:)) ET> . (9.51)

e(r)

Using the above four equations, we can obtain an equation for the electric
field as

e'(r)
re(r)

This equation is separable in (7, 8, ¢) and the Spherical Harmonic functions are
a solution to the angular part. Hence, the solution is (rF,.) = U(r)Y;n (0, ¢)
where the radial part U(r) satisfies

T% 53 (%U) ) za;nm g [s'mU] N 5/(T)U+6(T)M(T)%2U (=9.53)

0
V2
(rEr) + or

(TET):| + (rE,) + E(T)u(r)i—j(rET) =0. (9.52)
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If we choose £(r) = ar? and u(r) = Br?, we can use a trial solution U (r) ~ r"
and obtain

n(n+1) =11 +1) +p(n — 1) +plr" =2 + afuw?/crPttm =0,  (9.54)

implying p 4+ ¢ = —2 and

ne =1/2 [—(p +1) £+ )2+ +1)— 4a@w2/c2} . (9.55)
Hence the general solution can be written as
E(r) =Y [ngApnr™ ™ 4 n_Bpnr™ " Yim (0, 9), (9.56)
l,m

and a similar solution can be obtained for the TE modes with r - E = 0.

Assuming an arbitrary source at r = ag, we can now write the electric fields
of the TM modes in the different regions for the negative spherical shell of
Fig. 2 as

E(l)(r) = Z _n+Al(,1,2r"+_1 + n,Bl(iL)r”*_l_ Yim (6, 9), ap <r<ai,
Iom .
(9.57a)
E® (r) = Z n+Al(72,2r”+*1 + n,Bl(jL)rnffl Yim (0, ¢), a1 <71 < ag,
Ilm .
(9.57b)
E®) (r) = Z n_,_Al(gI)rT”*l + n_Bl(i)rnffl Yim (0, @), as < r < oo,
Im .
(9.57¢)
and similarly for the magnetic fields. Note that the Bl(;) correspond to the field

components of the source located at » = ag. For causal solutions, Al(i) =0.
Satisfying the boundary conditions for the fields, and under the conditions

p=—1,q=—-1,e4(a1) = —e_(a1), and €4 (az) = —e_(az), we have

Al — o, (9.58)
1 V0Il4+1)—apw?/c?

AR = (a2> B, B =o, (9.58b)
1
2\ VI(lH1)—apfw? /c?

3 a 1
BY) = (é) B, (9.58¢)

The lens-like property of the system becomes clear by writing the field outside
the spherical shell as

1 1
E® = -5 BYY..(0,6). (9.59)

aj

1(14+1)—aBw?/c?
[a%r:| VI(I+1) /

© 2009 by Taylor & Francis Group, LLC



350 Designing super-lenses

Hence apart from a scaling factor of 1/r, the fields on the sphere r = a3 =
(a3/a%)ag are identical to the fields on the sphere 7 = ag. We also have
a spatial magnification in the image by a factor of a3/a?. Similar to the
cylindrical lens, this spherical lens is able to image sources that are also located
only within a finite distance of the negative spherical shell. Note that the
positive medium outside the shell is also required to have spatially varying
material parameters that vary as 1/r. In the presence of finite dissipation,
using the ideas of the asymmetric lens (Ramakrishna et al. 2002), we can
terminate the spatially varying media at some finite but large distance away
from the spherical shell.

Let us note a couple of points about the above perfect lens solutions in the
spherical geometry. First, for r > ag, i.e., points outside the image surface,
the fields appear as if the source were located on the spherical image surface
(r = as). However, this is not true for points as < r < a3 within the
image surface. Second, note that our imaging direction is along r and ¢
and p can be an arbitrary function of 6 and ¢ with the only condition of
complementarity between the negative and positive regions. We can, however,
reach this conclusion only by recourse to the generalized lens theorem and
it cannot be straightforwardly obtained from the conventional calculation.
Third, given that €_(a2) = —ey(az), we have the perfect lens solutions if
and only if ny = —n_, which implies that p = —1 in Eq. (9.55). Although
the solutions given by Eq. (9.56) occur in any medium with ey ~ 1/72, the
perfect lens solutions work for both polarizations only if € ~ u ~ 1/r. Here
we have written down the solutions for the TM modes. The solutions for the
TE modes can be similarly obtained. A choice of £ ~ 1/r? enables focusing
for only the TM modes, and u ~ 1/ enables focusing of only the TE modes.

Again there is a considerable simplification that is possible in the extreme
near-field limit (Ramakrishna and Pendry 2004) in which case the imaging for
the TM modes becomes independent of the magnetic permeability and only
requires € ~ —1/r2. Similarly, the TE modes become independent of the
e and the only condition is that u_ ~ —1/r% Further, the constraint that
the positive media outside also be spatially varying can be dropped. In this
limit it can be shown that the largest multipole that can be resolved is again
limited by dissipation in the NRM and is approximately (Ramakrishna and
Pendry 2004)

o miBeies/[ei(an)ei(az)]}
e 21n(as/aq) ’

(9.60)

where e; = —Re(e_(a1)) and e3 = —Re(e_(az)) for the perfect lens conditions
and g;(r) ~ 1/r? is the imaginary part of the permittivity for the negative
medium shell.

A fundamental issue that comes up for the spherical or cylindrical lenses
is: what do we mean by complementarity and equal thickness? For exam-
ple, how would the medium within the complementary layers appear to an
observer external to the complementary spherical regions? Consider the two
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(67

Figure 9.10 A pair of spherical complementary shells cancel each other.
The two complementary shells are shown by different shades of gray.

complementary spherical regions shown in Fig. 9.10 by different shades of
gray. Let (e, pe) and (g, ;) be the material parameters in the regions ex-
ternal and internal to the complementary layers, respectively. We first note
that the condition of complementarity in the (¢,6, ¢) space would just imply
that f3 — ¢3 = o — f1, which simply translates to az = a%/a;. In the context
of the generalized lens theorem in the Cartesian geometry, for an observer
to the right of the layers, we could just cut out the complementary layers
of equal thicknesses and move the media and the sources on the left of the
layers by a distance 2d toward the right. In the context of the spherical lens,
we could carry the operation out for the equivalent slab pair in the Cartesian
geometry and then transform back into the spherical geometry. For the region
beyond the complementary layers, i.e., 7 > ao, this only amounts to undoing
the original transformation and we obtain

el =ee(r),

vV r>as. 9.61
Ay o0
However for the points r < a3, the material that was originally inside the
inner sphere r < a; has to now shift into the region r < a3. Hence the new
equivalent parameters for this region r < az would be

= 2oy (2),

€ = o€

vV r<as. 9.62
o ) : (962

We see that not only does the spatial dependence need to be rescaled but
also the magnitudes of ; and u; need to be adjusted to account for this
transformation.
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9.3.3 Hyperlens: a layered curved lens

We have seen that super-lenses that utilize the excitation of the surface plas-
mons have a limitation in that the image resolution is deteriorated by the
presence of dissipation. One way to overcome this limitation is to simply use
the idea of the layered lens in curved geometries. Even if we have resonances,
dissipation does not affect the obtainable resolution significantly because the
amplitudes of the modes are kept small. Another possibility is to use the
indefinite anisotropy of the layered system as was explained in Section 9.1.2.
A lens whose function crucially stems from this anisotropy and depends on
the hyperbolic nature of the dispersion has been termed a hyperlens (Jacob
et al. 2006).

Similar to the expansion in plane waves exp(ik,z) in Cartesian coordinates,
the fields on a cylindrical surface r = r, can be expanded in the periodic
functions exp(+im¢) where m is a positive integer. In an isotropic dielectric
medium, one can write for the dispersion in terms of the radial and azimuthal
components of the wave vectors:

kP + kD = ew?/c?. (9.63)

The azimuthal wave-vector ky = m/r and decays in magnitude at large r.
For any given m, there is a radius below which the k, becomes imaginary
and the amplitude of the mode is exponentially small for points within this
radial distance. Hence if a small scattering object (with fine variation along
@) is placed at a small radial distance, the coupling to the large m modes that
accurately describes the fast variation with ¢ becomes small and the near-field
information does not propagate away. However, this would be different if one
had a hyperbolic dispersion in the medium.

Consider a concentrically stratified medium made of alternative layers of
silver (a negative dielectric medium) and a positive index medium as shown
in Fig. 9.11. The layering creates an anisotropy for both field components,
normal and parallel to the interfaces. The medium can be considered to be
anisotropic with different €, and €4 in the effective medium limit of small
layer thickness. It has been shown before that these two components can
have opposite signs. We have seen in Section 2.5 that at low frequencies,
€6 < 0 and &, > 0, while at high frequencies the converse is true. In either
case, the dispersion equation becomes hyperbolic, but has a low wave-vector
cutoff in the first low frequency case, while there is no cutoff in the second
high frequency case. In the second case, the dispersion equation is

k2 m? w?

—_ - = Uy 9.64

es  13er] B (9.64)
Thus, the large m modes do not become evanescent here for any value of m
(this would be valid as far as the effective medium picture works). Hence
the higher order m modes of the scattering object can couple to propagat-

ing modes in the cylinder and can propagate radially away, thus transferring
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z

Figure 9.11 A cylindrically layered medium with alternate cylindrical layers
of a negative dielectric medium (gray) and a positive medium (white) acts as
an indefinite effective medium. This can be utilized to project out the near-
field information of two small sources embedded within the innermost layer
to the space outside the layered cylindrical system. The image so produced
has a magnification and may be outcoupled to the far-field propagating modes
easily.

the near-field information to much larger radial points. There would be a
magnification in the image formed at larger radial distances by the ratio of
the tangential wave-vectors at the source and image points, which translates
to the number M = r;/r,. At much larger radial points, since kg is now a
small quantity, one can actually outcouple these modes to propagating modes
and image them using conventional optics. The hyperlens is limited again
only by the levels of dissipation in the silver, which damps out the waves as
they propagate radially outward. Another critical issue is the quality and the
surface roughness of the silver layers, which need to be exceptionally good for
implementing the hyperlens. The hyperlens that combines the properties of
the layered effective medium and the cylindrical (and in principle, spherical)
lens represents an exciting implementation that utilizes the hyperbolic nature
of dispersion in indefinite media to full advantage and allows for the far-field
imaging of highly subwavelength sized sources.

The idea of the hyperlens has been demonstrated experimentally (Liu et al.
2007) with 16 alternating layers of silver and alumina (35 nm thickness each)
deposited on the inside of a semi-cylindrical cavity on a quartz substrate. The
system with radiation of about 364 nm wavelength could produce a magnified
image outside the layered cylinder of two 35-nm-thick lines placed 150 nm
apart inside the cylindrical layers. The spacing between the lines in the mag-
nified image was 350 nm, which is resolvable by conventional optical micro-
scopes. Thus, subwavelength information of A/2.5 was propagated out by a
distance of more than 3\, which is a very significantly large distance.
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Figure 9.12 Top: (Left) A 90° wedge (corner) of negative refractive index
acts as a lens with an image forming at a point in free space across the corner
and inside the negative index wedge. This can be mapped into the periodic
layered system with periodically placed sources shown on the right. Bottom:
(Left) Two 90° wedges of negative refractive index (n = —1) with the corners
touching can act as an open resonator. Images form in each quadrant of
space and the fourth image gets focused back onto the source. This system
can also be mapped into a periodic layered system of negative index slabs
with periodically placed sources shown on the right.

9.3.4 Perfect two-dimensional corner lens

In the case of the cylindrical and the spherical lens we chose the radial di-
rection as the imaging direction. An interesting variation can be obtained
if one chooses instead the azimuthal ¢ direction for imaging. Sharp corners
have very interesting electromagnetic properties. Even the electrostatic prop-
erties are rich, with the electrostatic fields showing a divergence in as one
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approaches the singular point (Jackson 1999). Consider a wedge-shaped piece
of a semi-infinite negative refractive index material with n = —1 shown in
Fig. 9.12 with invariance along the axis normal to the plane of the figure. A
ray diagram shows that the properties of negative index wedges are interesting
and reveals the possibility of imaging a source across the 90° corner as shown
in Fig. 9.12. Negative refraction reverses the direction of the rays and causes
a real image to form on the other side of the corner. Compare the similarities
of this system to a corner reflector where a source placed inside the corner
would generate an apparent image across the corner.

In fact combining two such wedges of negative refractive index medium
that just touch at the corners as shown in Fig. 9.12 (bottom panel) makes it
even more interesting: classical rays emanating from a source placed in any
one of the quadrants are returned back to the source point (Notomi 2002).
Thus, the ray picture suggests that the double corner can act as an open
resonator. However, we have seen that the ray picture cannot be completely
relied upon with complementary media. Hence it is desirable to have a full
wave calculation to confirm the imaging properties of such a system.

Using the transformation technique and the generalized lens theorem for
complementary media, it has been demonstrated (Pendry and Ramakrishna
2003) that the images formed in the above two cases are perfect in the sense
that they involve both the propagating and the near-field modes of the source.
Consider the periodic arrangements of slabs shown beside the corners with
material parameters:

e(¢) = p(o) = { i z - Z/z ;ﬁ ffﬂ (9.65)

in the first case (a) of a single corner, and

+1 V —7/2<¢ <0 and 7/2< ¢ <,

6((/5):”((75):{1 V —m<¢<—n/2 and 0< ¢ <7/2, (9.66)

in the second case (b) of the double corner lens. We assume invariance in
the direction normal to the plane. Note that a source is placed in the second
quadrant. It is easily seen that the layered medium periodic stack of negative
refractive index can be mapped onto the corners of negative index using the
transformation to cylindrical coordinates:

0 cos ¢, y = roe’/% sin ¢, z2=7. (9.67)

T =rge
Using the transformation properties, we have

- - - - +1 €z =liz = r2e2t/to
€ = e =Ep = Ho = {_1’ £y = ﬂZ _ _07,8625/’(0 (968)
)

in the respective positive and negative quadrants. The conditions of comple-
mentarity are satisfied and the dependence along the r axis is irrelevant as
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Figure 9.13 A periodic arrangement of cells in checkerboard fashion with
adjacent cells having n = +1 (white) or n = —1 (gray) is shown schematically.
If a source is placed in one of the cells, an image forms in every other cell. The
properties of the checkerboard are dominated by the modes at the corners. A
ray picture only predicts a few of the images as shown.

it is orthogonal (transverse) to the imaging axis along ¢. Hence we conclude
that the images in both the cases of the homogeneous single corner (a) and
the homogeneous double corner (b) are perfect and the imaging involves both
the propagating and near-field evanescent modes of radiation.

Note that case (b) is unusually singular as the source and the image are
imaged onto each other and the fields grow indefinitely in time. It has also
been shown that all the surface modes of this system are degenerate at the
surface plasmon frequency and the density of modes in the system at this
frequency should be infinite (Pendry and Ramakrishna 2003). This mapping
into periodic layered media can easily be extended to show that several iden-
tical intersecting wedges would also have interesting focusing properties and
can image a source onto itself (Guenneau et al. 2005a). It has been shown
in He et al. (2005) that there are modes that are essentially trapped at the
corners and do not propagate away from them. Thus, the touching corners
actually behave like open resonators and can be used to localize light for some
time.

9.3.5 Checkerboards and a three-dimensional corner lens

We finally briefly examine an even more singular super-structure of negative
refractive index materials obtained by putting together the touching double
corners onto a lattice. Rectangular checkerboards of alternating regions of
positive and negative refractive index as shown in Fig. 9.13 have been shown
to have several interesting electromagnetic properties (Guenneau et al. 2005b).
Let us call the axes along the checkerboard directions 6 and (;AS, and the direc-
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tion normal to the plane as ¢ which is a direction of invariance. Qonsider that
the system is periodic with a period of 7 along both the 6 and ¢ directions.

Let us define a checkerboard of homogeneous regions with ¢ = = +1 and
€ = u = —1 in alternating periodic regions of the checkerboard as shown in the
figure. A ray analysis shows that the rays from a source at (61, ¢1) can either
be trapped around corners or can flow out to the infinities in the crystal while
undergoing negative refraction at every interface. The ray analysis obtains
a series of images that are formed periodically along the two lines § = 6,
and ¢ = ¢;. This decomposition, however, would not be complete for waves
for which the interactions with the singular corner points would also be very
important. Using the generalized lens theorem, it can be deduced that an
image should be formed in each cell of the checkerboard lattice. To show this,
let us consider the imaging along, say, the 6 direction and use the generalized
lens theorem, whereby the condition of complementarity is satisfied for the
layers along the imaging 6 direction with varying refractive index n in the (b
direction transverse to the imaging direction. For a source at 8 = 01, ¢ = ¢
in the first positive cell, we have a set of images along the ¢ = ¢; line at
0 = +mm + 0; and —6; where m is a positive integer. Similarly, applying the
generalized lens theorem along the QAS direction, we can show that the entire
set of image points would be reproduced along the quS direction. Hence we have
an image point in every cell of the checkerboard structure corresponding to
the source placed in any one cell. The contradictions that can arise between
the ray analysis and a full wave prediction have already been pointed out in
Section 9.2.2 and we have one more such case here where the ray analysis
reveals only part of the real field distribution.

The presence of a very large number of corners with a high density of modes
renders the system very singular. Each corner can support an infinite density
of degenerate surface plasmons (Guenneau et al. 2005a). In principle, all the
fields of the source would get coupled into the eigenmodes of the corners and
the exponentially large fields at the singular points would completely swamp
out the inhomogeneous solutions due to the source. Only absorption prevents
the actual divergence of the fields in an infinite lattice. On the other hand, a
finite checkerboard would imply that all modes (however highly evanescent)
in the system are leaky modes and in time escape out of the checkerboard.
Numerical studies of checkerboard structures have indeed confirmed this be-
havior both with respect to the total size of the checkerboard superstructure
and with respect to the levels of absorption in the system (Ramakrishna et al.
2007b). Dissipation or finite size regularizes any such unphysical divergence,
in which case it becomes meaningful to talk about the properties of checker-
boards.

The properties of an extended two-dimensional checkerboard, however, can
be utilized to make an important deduction, i.e., the eight touching three-
dimensional corners (octants in three dimensions) of negative refractive index
can focus light in a similar manner as two-dimensional intersecting corners
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Figure 9.14 The unit cell of the checkerboard on the left with the double
periodic set of sources can be mapped into the set of eight alternating three-
dimensional corners with alternating positive and negative refractive index
(n = £1). The corners extend out to the infinities and together act as a
three-dimensional open resonator for light.

(quadrants). To show this, consider a checkerboard with the properties

£

Ei9(9,¢> = *+e¢ sin@, 5i¢(07¢) = m, (9.69&)
pio(0,0) = £u sing,  pey(0,0) = iﬁ, (9.69D)

where the positive signs and negative signs occur in a checkerboard alternating
fashion in space. It is clear that such a system satisfies the conditions of
complementarity and mirror anti-symmetry along the main imaging axis (é
or ¢ in this case), and therefore it should also have imaging properties similar
to the homogeneous checkerboards. Also note that the variation of € and p
along the 7 direction is immaterial to the behavior as ¢ is transverse to the
imaging axes along 6 and qg

Consider making a transformation to spherical polar coordinates from Carte-
sian coordinates by Eq. (9.40). We obtain the transformation parameters

.
Qe = foewo, Qo =10, Qy = roe'/" siné.
0

The renormalized dielectric permittivity £ and fi are given by the Egs. (9.42a)
and (9.42b), respectively, and are reproduced below for convenience:

0/0y
r ro€
Er = 7'0506[/[0 sinf ey, o = Det/togin g g, Ep = 0 - €
0 £y sin 0
2/00
- . - 0 /0 ~ o€
= rolpe’/* sin 0 , = —€"/"°sinf ug, = - .
e 0€o e Mo % Ho 22 o sin 6 He
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The variation along the radial £ (transverse) direction is irrelevant and can
be ignored. Consider in addition eight three-dimensional corners of homoge-
neous materials as shown in Fig. 9.14 with alternate wedges having positive
or negative refractive index (n = £1). Hence we have

Er = =€ =g =Ep = gy = 1 (9.70)

in the corresponding regions. Choosing the scale factor ¢y = 1, Eq. (9.42a)
and Eq. (9.42b) become

~ ~ 7”()6[

Ep = Jig = Ep = fig = roe’sind, &y = fiy = o (9.71)

i.e., the system appears just like the two-dimensional checkerboard shown in
Fig. 9.14 with spatially varying material parameters considered in the previ-
ous paragraph, but with a doubly periodic set of sources with a period 27
along ¢ and 6 and a symmetry plane along # = w. Hence, the cubic cor-
ner with the homogeneous materials with alternating signs for the refractive
index also forms an imaging device with an image point inside every cubic
corner. Thus, we have generalized the result of the two-dimensional corner
to a three-dimensional corner. An image of the point source in one octant
is generated inside all the other seven octants and an image mapped onto
the original source point as well. The images are, in a sense, perfect in that
both propagating and evanescent waves are involved in the imaging. Thus, a
truly three-dimensional open cavity is realized in this configuration. In fact,
by considering checkerboards with variations along the 6 and g% directions but
respecting the condition of a mirror anti-symmetry about the interfaces, one
can generate entire classes of interesting configurations of three-dimensional
lenses.

We conclude our discussion of checkerboards with an observation on some
very interesting properties of triangular (two-dimensional) checkerboards where
the cells are equilateral triangles. While a corner of intersection of three finite
triangles has some circulating modes about the corner, a ray diagram shows
that no ray can escape from a double layer of a triangular checkerboard as
shown in Fig. 9.15. This does not, however, hold strictly for a wave, which
always has a finite probability of escaping from the finite system. It has been
shown that the residence time of waves in the checkerboard can be highly
enhanced by layering up the triangles in a concentric manner (Ramakrishna
et al. 2007b). The more the number of shells, the better the confinement of
radiation. In contrast, this does not hold for a rectangular checkerboard where
the ray picture shows that a subset of rays that escapes out of a finite system
always exists. Full wave calculations have, indeed, revealed that the resi-
dence times in rectangular checkerboards increase comparatively slowly with
increase in the number of concentric shells (Ramakrishna et al. 2007b). This
confinement holds much potential for enhancing the sensitivity of detectors,
or for enhancing non-linearities.
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Figure 9.15 Finite checkerboard consisting of alternating regions of pos-
itive and negative refractive index media in equilaterial triangular regions.
Invariance is assumed normal to the plane of the figure. All rays emitted by a
source located in one of the interior triangles are trapped in closed trajectories
around one of the three corners.
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Brief report on electromagnetic invisibility

10.1 Concept of electromagnetic invisibility

Invisibility has been a long-lasting dream of scientists, writers, artists, movie
makers, and many more. The notion of invisibility carries a magical aura
that sparkles our dreams and make us believe that everything else becomes
possible. Certainly achieving invisibility would open the door to a world of
applications limited only by our imaginations. The possibility of invisibility,
however, has belonged to the realm of mythological tales and science fiction
rather than to our real world, until the 21st century. While the invisibility in
the tales of yore stemmed purely from “magic” with no attempts to relating
the phenomena to actual physics, science fiction has often tried to explore
such plausible links. The “invisible man” in Wells (2002) for example used a
chemical drink that turned the refractive index of his body identical to that
of air thus making him transparent. However, the scientific analogy remained
relatively shallow, neglecting the fact that the person would be completely
blind if perfectly index matched — the very process of sight crucially depending
on absorption of light in the retina, as pointed out in Perelman (1913).

In the scientific quest, two main approaches to achieve invisibility have
been taken, active and passive. The active approach is more straightforward
and consists of taking real-time pictures of a scene and displaying them on a
screen that is actually hiding or blocking the scene itself. For example, the
screen can be the coat worn by a person, onto which is displayed in real time
the scene behind the person, effectively giving the illusion of transparency to
an observer from the front. This virtual reality approach has been reported
in (Japanese scientist invents ‘invisibility coat’), for example. It has also been
reported that the armed forces across the world have toyed with some form
or other of active camouflage using virtual reality. However, the actual field
use of such virtual reality techniques is not known as yet.

The passive approach, on the contrary, relies on the intrinsic properties
of the object or subject to not scatter the incident wave in an usual way
and to send confusing information to the receiver. In this regard, two sub-
types of invisibility can be distinguished: one where the object is merely not
identifiable and the other one where the object does not affect the radiation
field (except at very nearby regions of space) so that it cannot be sensed
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by an observer some distance away and can be considered to be actually
invisible. In electromagnetic or optical language, rendering an object not
identifiable means to significantly lower its scattering cross-section, with the
ideal situation of lowering it down to zero, at which point the object does
not scatter anymore the incident fields. Such reduction can for example be
achieved using good impedance matching and very absorbing materials: the
material (ideally) totally absorbs the incident power and nothing is reflected
back to the receiver, which therefore cannot identify the object in front of
it.* This is the approach that has been traditionally undertaken for military
applications in order to render objects unidentifiable on radar screens. Note
that merely having a highly absorbing material does not suffice, as such media
are usually poorly impedance matched to vacuum in which case the scattered
energy dominates over the absorbed energy. A simple manner of impedance
matching for a highly absorbing medium would be to have large imaginary
parts (compared to the real parts) for both the permittivity and permeability
of the medium so that (u/c)!/? ~ [Im(u)/Im(g)] ~ 1. Ideally one could use
anisotropic media to realize impedance matching via perfectly matched layer
boundary conditions (Berenger 1994) so that all incident radiation is guided
into the medium where it is absorbed.

In the second case of actual invisibility, the object can either allow the light
to be seen through (which is, for example, the purpose of the virtual reality
process mentioned above or in the sense of the invisible man) or smoothly
guide the light around itself like a fluid flowing in streamlines around an
obstacle. The second option would be possible by placing around the object
another cloaking material that guides the light around the object through the
cloak which would have to be a “see through” material. These approaches
result in not affecting the radiation at any point some distance away from the
object, which is the ultimate goal of invisibility. Note that in the first case
in which the object would allow the light to go through itself, the processes
of invisibility would crucially depend on the properties of the object. In
the second option interestingly, the design of the invisibility cloak becomes
independent of the properties of the object itself.

There is, however, a fundamental difference in the two passive invisibilities
highlighted above. In the situation of a zero scattering cross-section, the ex-
tinction coefficient is still non-zero, i.e. the object is not visible but would still
block the rays if it were located between a source and a receiver. The receiver
therefore would not know what type of object is in front of it, but it would still
know that some perturbing element is present whose location and other prop-
erties can be estimated, and perhaps deduced from the shadow. Hence, even

*We refer here to active observation, most commonly, where a wave is first sent onto an
object, reflects from it, and reaches a receiver. This is, for example, the manner of our
vision: light constantly bounces off the objects surrounding us, reaching our eye. In the
case of luminous objects, the receiver passively observes radiation emitted directly by the
object.
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the sole knowledge of the existence of the object is important information. On
the other hand, if the object is seen through or excluded, the existence itself
of the object disappears since the environment is indistinguishable whether
there is or there is no object. Therefore, it is not a situation where the ob-
server receives no information, but instead it is a situation where the observer
receives wrong information which leads him to an erroneous conclusion (such
as “the space is empty of scatterers”) and does not spark any suspicion.

Remarkably, metamaterials have been very instrumental at enabling invisi-
bility and cloaking from electromagnetic waves, primarily due to their ability
to make anisotropic metamaterials with the required material parameters.

All the previous chapters have been devoted to the presentation of some as-
pects of metamaterials: their genesis, their physical implementation, as well as
their major properties as they have been investigated and reported in the open
literature for about a decade. Many of these properties had already been men-
tioned in what is considered the first paper directly related to this topic Vese-
lago (1968), although without so much in-depth analysis. These properties
revolved around the concepts of negative permittivity € and permeability u,
negative refraction, and their consequences on otherwise well-known electro-
magnetic phenomena: refraction, Doppler shift, Cerenkov radiation, imaging,
etc.

Over the last decade, the major step forward from Veselago (1968) has been
the experimental reality of these media in the form of metamaterials. After
the fundamental papers providing ideas on how to design metamaterials to
achieve £ < 0 and g < 0 (Pendry et al. 1998; 1999), various communities of
researchers made intense efforts to elaborate, optimize, and further develop
upon these first concepts. As a result, it is now possible to tailor the ma-
terial properties to a level unachieved before, accessing all quadrants of the
(Re{e}, Re{p}) plane shown in Fig. 1.10. In addition to only controlling the
sign of the constitutive parameters, scientists have learned how to induce and
tailor anisotropic properties and even bianisotropic properties to some ex-
tent. From this perspective, the unprecedented control of material properties
offered by metamaterials is at its infancy. The latter have been discovered by
trying to achieve negative constitutive parameters, but have opened a door
much wider than the original intended purpose. The quest for invisibility can
be viewed as a second domain of application of metamaterials, which may
yield as unexpected and revolutionary ideas as those prompted by the quest
for negative constitutive parameters,

The concept of invisibility using metamaterials has appeared in the liter-
ature very recently, and is currently mainly based on two independent ap-
proaches, already highlighted in the paragraphs above. The first, proposed
in Al and Engheta (2005), takes advantage of the negative polarizability of
left-handed media in order to compensate for the polarizability of regular di-
electrics and to lower their scattering cross-section. This, however, requires a
detailed knowledge of the electromagnetic scattering properties of the object
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in order to design the compensating cloak for it. A more detailed discussion
on this technique is provided in Section 10.3.

The second approach proposed in Pendry et al. (2006) to achieve invis-
ibility relies on the proper control of the constitutive parameters within a
certain region of space such as to smoothly deviate and guide the incident
light around a core region, and to return the rays to their original propaga-
tion path upon leaving that same region. In this approach, the cloaked object
placed in the core region never interacts with the radiation and the design of
the cloak becomes independent of the cloaked object. This approach, where
invisibility arises from exclusion from the electromagnetic fields, is discussed
subsequently. An analogous approach but based mainly on ray analysis was
independently developed by Leonhardt (2006a;b).

10.2 Excluding electromagnetic fields
10.2.1 Principle

The concept of electromagnetic invisibility is fairly simple to grasp and is rep-
resented in Fig. 10.1: a region of space is invisible to an observer if it does not
affect the light going through it or in its vicinity differently than the medium
in which it is embedded. In fact, it has been claimed that true invisibility is
impossible on the basis of the uniqueness of the inverse scattering problem:
a full knowledge of the phase and amplitudes of the scattered fields in all
directions enables a unique specification of the scatterer’s spatial distribution
of the refractive index (Nachman 1988, Wolf and Habashy 1993). However,
this neglects that both magnetic permeability and the dielectric permittivity
can be anisotropic, independently specified, and that scattering systems with
different local resonant fields can have similar far-field scattering properties.

In common words, this concept of invisibility is described as “see through.”
It is important to realize that the observer has no knowledge of what happens
inside the invisible region of space, insofar as it does not introduce detectable
perturbations of the surrounding rays. In Fig. 10.1 for example, the con-
nection between points A; and Ay can be arbitrary, as long as the phase, the
amplitude, and the direction of the waves are leaving the region as they would
have been if there had been no object. The challenge to achieve invisibility is
therefore to use the phenomenon of refraction in order to design a region of
space with the right properties so that the rays that enter it seemingly leave
it without any perturbation.

It is often the case that natural phenomena provide ideas to physicists
and engineers to find solutions to new problems. The present situation is an
additional example of such case, and an analogy with a totally unrelated field
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Figure 10.1 Ilustration of the concept of invisibility: the gray region of
space is invisible to both receivers Ry and Rj if it does not perturb the rays
outside it. The receivers, however, do not need to know the ray distribution
inside the region and the path between A; and A, can be arbitrary as far as
the phase, amplitude, and directions are preserved from the two points.

can be provided, viz., the theory of General Relativity.

General Relativity is a cosmological theory of space and time established
by Einstein (Einstein 1916) that explains the trajectory of planets and other
celestial bodies as a deformation of the space-time continuum due to mass and
energy. Hence, unlike the Newtonian theory of gravitation which involves a
force that perturbs the motion of planets from their straight-line trajectories
in the Euclidian space, Einstein’s theory shows that all trajectories are in fact
geodesics but in a Riemann curved space-time. Consequently, the trajectories
of planets as we observe them is merely the projection of such geodesic from
the real four-dimensional (4D) space (three dimensions of space and one of
time) onto our more common three-dimensional (3D) space. In other words,
in our 3D Euclidian space, the geodesics, which can be viewed as straight lines
in the 4D space, appear curved.

There is a simple leap from these ideas to the concept of invisibility. Suppose
that what is achieved by mass and energy in the general theory of relativity can
be achieved by altering the material properties of a medium; then we should
be able to bend the rays along predefined geodesics inside the medium and
return them to straight paths (which are also geodesics in a different space or a
different medium in our case) at will. This concept is illustrated in Fig. 10.2:
a circular region of space is created with such constitutive parameters to
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Figure 10.2 Bending the rays along geodesics: the path of rays is modified
by the proper material parameters and returned to straight lines upon leaving
the medium, thus achieving invisibility. A proper design of geodesics can also
cloak an object in the center of the structure. (Reproduced from Pendry et al.
(2006). Reprinted with permission from AAAS.)

bend the rays as shown. Again, the rays are bent in this way because we
observe them from an Euclidian space, whereas they correspond to geodesics
inside the medium. The rays therefore travel along straight paths in free-
space, “staight” paths inside the medium (although they appear curved to us
observing from free-space), and are returned to regular straight paths upon
leaving the medium and re-entering free-space. Comparing the field outside
the region with the illustration of Fig. 10.1, we see a striking similarity and
the direct connection to the concept of invisibility. This is the approach
based on ray analysis developed in Leonhardt (2006a;b) for inhomogeneous
but isotropic refractive media.

Notice in addition a striking feature of the configuration in Fig. 10.2: the
central region of the medium is totally shielded from any radiation. An object
of arbitrary shape can be located in this region and would not perturb the
radiation in the surrounding regions, which would then propagate as if the
object were not there. The object is therefore cloaked with an invisibility
shield and cannot be detected.! By reciprocity, any fields emitted by the
object inside the shielded volume would be confined to that volume only,
without any possibility of propagating out of the cloaked volume. This design
requires anisotropic materials and independent € and p for its function.

TAs we shall see subsequently, such cloaking only works perfectly at a single frequency.
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10.2.2 Design procedure

The constitutive parameters that achieve a ray diagram of the type shown in
Fig. 10.2 are very specific and need to be properly computed. They result from
transforming the fields in one geometry (typically the regular 3D free-space)
onto another (a sphere in Fig. 10.2) or vice versa, and therefore are obtained
by a properly chosen change of coordinates (or mapping). This is a very
similar approach to the one already taken in Section 9.3 to realize a perfect
lens with geometries other than an infinite slab. The main transformation
relation was shown to be Eq. (9.31b), which yields the constitutive parameters
g(r) and a(r) in the new coordinate system. As already suggested by the
notation and explained in Section 9.3.1, the constitutive parameters become
anisotropic and spatially varying. The Maxwell equations (9.30) with the
generalized constitutive parameters in place are, however, form invariant so
that all the necessary electromagnetic results in homogeneous, isotropic media
can be directly carried over.

The design principle is therefore to transform the constitutive parameters
such that the electromagnetic fields are excluded from a specified region of
space, and packed into another region in another geometry. An example was
proposed in Pendry et al. (2006) for excluding a spherical cavity of electro-
magnetic fields and compressing these fields into a spherical shell of a medium
enclosing the cavity. Consider the transformation

r' =a; +r(az —a1)/as, 0 =0, ¢ =¢ (10.1)

which takes every point r < as into the region a; < r < as. Hence the field
inside the spherical cavity 7 < a; and inside the spherical shell a; < r < ay are
both compressed into the spherical shell. Application of the transformation
relations Eq. (9.31b) indicates that

2
as r— ay
=ty = ( — > , (10.22)
a
S = o = _Z’al, (10.2b)
as
Epr = Mg = p— (102C)

gives one set of parameters for a; < r < ag that can map the fields in the
interior of the sphere into the spherical shell. Outside the spherical shell the
material parameters take the values of unity. Note that at the outer edge of
the spherical shell the material parameters of the shell satisfy
co =y =€, (10.3a)
for = figr = s (10.3b)

which are precisely the conditions for a perfectly matched layer to vacuum
(Berenger 1994). Thus, the spherical shell in this example is also perfectly
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impedance matched with free-space and hence no reflection or scattering arises
at its interface. In this sense, invisibility is achieved in a similar manner to
the impedance-matched absorber. However, in a major difference with this
system, the spherical shell also contains within itself any fields that emanate
from a source and smoothly guides the radiation away from the central core
region. Furthermore, by construction this spherical shell does not affect the
fields outside the shell. Thus, an observer cannot obtain any information
about the concealed object or about the shell itself. Also note that the choices
of the parameters for cloaking is not unique but that the above choices of
parameters are the only ones that give perfect impedance matching as well.

Consequently, the shell of the anisotropic and inhomogeneous medium can
enable perfect cloaking of an object located inside the spherical cavity. Note
that conversely, the cloaked object inside the spherical cavity can never com-
municate with the external world because all the fields emitted by a source
inside would be mapped onto regions within the cloak only. Thus the invisi-
ble object is also thus blind and secluded from the rest of the electromagnetic
world at that frequency.

The main requirements of an invisibility cloak, namely, the anisotropy and
inhomogeneity, are both well within technological reach. An experimental
demonstration of cloaking of a cylinder using a system of split ring resonators
was given in Schurig et al. (2006) where it was shown that the scattering from
a cloaked cylindrical cavity was much reduced. Invisibility by a similar cloak
was investigated in Zolla et al. (2007) using the finite element method and the
response to a closely placed radiating line source was studied. It was found
that the primary effect due to the invisibility cloak was that the objects near
the cloak would appear slightly shifted from their original positions — in the
manner of a mirage.

We also note that due to the necessary dispersion in the material param-
eters of metamaterials, the invisibility is principally functional only within a
narrow band of frequencies. Another important limitation of such invisibility
devices stems from the fact that in order to make the cloak layer substantially
thinner than the cloaked region, materials with very large constitutive param-
eters are required. While obtaining such characteristics is feasible by working
close to resonances, important challenges may arise, typically associated with
dissipation.

10.3 Cloaking with localized resonances

A somehow natural idea when trying to reduce the scattering cross-section
of an object is to look for a coating material that exhibits a compensating
effect. For example, for a dielectric core inducing a positive polarizability, one
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could look for a shell that induces a negative polarizability. While this is a
straightforward outcome in the context of complementary optical layers (see
Section 8.2), it is not immediately straightforward in higher dimensions. By
defining a proper metric (typically the scattering cross-section) and outlining
a design procedure, one could adjust the parameters of the shell so as to cancel
as much as possible the scattering of the core. Against intuition, one would
thus realize a larger object, thus exhibiting a larger geometric cross-section,
but a lower scattering cross-section. This is precisely the approach proposed
by Al and Engheta (2005).

Let us simplify the conceptual discussion to spherical geometries, for which
the exact scattering field is known to be governed by the Mie theory (see Sec-
tion 5.2.5 on 198). The scattering cross-section normalized to the geometric
cross-section for a sphere of radius a is given by (Tsang et al. 2000a)

Tucat = (Tiiar: > @m+ 1) (|aml* + [bm ), (10.4)
m=1

where k is the wavenumber of the surrounding medium and (a,,, b,,) are the
coefficients of the external field expanded in the spherical coordinate system,
as derived in Section 5.2.5. Minimizing 0.4 is seen to be a non-linear problem
that does not offer a trivial solution. Let us therefore assume that the sphere
is very small so that the quasi-static is applicable. Under this approximation,
the small sphere responds primarily as a point source and thus re-radiates as
a dipole. Under a 2 polarized incident field propagating along the & direction,
the electric and magnetic fields can be written as (Kong 2000)

E(r) = _M 7 i 2_|_i 2cos6 + 6 RS 2—|—L—|-1 sin 6
B 47 kr kr kr kr ’
(10.5a)
~ikIeeRr (i
H(r) 0] - <l<:r + ) sinf, (10.5b)

where the dipole moment I/ can be determined by matching the boundary
conditions. Under the quasi-static approximation, which is equivalent to a
near-field approximation (kr << 1), we see that the electric field dominates
over the magnetic field. Consequently, in order to reduce the scattering cross-
section of such sphere, one only needs to design a shield that compensates for
the first electric dipole term, all the other terms being negligible already.

fNote that if the dipole term is canceled, the higher order terms become dominant and
cannot be neglected anymore in the computation of the scattering cross-section. However,
this scattering is already much weaker than the original one, which therefore goes along the
purpose of reducing oscat-
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Within the Mie theory, the small sphere regime, also known as the Rayleigh
regime, corresponds to reducing the sum to the first term m = 1 only. Under
this approximation, it is seen that the TM term b} is dominant, confirming
the fact that the response is primarily of electric nature (the prime indicates
that the b term is a generalization of the b term of Eq. (5.33) to a two-layer
spherical coating geometry). The reduction of the scattering cross-section is
therefore reduced to the minimization of the b) term. This minimum has
been shown to be exactly zero within the small sphere approximation if the
ratio between the core radius r. and the shell external radius r, is (Al and
Engheta 2005)

e _ 2m+§/(€c —o)[(m + Ve + ne] (10.6)

Ts (e —&)[(m + 1)ec + neo)’

where ¢, ., and € are the permittivities of the core, the shell, and the outside
free-space, respectively. Upon studying this relation, it has been shown that
in order to reduce the scattering cross-section of a regular dielectric core, one
has to resort to shell permittivities that are lower than those of the outside
medium (typically free-space), possibly taking negative values. This is in
good agreement with the intuitive view of polarization compensation. As a
matter of fact, the polarizations of the core and the shell can be written as
P, = (e —gp)E and Py = (. — &9)E, respectively, so that one is positive and
the other one negative if ¢, < g9 < €. In addition, although this condition has
been derived within the Rayleigh approximation, it has been shown to still
yield reasonably low scattering cross-sections for radii up to A/5, i.e. away
from the Rayleigh regime already.

Naturally, the same principle can be applied to the magnetic dipole, which
can be reduced or even canceled by the proper choice of the permeability of
the shell as function of the one of the core. In fact, in view of Egs. (10.5),
the magnetic dipole moment is the next important term after the electric
dipole effect has been canceled. Consequently, further reduction of the scat-
tering cross-section can be achieved by lowering the permeability of the shell
simultaneously to lowering its permittivity.

Remarkably, this phenomenon of cancellation of scattering cross-section is
not associated with a resonance of the Mie coefficients, which would instead
yield a strongly enhanced scattering effect. Such resonances being nonetheless
present, one has to be careful at not designing a configuration where the
condition of zero and infinite o4.q; are too close to each other, in which case
the sensitivity between transparency and strong scattering would be too large.
In fact, whenever possible, it is judicious to design a configuration where no
resonances are excited, which is possible by using only positive permittivities,
with the internal one being lower than the external one (Alu and Engheta
2005).

The transparency achieved using this method presents one major advantage
and one major disadvantage. The advantage is that since the cancellation of
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10.3 Cloaking with localized resonances 371

the scattering cross-section does not rely on any resonance, it is a robust
effect to various perturbations. In particular, variations in sizes and material
parameters, including losses, have been shown to have a moderate effect on the
increase of the scattering cross-section, whereas variations due to geometrical
imprecision in the realization of the optimized split-rings and rods (necessary
to obtain the required effective constitutive parameters) have been speculated
to have a limited impact as well, for the same reason. This weak sensitivity
can also be translated into a robustness of the configuration to frequency
changes, so that the technique presented here can be expected to perform
relatively well over a frequency band surrounding the ideal situation.

This configuration, however, presents an important drawback which is that
it is specifically optimized for a given core. In other words, the design and
the physical implementation of the shell need to be repeated anew for each
core property.
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A

The Fresnel coefficients for reflection and
refraction

In this appendix, which is primarily meant for the uninitiated reader, we
derive the Fresnel coefficients for the reflected and refracted radiation across
an interface between two isotropic media with dielectric permittivities €; and
€9 and magnetic permeabilities p1 and py. Consider Fig. A.1 for the geometry
involved (the case of P-polarization is considered there).

The wave vectors in the two media then obey the dispersion (assuming that
the plane of incidence is the z-z plane)

2

w

ki, + k7, = ez, (A1)
w2

k%t + k%z = 62#207. (AZ)

For proper continuity of the electromagnetic fields across the interface at all
times, we require the frequency w to be unchanged. Similarly, ki, = ko,
which is required to match the phases at all points along the x direction as
the system is invariant along the z direction. This enables us to obtain the
Snells law for the angle of incidence and refraction as

+./e1p1 sin 0y = +/eapig sinbs. (A.3)

A proper choice for the sign of the square should be taken as per the discussion
in Chapter 5. Now ki, and ks, can be obtained from the above dispersion
relations.

For the P-polarized radiation, it is easier to work with the magnetic fields
and for S-polarization it is easier to work with the electric fields. Note that
the Fresnel coefficient would then differ by a factor of \/u/e which is the
impedance of the medium in the two cases. In the case of P-polarization, the
magnetic field is normal to the plane of incidence. Hence, H has only a y
component. Matching the tangential component of H across the interface, we
have

Hy + Hpy = Hyy, (A.4)

where the subscripts ¢, r, ¢ stand for the incident, reflected and transmitted
fields. The Maxwell equation,

D
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374 The Fresnel coefficients for reflection and refraction

Figure A.1 The reflection and refraction of light across an interface be-
tween two isotropic media with arbitrary dielectric permittivity and magnetic
permeability.

should be used to obtain the associated electric field. For a plane harmonic
wave, we obtain

k x H = —weE, (A.6)
from which we obtain
kg
E,=—-——H,, AT
4, (A7)
k
E, = w—ZHy. (A.8)

The continuity of the tangential electric field (E,) implies that
kizHiy + krzHry _ ktthy.

(A.9)
weq weq WEe?
Noting k., = —Fk;, and eliminating H,, from the two equations, we get
Ht 2ki2/€1
T="A=___"" - A.10
H; kez/ea + kiz /e ( )
and similarly eliminating H, we obtain
R— Hry - ktz/52_kiz/51 (All)

Hiy  kys/ea+kiz/er

A similar analysis can be made for the S-polarized light. The results are
similar with only € being replaced by the corresponding u everywhere and the
coefficients relate the electric fields across the interface in this case.
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B

The dispersion and Fresnel coefficients for a
branisotropic medium

We will present in this appendix, principally for the benefit of the less expe-
rienced reader, a derivation of the dispersion in a bianisotropic medium and
the Fresnel coefficients across the interface between an isotropic medium and
a bianisotropic medium. This is primarily to only demonstrate the manner
of calculating them. By following the procedure the reader should be able
to derive all the cases (anisotropic, bi-isotropic or bianisotropic) that (s)he
would confront in the book. We will consider the case when the constitutive
relations for the bianisotropic medium are given by

ez 00 1 0i&zy O
D=¢e| 0e 0 ]]E+-[0 0 0]H, (B.1)
00 e, “\0i&y, 0
0 00 100
B=-1i(s0i{y. | E4+po | 0puy 0 | H. (B.2)
c\oo0o 001
These relations are seen to be reciprocal if (y, = —&zy and (., = —&;y. An

array of split-ring resonators with their axes along the y direction (or cylinders
along the y directions) would be well described by these constitutive relations
(see Chapter 3). This is a special case of a bianisotropic medium where the
modes in the medium are linearly polarized.

We will consider the plane of incidence to be the z-z plane (zero k, com-
ponent) and the case of TM modes (The magnetic field, H,;, is normal to the
plane of incidence). Hence we have

H,=H,=E,=0. (B.3)

The constituent relations can be rewritten in their components:

D, = epez By —|—1€wy (B.4)
D, =¢pe, E, + 1£zyH (B.5)

B, = H gwa 'gzyE
y = Koty Hy =17 =Ly =17 F L (B.6)
375
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376 The dispersion and Fresnel coefficients for a bianisotropic medium
Now consider the Maxwell equations for plane waves
k x E = wB, k xH = —wD. (B.7)

Assuming a complete y-invariance and since we have k, = 0, we can expand
these equations in the bianisotropic medium as

k.Ey — kB, = +wBy = wlpopy Hy — i%’Ex - igzy E.], (B.8)
—k,Hy = —wD, = —wlepe By + ifzy H,l, (B.9)
kyHy, = —wD, = —wlepe, B, + igzy H,l, (B.10)
from which we obtain
E, = _Elogz [l:—”” + igzy]Hy, (B.11)
E, = Eolsa: % — i%)Hy, (B.12)
By i) m, = o, - (fj >] Hy.  (B.13)

For a non-trivial solution, we will require that the determinant for the last two
homogeneous equations (for F, and H,) vanishes. This gives us the dispersion
of the waves in this medium:

2
2= (o - €, - 2€,) 5 - 2R, (B.14)

2 e,
or to put it more symmetrically

ek + €.k + .2, w7 [ + .62, w7 [ = epe L pyw® /P (B.15)

zy
when €, = €,. The sign of the square root will be determined by whether
the real part of the quantity inside the square root is positive or negative (see
Chapter 5 for details).

Now we will calculate the Fresnel coefficients for the reflected and trans-
mitted wave amplitudes. Let us consider the reflection or transmission of
a plane wave (moving along +z direction) incident from vacuum onto the
bianisotropic medium. Since we consider here P-polarised light, we can write
for the incident, reflected and the transmitted fields, and the corresponding

Here we can see that neg = i\/ Exfly — &2, — &2, acts like the refractive index
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wave-vectors:

Hyy = ei(Ferthi=s), (B.16)

Hyy = rmp ei(kmz*kuZ), (B.17)

Hyy = typ el Fovthe2), (B.18)
2 w? 2

ki, = i kZ, (B.19)
2 2 2 w? 2

k2z = [596#@/ T Szy T zy]? - km (BQO)

The requirement of continuity of the parallel component of H = k, = const
across the interface and that

14+ rmp = tpps (B.21)

where the subscripts “mp” imply reflection of a positive-going wave into the
negative direction and the subscripts “pp” imply the transmission into the
positive direction of a wave initially moving in the positive direction. Noting
that

1 k2z . gzy

By, = ST o B.22

2w = (7 1% )Hay (B.22)
klz

FEi, = H B.23

1 f0E 1w ly ( )

in the bianisotropic and isotropic medium respectively, the requirement of
continuity of the parallel components of the electric field (E,) yields
k —k 1k
a1y ke koo jSony,
EpE1Ww EpE1w EpEx W C

- (B.24)

Hence, we have for the reflection coefficient

o kz1/€1 - (kz2/51 - ifzyw/c)/gz )

Tp = : B.25
P kzl + (kz2 - lfwyw/c)/ew ( )
Similarly, the transmission coefficient across the interface is obtained as
2k,
- /e (B.26)

ton = - .
PP kzl/ffl + (kz2 - 1§xyw/c)/5x

Next, let us calculate the Fresnel coefficients for a wave incident on an
isotropic dielectric medium with (eqp1) from the bianisotropic medium. The
bianisotropic medium is now assumed to occupy the negative half-space (z <
0 and the vacuum the positive half-space (z > 0). Once again, using the
continuity of the tangential components of the magnetic and electric fields,
we have

Lo, =t (B.27)

1 kzZ . fxy 1 kz2 . gay 2 kzl /
ME RN | R (A2 t B.28
€0z W e )+ 5051( w e ) cogiw PP’ ( )
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from which we obtain

7"/ _ (kz2 —1i fwyW/C)/Em - kzl/gl
mp (kz2 + i gzyw/c)/gr + kzl/51 ’
tl _ 2kz2/€x

PP (kuo +1 &gyw/c)fex + ka1 /en

(B.29)

(B.30)

We do not simply have ry,, = ry,, as in the case of an isotropic medium.
In fact, we also do not have the same Fresnel coefficients if the bianisotropic
medium occupied the positive half-space (z > 0), the isotropic medium occu-
pied the negative-half space, and the wave were incident in the negative di-
rection. This stems about from the fact that the impedance in a bianisotropic
medium depends on the direction of propagation. We can call

Vet =&, = €, — (ka/ko)® = iy

M = - (B.31)
ey — &y — €y — (ke /ko)? — iy e
m = s .

as the effective impedances for the positive- and negative-going waves in the
bianisotropic medium (where kg = w/c). Also defining

— (k2 k2
0 = €1/ 81( w/ O) (B33)

for the isotropic medium, we can write all the Fresnel coefficients for the dif-
ferent cases when the wave is incident from the positive or negative directions
as

M — Mp 2n);
Tmp = ————, top = , (B.34)
P i+ PPy
SO Sl S Rkl iy B.35
P M~ Mm PP — i (B-35)
i + Tm 2n;
pm — 1 i ! ) tmm - L 3 (B36)
i — Nim Ni — Nim
/ i + Tim MNp — Nm
i+ Mp i+ Mp

Here the primed coefficients indicate the cases where the wave is incident from
the bianisotropic medium onto the isotropic medium and the unprimed coef-
ficients are for the case when the wave is incident from the isotropic medium
onto the bianisotropic medium.

The derivation of the dispersion and the Fresnel coefficients for bianisotropic
media (even where the two polarizations are not linearly polarized) can be
performed in an analogous manner and is left as an exercise to the reader.
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C

The reflection and refraction of light across a
matertal slab

In this Appendix, we will calculate the transmission or reflection coefficient
from a slab of any arbitrary material. The material can be isotropic, anisotropic
or bianisotropic. All that information is included in the Fresnel coefficients
for reflection and transmission across the interfaces comprising the slab, the
wave impedance in the different directions within the slab, and the dispersion
relation within the medium via the component of the wave vector normal to
the interfaces. The wave impedance is the same for an isotropic medium in
all directions, but different for waves moving along the positive and negative
directions as seen in Appendix B in a bianisotropic medium.

We will perform the calculations in three conceptually differen ways: (i)
by the usual way of matching the tangential components of the fields inside
and outside the slab, (i7) by using the fact that we have one upgoing and one
downgoing wave in the medium, and (éi7) by the multiple scattering method.
The three methods obviously lead to the same final result which is a matter of
consistency. But each of these methods can give rise to better understanding
of the concepts involved and the resulting phenomena.

Method 1: Matching fields across the interfaces
Consider the material slab to occupy the region between the planes z = 0 and
z = d and the region outside to be vacuum. Consider a plane wave incident
from the left to be incident on the slab exp(ik,;z. The magnetic fields inside
the slab medium can be written as

H, = Aexp(+ik,22) + Bexp(—ik.22). (C.1)

At z = 0 and z = d, we have the conditions of continuity for the tangential E
and H fields as usual:

1+R=A+B, (C2)
Teik=1d — Aeikz2d 4 pe—ikzad (C4)
Telk=1d = Aeik=2d 4 q Beik=2d, (C.5)

Solving the above, we have for the reflection (R) and transmission (T') coefli-
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cients of the slab

ikz1d _ 2(77[) = nm)eikzzd
Tt (14 0p) (1= 1) — (1 + 1) (1 — 17 ) e2ik=24 (C.6)
R= (1= np) (1 = 1) (1 — €22 (C.7)

(L4 mp) (L= 0 ) — (L4 7 ) (1 = mp) =2
In the case of an isotropic medium, we have 1, = —n,, = ; as defined in
Appendix B. It can be easily verified that we have an invariance of these ex-
pressions when k.2 — —k.2 as we then also have 1, — 7,, simultaneously. So
the choice of the sign of the wave-vector inside the medium does not manifest
in any measurable effect with a symmetric slab.

Method 2: Coupling waves across the interfaces
We note that we have the positive and negative waves coupled via the Fresnel
coefficients to the incident, reflected and transmitted waves across the two
interfaces at z =0 and z = d as

A=ty +70B, (C.8)
Beihed — g pcikead, (C.9)
Telkad — ¢! Acik=2d (C.10)
Solving these equations for T and R, we get
' bt pikead
ko1d _ PP “pp
Tel 1 — 1 — T/ ,,,/ 62ik22d’ (012)
pm- mp
t/ ,',,/ t e2ikzzd

R— Tamp + mm' mp“Pp (013)

L= rh,edk=2d’
which can be seen to be identical to the earlier one by substituting in the
values of the Fresnel coefficients in terms of 7,, n,, and 7; presented before
in Appendix B.

Method 3: The multiple scattering technique
Now let us consider the typical multiple scattering method in Born and Wolf
(1999). The transmission and reflection can be written as a sum of infinite
waves in terms of the partial Fresnel scattering coefficients:

T= tppt;peikﬁd + tpprin,prémt;pesmzm te (C.14)
R=rn,+ tppr;npemkzzdt;nm o (C.15)

These geometric series can be summed to yield exactly the expressions given
by Eq. (C.12) and Eq. (C.13), respectively, obtained in method 2. There
is a crucial assumption that the optical path-lengths for forward-going and
backward-going waves are the same. This is also true in the bianisotropic
case, although the wave impedances in both directions are not the same.
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